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Abstract. In this paper we will discuss a few ways of thinking about Minkowski’s
lattice point theorem.

The Minkowski’s Lattice Point Theorem essentially states that bounded, convex, cen-
trally symmetric sets in the n-dimensional Euclidean space Rn will always contain a non-
trivial lattice point of Zn, provided that their volume is big enough. This simple and
natural result was proved by Hermann Minkowski in 1889 and became the foundation
of the so-called geometry of numbers, a field which connects multiple important areas of
mathematics, such as algebraic number theory, harmonic analysis or complexity theory.
Minkowski’s Theorem also appears in discrete/olympiad mathematics and can prove to be
quite an important tool when dealing with diophantine equations or density results. We
refer to [1] for a collection of applications of this kind. In this paper we will not dwell on
the applications, but only present a few different ways of looking at Minkowski’s theorem,
with the hope of sheding some light on its broad ramifications.

We begin by stating a more precise version of Minkowski’s theorem.

Theorem 1. Let K ⊂ Rn be a bounded, convex, centrally symmetric set. If in addition
the volume of K satisfies volK > 2n, then K contains at least one non-trivial lattice point
of Zn.

Let us first clarify a little what all these terms mean and try to make a little more sense
about the statement. A subset K of Rn is bounded if it is contained in a ball of sufficiently
large radius. Such a set K is furthermore called convex if for any two points x, y in K, the
line segment {tx+ (1− t)y, 0 ≤ t ≤ 1} is also in K and centrally symmetric if the origin
we fix for the space Rn is in K and x is in K if and only if −x is in K.

Now, let us also note that the 2n bound is tight. Indeed, pick the cube Q = (−1, 1)n ⊂
Rn. This indeed has volume 2n, it is bounded, convex, and centrally symmetric - but it
doesn’t contain any other lattice point of Zn apart from the origin. What’s special about
this counter-example? Well, it doesn’t contain its boundary! And the following result tells
us that this is what actually differentiates it from all the ”good” sets.

Theorem 1’. Let K ⊂ Rn be a bounded, convex, centrally symmetric set, which
in addition is also compact (thus contains its boundary). If the volume of K satisfies
volK ≥ 2n, then K contains at least one non-trivial lattice point of Zn.

Fortunately, Theorem 1’ is nothing but a simple consequence of Theorem 1 and an
elementary compactness argument. Indeed, suppose that the volume of K satisfies volK =
2n (since otherwise, Theorem 1’ follows from Theorem 1 even without the compactness
property of K). For each ε > 0, let Kε be the dilate K(1 + ε). Notice that the sets
Kε satisfy the assumption that volKε > 2n, thus by Theorem 1, Kε contains a nonzero
lattice point of Zn. But K1 is bounded, so there are only finitely many possiblities for this

1



2 COSMIN POHOATA

nonzero lattice point for each ε ≤ 1. Thus, we can find a sequence of ε’s tending to 0 for
which this lattice point is the same. The convexity of the sets Kε, in combination with
the fact that the sets contain 0, implies that the sets are nested, and therefore this lattice
point lies in Kε for all ε > 0. Since K is compact, we have that

K =
⋂
ε>0

Kε,

and therefore this lattice point lies in K.
Consequently, in this paper we will just focus on Theorem 1 and talk about bounded,

convex, centrally-symmetric sets K that are not necessarily compact. In addition, we
should add that Theorem 1 can actually be stated in more general terms, where, for
example, Zn is replaced by any lattice L inside Rn and where the condition on the volume is
modified to volK > 2n ·detL, where detL denotes the volume of the lattice’s fundamental
parallelipiped. As a matter of fact, this is the version which Minkowski really proved and
what circulates nowadays in literature as Minkowski’s theorem. However, for the purposes
of this exposition, we prefer to work with the simpler (to visualize) Zn lattice and so we
will use the statement cited above. Accordingly, whenever we refer to a point as being a
lattice point, we mean a point from the integer lattice. 1

The first way of thinking about Minkowski’s theorem, even for the analysis-inclined
people, would still be to draw a picture for the two-dimensional case and see if any property
of the Euclidean plane would give the existence of the non-zero lattice point inside K.
Indeed, this works!

First Proof of Theorem 1. The idea is to look again at the cube Q = [−1, 1]n (this time
its closed version). Note that this cube is centered at the origin and that all its translates
by even coordinate vectors partition Rn. More formally, we can thus say that

Rn =
⋃

u∈2Zn

(Q + u).

For conveniece, let us denote Q+ u by Qu. Note that K is bounded, thus K intersects
only a finite set of these Qu’s, call it Q. Now, let us look at the sets Qu from Q and
their translations back to Q. These translations will create an agglomeration of parts of
K inside Q. However, we know that volK > 2n, whereas volQ = 2n. Therefore, there
will be at least an overlap of two translated Qu’s; pick some point x lying in this overlap.
This point x can be thus written as x = v + y = w + z for some distinct points y, z in
K and some distinct vectors v, w in 2Zn. In particular, we get that the point y−z

2 = w−v
2

is in Zn. But y ∈ K and −z ∈ K (as z is in K and K is centrally symmetric); thus the
convexity of K yields that y−z

2 is also K, which means that y−z
2 is a non-zero lattice point

that lies in K. This proves Minkowski’s theorem.

This first proof is perhaps the most well-known as it appears in almost all textbooks
that include some geometry of numbers. The argument is most commonly attributed to
H. E. Blichfeld or to Minkowski himself.

1In fact, the version for general lattices L only requires us to map the lattice to Zn via the
natural linear transformation taking the (supposedly) n linearly independent vectors defining L to
the standard basis vectors ei = (0, . . . , 1, . . . , 0) of Rn. This will immediately reduce everything to
Theorem 1. However, some of the proofs that we will give will require some extra-care about how
this linear map works, so we chose the simpler version in order to avoid all these technical details.
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The second (incomplete) proof turns out to be more of an heuristic argument where we
use an apparently completely different idea involving Fourier analysis. However, this will
lead us to a very short proof that uses only a simple integration trick.

Second Proof of Theorem 1. The key here is to begin by noticing that the number of
lattice points inside K is given by the cardinality of

|K ∩ Zn| =
∑
u∈Zn

χK(u),

where χK represents the characteristic function2 of K. Then, what we do is seek to apply
the

Poisson Summation Formula3. Let f together with its Fourier transform f̂ be
continuous functions on Rn that have moderate decrease, or in other words satisfy

|f(x)| ≤ A

1 + |x|n+ε
and |f̂(x)| ≤ B

1 + |x|n+ε

for some positive constants A, B, and some small sufficiently small ε > 0. Then,∑
u∈Zn

f(x+ u) =
∑
u∈Zn

f̂(u)e2πixu.

In particular, if we take x = 0, this gives us∑
u∈Zn

f(u) =
∑
u∈Zn

f̂(u).

Already seeing a resemblance with the right hand side of our initial identity, we would
like to write that

|K ∩ Zn| =
∑
u∈Zn

χK(u) =
∑
u∈Zn

χ̂K(u).

But we are not allowed to do this, since the characteristic function χK is far from being
a continuous function, let alone a continuous function of moderate decrease. However, if
we could find some continuous function of moderate decrease f : Rn → R which satisfies
χK ≥ f , then this problem would be fixed! We would then be able to write down that

|K ∩ Zn| =
∑
u∈Zn

χK(u) ≥
∑
u∈Zn

f(u) =
∑
u∈Zn

f̂(u).

Moreover, if we would also be able to cook up this nice function f to have the additional

property that its Fourier transform f̂ is positive real-valued, then we would get

|K ∩ Zn| ≥ f̂(0) =

∫
Rn

f(x)dx,

and this would gives us a nice lower bound (provided that f is simple enough).

2In general, the characteristic function χK of a subset S of some bigger set X is defined to be
the function χK : X → {0, 1} so that χK(x) = 1 if x ∈ S and χK(x) = 0 otherwise.

3Again, this happens to be a theorem which admits a lot of different formulations depending
on the level of generality one wants to use. We refer to [2] and [3] for various discussions of these
aspects.
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Now, convolutions come to mind! Indeed, given two integrable, bounded complex-
valued functions F and G on Rn, it is a known fact from basic Fourier analysis that their
convolution

(F ∗G)(x) =

∫
Rn

F (y)G(x− y)dy =

∫
Rn

F (x− y)G(y)dy.

is continuous. We refer to [2] for a proof.
Hence, a function such as f = F ∗ G is what we are looking for. For example, for the

function f =

(
1

vol K
2

)
χK

2
∗ χK

2
, we also get immediately that

f(x) =

(
1

vol K2

)
χK

2
∗ χK

2
(x)

=
1

vol K2

∫
Rn

χK
2

(y)χK
2

(x− y)dy

≤ 1

vol K2

∫
Rn

χK
2

(y)dy

≤ 1

vol K2
· vol

K

2

= χK(x)

for all x in K, while for x 6∈ K, we have that

f(x) =
1

vol K2

∫
Rn

χK
2

(y)χK
2

(x− y)dy = 0.

(since y and x− y can never both be in K
2 as long as x is not in K - by convexity). Thus,

we have that χK ≥ f . Moreover,

f̂ =
1

vol K2

(
̂χK
2
∗ χK

2

)
=

1

vol K2

(
χ̂K

2
χ̂K

2

)
=

1

vol K2
|χ̂K

2
|2 > 0.

Thus f is almost everything we wished for: it is f, satisfies χK ≥ f and f̂ is positive
real-valued. Unfortunately, it is not of moderate decrease (even though it comes pretty
close). So, tehnically, we cannot apply the Poisson Summation Formula to it. But note
that if we could have applied it, then we would have been done. Indeed, writing

|K ∩ Zn| ≥ f̂(0) =
1

vol K2
|χ̂K

2
(0)|2 =

1

vol K2

∣∣∣∣∫
Rn

χK
2

(x)dx

∣∣∣∣2 = vol
K

2
=

volK

2n
> 1,

gives us that K contains at least one non-trivial lattice point.
This would work if we would have some additional assumptions on the boundary of K.

For example, if it were for ∂K to have non-vanishing Gauss curvature at each point, then
Corollary 3.3 of [3, pp. 336] tells us that

χ̂K
2

(x) = O
(
|x|−

n+1
2

)
, as |x| → ∞;

thus

f̂(x) =
1

vol K2
|χ̂K

2
|2 = O

(
|x|−n−1

)
, as |x| → ∞,

and so we would have moderate decrease. But let’s not complicate things unnecessarily.
How could we get a function that looks like f but has moderate decrease? In [3], this is
done by introducing a so-called ”bump-function” (or ”approximation to the identity”) φ
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which is non-negative, smooth, supported in the unit ball and satisfying
∫
φ(x)dx = 1, and

then taking the convolution f = χK
2
∗ φ (modulo some rescaling). This fixes everything,

since now the convolution represents a smooth function of compact support, so we can
actually apply the Poisson Summation formula to it. While very natural, this idea however
complicates the computations, since it doesn’t give us the nice right-hand side volK

2n we got
above, and we have to perform some other several tricks on the left-hand side in order to
get what we want. We will not proceed this further here. We refer to [3] for the details of
computation, where the authors deal with the estimation of the number of lattice points
in higher dimensional convex bodies.

What we will do instead is pick-up this analysis-oriented idea and give it a different
turn, without involving the Poisson Summation Formula.

Third Proof of Theorem 1. Consider the function Ψ : Rn → R defined by

Ψ(x) =
∑
u∈Zn

χK
2

(x+ u).

As advertised, this should resemble the first line of the previous proof, since Φ(x) is
nothing but the cardinality of the intersection |K ∩ (x+ Zn)|.

Now, instead of seeking to apply the Poisson Summation Formula to this expression of
Ψ(x), we integrate it over the closed cube [0, 1]n ⊂ Rn. We can obviously do this, since
Ψ(x) is bounded (as K is bounded) and integrable (as it is a sum of integrable functions).
Thus, we can write∫

[0,1]n
Ψ(x)dx =

∫
[0,1]n

(∑
u∈Zn

χK
2

(x+ u)

)
dx

=
∑
u∈Zn

(∫
[0,1]n

χK
2

(x+ u)dx

)
by changing the order of summation

=
∑
u∈Zn

(∫
u+[0,1]n

χK
2

(x)dx

)
by doing a change of variables

=

∫
Rn

χK
2

(x)dx since Rn =
⋃
u∈Zn

(u+ [0, 1]n)

= vol
K

2

=
volK

2n

> 1.

It follows that there must be a point x in [0, 1]n so that Ψ(x) ≥ 2. Indeed, if this weren’t
the case, then, since Ψ(x) is integer valued, we would have Ψ(x) ≤ 1, and so we would get

1 ≥
∫
[0,1]n

Ψ(x)dx > 1,

which is obviously impossible. So, there must be at least two points u1, u2 in Zn so that
x + u1, x + u2 are both in K

2 . Call these two points y
2 , z

2 , with y 6= z both in K. Then,

the point u1 − u2 = y−z
2 is in K (by central symmetry and convexity); but it is also in Zn

because both u1 and u2 are in Zn; hence we get that y−z
2 is a nonzero lattice point in K,

which proves Minkowski once again.
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Notice the fact that this third proof is a formalization of what happened in the previous
one when we took the translates of the cubes that intersected the set K. Also, the
computation above might actually be the proof of the Poisson Summation Formula in
disguise!

There’s also one fourth way to look at Minkowski’s theorem. After all, the result is
a statement about the lattice point contained inside a set K, so it should have some
connection with the celebrated

Gauss Circle Problem. How many lattice points lie inside a circle in R2 centered at
the origin and having radius r > 0?

The area inside a circle of radius r is given by πr2, and since a square of area 1 in
R2 contains one integer point, the expected answer to the problem could be about πr2.
In fact, it should be slightly higher than this, since circles are more efficient at enclosing
space than squares. Therefore in fact it should be expected that

N(r) = πr2 + E(r),

for some error term E(r). Finding an upper bound for this error term is practically what
this problem has turned into. Gauss himself proved that E(r) ≤ 2

√
2πr with a very simple

argument which can be found in [4], while conjecturing that E(r) = O(r
1
2
+ε). This is still

open today, with the best known bound being E(r) = O(r
2
3 ). We will refer again to [3]

for the proof of this fact (which goes along the line of our second proof of Minkowski’s
theorem).

Anyway, what we will need here for our purposes is the result that if M(r) denotes the
number of 1

r -lattice points of the bounded, convex, centrally symmetric set K, i.e. points
x ∈ K so that rx ∈ Zn, then

lim
r→∞

M(r)

rn
= volK.

This comes very natural after the Gauss circle problems estimates (which generalize to
higher dimensions). Another way to prove this would be to appeal to the following more
general Lemma about Jordan measurable sets (corroborated with the fact that every
bounded convex set is Jordan measurable - see [5]).

Lemma. Let K ⊂ Rn be a (bounded) Jordan measurable set. Then, using the notations
from above,

lim
r→∞

M(r)

rn
= volK.

Sketch of Proof. By scalling appropriately, we may assume that K ⊂ (−1, 1)n. Then,

note that for any positive integer r, the fraction M(r)
rn is precisely a Riemann sum for the

characteristic function χK corresponding to the partition of [−1, 1]n into subsquares of
sidelength 1

r , so the convergence of these sums to
∫
χK = volK as r → ∞ is immediate

from the definition of Jordan measurability. �
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Fourth Proof of Theorem 1. Let us now work with K
2 instead of K, and so denote by

M(r) the number of 1
r -lattice points of K

2 . Clearly, K
2 is bounded and convex, so it is

Jordan measurable. Hence,

lim
r→∞

M(r)

rn
= vol

K

2
=

volK

2n
> 1,

which means that there is some r0 such that for each r > r0, we have

M(r)

rn
> 1, i.e. M(r) > rn = |(Z/rZ)n|.

Hence, for these big r’s, by the pidgeonhole principle, there exist two distinct 1
r -lattice

points x, y of K
2 so that rx and ry have the same coordinates modulo r. This means

that x − y = rx−ry
r is in Zn. However, x, y are in K

2 so x − y is in K too (by central
symmetry and convexity). Hence, we get a nonzero lattice point x− y in K, thus proving
Minkowski’s theorem.
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