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Abstract. In this paper we introduce the celebrated Kakeya Conjecture in the original
real case setting and discuss the proof of its finite field analogue.

The story begins in 1917 when, with the hope of figuring out a mathematical formalization of
the movement of a samurai during battle, Sochi Kakeya proposed the following problem:

What is the least area in the plane required to continuously rotate a needle of unit length and
zero thickness around completely (i.e. by 360◦)?

Clearly, the circle of radius 1
2 is a set where you can perform the rotation. Thus, this least area

should be less than the area of this circle, i.e. less than π
4 . In the same paper, Kakeya noticed

that the three-cornered hypocycloid inscribed in a circle of radius 1
4 also works. This is less trivial

to justify, but we can see this, for example, by noticing that the tangent line at any point of the
hypocycloid meets the hypocycloid at two points, which are at unit distance from each other. The
area of the hypocycloid is 2π

(
1
4

)2 = π
8 < π

4 , and for a while this was conjectured to be the least
area that can be attained. Surprinsingly, however, it turns out there exists sets with arbitrarily
small area that satisfy Kakeya’s condition. This was proven by Besicovitch in 1928 in [3], where
he also gave a first explicit construction of a so-called Kakeya set with (Lebesgue) measure zero.
Alternative constructions can be found in [19].

It was subsequently conjectured that a Kakeya set K in Rn (a compact set in Rn containing
a line segment in every direction - or more formally, a set so that for every x ∈ Sn−1, there
exists y = f(x) ∈ K such that {y + tx |t ∈ [0, 1]} ⊂ K) has Hausdorff dimension n. (We won’t
get into facts about Hausdorff dimension here, but we refer to [13, pp. 323-380] and [16] for the
definition, properties, and several computations). Note that if K ′ ⊂ R2 is a Kakeya set, then
K := K ′ × [0, 1]n−2 is a Kakeya set in Rn, and moreover, if K ′ has measure zero, then K also has
measure zero, so Kakeya sets, even when considered in Rn, can be of arbitrarily small measure,
given Besicovitch’s result. Thus, it is natural to ask if there’s any difference between small Kakeya
sets of different (Euclidean) dimensions. And indeed, such a difference is believed to exist. They
can be of zero measure, but they have Hausdorff dimension equal to the Euclidean dimension of
the space they lie in. We record this claim below once again for reference purposes.

Conjecture 1 (Kakeya Conjecture). If K ⊂ Rn is a Kakeya set, then its Hausdorff dimension is n.

For n = 1, this is trivially true. For n = 2, this was confirmed by Davies in [5], with a relatively
short proof. The proof is also available in [13], which we mentioned above. For n ≥ 3, however, the
claim turns out significantly more diffcult to approach, being still open today, after almost a century
from its naissance in literature. In 1995, in [17], Thomas Wolff, using purely geometric methods,
proved the first important partial result, showing that the Hausdorff dimension of a Kakeya set in
Rn must be at least 1

2(n + 2). For n = 3 and n = 4, this still almost represents the best known



result so far.1 For larger n, the lower bound has been improved to 13
25n+ 12

15 by Bourgain in 2000,
using additive combinatorics ideas, and afterwards, in 2002, to (2 −

√
2)(n − 4) + 4 by Katz and

Tao, who refined Bourgain’s approach. We refer to [9] for the exposition of this line of thought.
Given the incredibly numerous connections the Kakeya Conjecture has with areas of mathematics

such as number theory, combinatorics, analysis, and PDE’s, there have been numerous attempts
to consider different analogoues of the question instead, with the hope of getting some indirect
information about this mysterious Hausdorff dimension that turns so difficult to establish for Kakeya
sets. More popular surveys about such connections are the one by Wolff [19] and the one by Tao
[14].

In this paper, we will focus only on one particular analogue which Wolff proposed in 1999 in
[18]: the finite field version of the Kakeya problem. The setting is very simple and it is extremely
convenient, since it avoids all the technical issues involving the Hausdorff dimension. We will be
working over a finite field F with q elements. A Kakeya set in Fn is a set K ⊂ Fn containing a line
in every direction, i.e. for all nonzero directions v ∈ Fn there is an a ∈ Fn such that a+ tv ∈ K for
all t ∈ F. Will then such sets, no matter how small, always be n-dimensional? Or more precisely
formulated, is there a positive constant Cn (depending on n) so that if K ⊂ Fn is a Kakeya set,
then |K| ≥ Cnqn?2

Modulo minor technicalities, the progress on answering this question was, until very recently,
essentially the same as that of the original Euclidean Kakeya conjecture, with all the lower bounds
on the Hausdorff dimension carrying to the finite field case. Nevertheless, in 2009, the finite field
analogue was finally settled by Zeev Dvir, using the so-called polynomial method from algebraic
extremal combinatorics. The proof is surprisingly short and really beautiful, and so the plan is to
cover it in full detail below.

Conjecture 2 (Finite Field Kakeya Conjecture). Let K ⊂ Fn be a Kakeya set. Then, K has
cardinality at least Cnqn.

The proof is essentially after Dvir’s original paper [8] - with some minor technical simplifications
that have appeared afterwards in literature (essentially due to Alon and Tao).

Proof of Conjecture 2. The idea is incredibly simple. First, one has to note that if F is any field,
and K ⊂ Fn is any ”small” set, then there exists a polynomial P ∈ F[X1, . . . , Xn]−{0}, which has
”low” total degree, and vanishes on all of K. Afterwards, the only thing one has to do is to see
that if K is a Kakeya set, then this polynomial P , which vanishes on all of K, must be in fact the
zero polynomial. Combining these two facts shows that a Kakeya set cannot be ”small”.

We isolate the two preliminary results that lie at the heart of the proof. The first one is a
formalization of the first step mentioned above.

Lemma 3. Let F be any field (not necessarily finite). If S ⊂ Fn is a finite set, and d is an
integer such that |S| <

(
n+d
n

)
, then there exists a nonzero polynomial in F[X1, . . . , Xn]−{0} which

has degree at most d, and vanishes on all of S.

Note that the n = 1 case of this Lemma is simply that for any subset S ⊂ F, there is a polynomial
in F[X]− {0} of degree (at most) |S|, which vanishes on all of S, namely,∏

s∈S
(X − s).

1As a matter of fact, to be more precise, there were some more recent improvements by Tao of Wolff’s
incidence geometry approach that managed to push the bound for n = 4 to 3 + 1

16 , but there’s a lot of
machinery involved for that extra 1

16 .
2Here, one should think of n as fixed and the field size, q, as going to infinity.
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The lemma implies that if n is fixed, then for any S ⊂ Fn, there is a non-trivial polynomial of
degree at most On(|S|

1
n ) which vanishes on all of S - or in algebraic geometry language, any set

S ⊂ Fn is contained in an algebraic variety which is the zero-set of a polynomial of degree On(|S|
1
n ).

Proof of Lemma 3. Let V denote the F-vector space of all polynomials in F[X1, . . . , Xn] with
degree at most d, and note that V has a basis consisting of the set of all monomials in X1, . . . , Xn

of degree at most d. These monomials are in bijection with the set of n-tuples of exponents
(d1, . . . , dn), where each di is a nonnegative integer and d1 + . . . + dn ≤ d, and we know from
elementary combinatorics that the number of these n-tuples is

(
n+d
n

)
. Thus, it follows that

dimV =
(
n+ d

n

)
.

Now, consider the linear map T : V → F|S| defined by

T (P ) = (P (s))s∈S .

By hypothesis, we have that dim F|S| = |S| <
(
n+d
n

)
= dimV , hence, from linear algebra, we get

that the kernel of T is non-trivial, i.e. there is some polynomial P ∈ V −{0} which vanishes on all
of S, thus proving the claim. �

The second result is the very popular Schwartz-Zippel Lemma from probabilistic polynomial
identity testing.

Lemma 4 (Schwartz-Zippel Lemma). Let P ∈ F[X1, . . . , Xn]− {0} be a polynomial of degree d.
Let S be a finite subset of F and let r1, . . . , rn be selected randomly from S. Then,

Pr[P (r1, . . . , rn) = 0] ≤ d

|S|
.

In the single variable case, this follows directly from the fact that a polynomial of degree d can
have no more than d roots. It seems logical, then, to think that a similar statement would hold for
multivariable polynomials (also given the existence of Lemma 3). This is, in fact, the case.

Proof of Lemma 4. The proof is by induction on n. For n = 1, as was mentioned before, P can
have at most d roots. This gives us the base case. Now, assume that the theorem holds for all
polynomials in n− 1 variables. We can consider then P to be a polynomial in x1 and by writing it
as

P (x1, . . . , xn) =
d∑
i=0

xi1Pi(x2, . . . , xn).

Since P is not identically 0, there is some i such that Pi is not identically 0. Take the largest such
i. Then, degPi ≤ d − i, since the degree of xi1Pi is at most d. Thus, we can use the inductive
hypothesis for Pi. Namely, we have that

Pr[Pi(r2, . . . , rn) = 0] ≤ d− i
|S|

,

for any randomly selected r2, . . . , rn in S. If Pi(r2, . . . , rn) 6= 0, then P (x1, r2, . . . , rn) is of degree i
(as a polynomial in x1, so

Pr[P (r1, . . . , rn) | Pi(r2, . . . , rn) 6= 0] ≤ i

|S|
.
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This motivates us to denote the event P (r1, . . . , rn) = 0 by A, the event Pi(r2, . . . , rn) = 0 by
B, and the complements of A and B by Ac and Bc, respectively; with these notations, it follows
from above that

Pr[P (r1, . . . , rn) = 0] ≤ Pr[A]
= Pr[A ∩B] + Pr[A ∩Bc]
= Pr[B] Pr[A | B] + Pr[Bc] Pr[A | Bc]
≤ Pr[B] + Pr[A | Bc]

=
d− i
|S|

+
i

|S|

=
d

|S|
.

This completes the proof of the Schwartz-Zippel Lemma. �

Note that if F is finite and S = F, the above says that any non-trivial polynomial P of degree d
from F[X1, . . . , Xn] has at most dqn−1 roots. This particular case will be sufficient for our purposes.

We are now ready to return to the proof of the finite field Kakeya conjecture. We will show
that if K ⊂ Fn is a Kakeya set, then K has cardinality at least 1

n!q
n. We do this by contradiction.

Suppose that |K| < 1
n!q

n. Then, note that we actually have that

|K| < qn

n!
<
q(q + 1) . . . (q + n− 1)

n!
=
(
n+ q − 1

n

)
.

Thus, by Lemma 3, there exists some non-trivial polynomial P in F[X1, . . . , Xn], which has degree
d satisfying 1 ≤ d ≤ q − 1, and which vanishes on all of K. Write

P =
d∑
i=0

Pi,

where Pi is the ith homogeneous component3 of P .
Let v ∈ Fn−{0} be an arbitrary direction. Since K is a Kakeya set, there exists an a ∈ Fn such

that a+ tv ∈ K for all t ∈ K. But P vanishes on all K, so in particular we get that P (a+ tv) = 0
for all t ∈ F. This means that the univariate polynomial

Q(T ) := P (a+ Tv) = P (a1 + Tv1, . . . , an + Tvn) ∈ F[T ],

which has degree d ≤ q−1, vanishes on all of F. Hence, it follows that Q is the zero polynomial (by
the Fundamental Theorem of Algebra or case n = 1 of Lemma 4). In particular, this means that
the T d-coefficient of Q, which is precisely Pd(v), must be zero. Hence, we get that Pd(v) = 0 for
all nonzero directions v ∈ Fn. In addition, d ≥ 1, and since Pd is the dth homogeneous component
of P , we have that Pd(0) = 0 too, so we can in fact say that Pd vanishes on all of Fn. However, we
know that Pd is of degree d ≤ q−1, therefore, by Lemma 4, it follows that Pd is the zero polynomial
(since otherwise, the Schwarz-Zippel Lemma tells us that Pd has at most dqn−1 < qn = |Fn| roots).
This contradicts the initial assumption on P (which was supposedly non-trivial and of degree d).
Thus, the proof is complete. �

3The ith homogeneous component of a multivariate polynomial is simply the sum of all monomials of
degree i.
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Note that we have actually proven that every Kakeya set K in Fn satisfies

|K| ≥
(
n+ q − 1

n

)
=

1
n!
qn +On(qn−1),

which, for lower dimensions is quite tight. This is indeed true, and an example of Mockenhaupt and
Tao shows that Kakeya sets of cardinality |F |(|F |+1)

2 + 1
2 |F |+O(1) actually exist in F2. See [11]. For

higher dimensions, this is not really the case. Nonetheless, the constant 1
n! has been subsequently

improved to 1
2n by Dvir et al. in [6] after the publication of the original paper. More precisely, they

showed that the following stronger claim holds.

Theorem 5. For all Kakeya sets K ⊂ Fn, we have |K| ≥ 1
2n qn.

In essence, their idea is similar to what we did above, the only difference being that the authors
use a slightly more sophtiscated polynomial argument with zeros of high multiplicities (thus, the
two Lemmas are replaced by slightly more qualitative versions). We refer to [6] for details.

As Tao also writes in [15], it is really unfortunate that the polynomial method is extremely
dependent on the algebraic nature of the finite field setting, and does not seem to extend directly
to the Euclidean case. On the other hand, however, this result lends significant indirect support to
the Euclidean Kakeya conjecture, since in particular, it morally rules out any algebraic counterex-
ample to the Euclidean conjecture, as a highly algebraic example to this conjecture would likely be
adaptable to the finite field setting. (The examples of zero measure Kakeya sets in the Euclidean
plane have no finite field analogue, but they are non-algebraic in nature, and in particular take
advantage of the multiple scales available in the Euclidean setting.)

We continue with a description of the smallest known Kakeya sets K ⊂ Fn - that are of size

|K| ≤ qn

2n−1
+O(qn−1),

which is, asymptotically as q tends to infinity, to within a factor of 2 of the lower bound from
Theorem 5. The construction is due to Dvir [6] (for the case when F is of odd characteristic) and
Saraf and Sudan [12] (for the case when F is of even characteristic), and comes as a generalization
of the Mockenhaupt-Tao construction for the n = 2 case that we mentioned above.

Odd characteristic. Consider

Kn =
{

(α1, . . . , αn−1, β) ∈ Fn | αi, β ∈ F, αi + β2 is a square in F for all i
}
,

and let K = Kn ∪ (Fn−1 × {0}) where Fn−1 × {0} denotes the set
{

(a, 0) | a ∈ Fn−1
}

. We claim
that K is a Kakeya set of the appropriate size.

Indeed, consider a direction v = (v1, . . . , vn). If vn = 0, for a = (0, . . . , 0) we have that a+ tv ∈
Fn−1 × {0} ⊂ K. If vn 6= 0, let

a =

((
v1

2vn

)2

, . . . ,

(
vn−1

2vn

)2

, 0

)
.

The point a + tv has coordinates (α1, . . . , αn−1, β) where αi =
(
vi

2vn

)2
+ tvi and β = tvn. We

have that

αi + β2 =
(
v1

2vn
+ tvn

)2

which is a square for every i and so a+ tv ∈ Kn ⊂ K. This proves that K is indeed a Kakeya set.
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Finally, we verify that the size of K is as claimed. First, note that the size of Kn is exactly

|Kn| = q

(
q + 1

2

)n−1

=
qn

2n−1
+O(qn−1)

(q choices for β and q+1
2 choices for each αi + β2).4 Hence, as claimed, the size of K is at most

|K| = |Kn|+ qn−1 =
qn

2n−1
+O(qn−1).

Even characteristic. Let

K =
{

(α1, . . . , αn−1, β) ∈ Fn | αi, β ∈ F,∃γi ∈ F such that αi = γ2
i + γiβ

}
.

(Note thatK here contains from start the set Fn−1×{0} that was ”added” in the above construction,
since every element α of F, when the characteristic is even, is a square in F - we refer again to [2]
for this basic algebra fact).

Consider the direction v = (v1, . . . , vn). If vn = 0, then take again a = (0, . . . , 0), and note that

a+ tv = (tv1, . . . , tvn−1, 0) =
(
γ2

1 + βγ1, . . . , γ
2
n−1 + βγn−1, β

)
for β = 0 and γi =

√
tvi = (tvi)

q
2 . We conclude that a+ tb ∈ K for every t ∈ F in this case.

If vn 6= 0, let

a =

((
v1
vn

)2

, . . . ,

(
vn−1

vn

)2

, 0

)
.

The point a+tv has coordinates (α1, . . . , αn−1, β) where αi =
(
vi
vn

)2
+tvi and β = tvn. For γi = vi

vn
,

we get

γ2
i + γiβ =

(
vi
vn

)2

+ tvi = αi.

Hence, a+ tv ∈ K, which proves that K is a Kakeya set.
We have to verify again that the size of K is as claimed. The number of points of the form

(α1, . . . , αn−1, 0} ∈ K is exactly qn−1. We now determine the number of n-tuples (α1, . . . , αn−1, β)
in K for fixed β 6= 0. We first claim that the set{

γ2 + βγ | γ ∈ F
}

has size exactly q
2 . This is so since for every γ ∈ F, we have

γ2 + βγ = τ2 + βτ2 for τ = γ + β 6= γ,

and so the map γ → γ2 + βγ is a 2-to-1 map on its image. Thus, for β 6= 0, the number of points
of the form (α1, . . . , αn−1, β) in K is exactly

( q
2

)n−1. We conclude that K has cardinality

|K| = (q − 1)
(q

2

)q−1
+ qn−1 =

qn

2n−1
+O(qn−1).

We end this story with a short remark about the way we finished the proof of Conjecture 2.
Note that there are other ways in which we could have concluded that Pd is the zero polynomial.
For instance, we could have used the following alternative Lemma usually attributed to Alon and
Tarsi (also present as Corollary 1.6 in [10, pp. 176]).

4This is where we are using the fact that we are working in odd characteristic. Recall from elementary
algebra that in any field of odd order, exactly half of the elements are squares. For sake of completeness, we
refer to [2, Exercise M4, pp. 476] for a proof.
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Lemma 6. Let F be a field, and let P ∈ F[X1, . . . , Xn] be a non-trivial polynomial. Suppose
S1, . . . , Sn are all subsets of F which satisfy |Si| > degXi

(P ), where the latter denotes the highester
power of Xi occuring in any monomial from P . Then, P cannot vanish on all of S1 × . . .× Sk.

As a matter of fact, it is precisely this Lemma 6 that represented the foundation of the so-called
polynomial method from algebraic extremal combinatorics. It turns out that the conclusion of the
Alon-Tarsi Lemma holds under a weaker hypothesis.

Lemma 6’ (Combinatorial Nullstellensatz). Let F be a field, let S1, . . . , Sn ⊂ F, and let P ∈
F[X1, . . . , Xn] be a polynomial. Suppose there exist integers t1, . . . , tn ≥ 0 such that the coefficient
of Xt1

1 . . . Xtn
n in P is non-zero, P has degree

∑n
i=1 ti, and |Si| > ti for each i ∈ {1, . . . , n}. Then,

P cannot vanish on all of S1 × . . . Sn.

This is the content of Alon’s Combinatorial Nullstellensatz, which has been introduced by Noga
Alon in literature in 1999 in [1], and became more or less the center piece of the method, a decade
prior to Dvir’s proof of the finite field Kakeya conjecture, when Alon proved a series of important
results from extremal combinatorics using this simple5 result. Nonetheless, Dvir was the first to
use the Nullstellensatz (read: the Schwartz-Zippel Lemma) to prove a result that essentially deals
with incidence/algebraic geometry, and his surprising idea led immediately to solutions to other
important open questions of similar flavor. One such example is the famous Joints Conjecture,
which Guth and Katz settled in 2010 with virtually the same proof (modulo some additional
technicalities).

Conjecture 3 (Joints Conjecture). Let L be a set of lines in R3. We define a joint with respect
to the arrangement L to be a point p ∈ R3 through which pass at least three, non coplanar, lines.
Then, the number of joints determined by L is at most C|L|

3
2 , for some positive constant C.

We refer to [7] for a beautiful survey of similar applications of the polynomial method to incidence
geometry flavored results.

References

[1] N. Alon, Combinatorial Nullstellensatz, Combinatorics, Probability and Computing, 8 (1999),
7-29.

[2] M. Artin, Algebra: 2nd Edition, Prentice Hall, 2011.
[3] A. S. Besicovitch, The Kakeya Problem, The American Mathematical Monthly, Vol. 70, No.

7 (Aug. - Sep., 1963), pp. 697-706.
[4] B. Chazelle, H. Edelsbrunner, L. J. Guibas, R. Pollack, R. Seidel, M. Sharir, J. Snoeyink,

Counting and cutting cycles of lines and rods in space, Proceedings of the 31st Annual Symposium
on Foundations of Computer Science, SFCS ’90, pp. 242-251, vol.1, Washington, DC, USA, 1990.
IEEE Computer Society.

[5] R. O. Davies, Some remarks on the Kakeya problem, Mathematical Proceedings of the Cam-
bridge Philosophical Society, 69 (03):417-421, 1971.

[6] Z. Dvir, S. Kopparty, S. Saraf, and M. Sudan, Extensions to the method of multiplicities, with
applications to kakeya sets and mergers, in In Proceedings of the 50th Annual IEEE Symposium on

5The proof is very similar to that of the Schwartz-Zippel Lemma. Instead of doing induction on n, the
idea now is to do induction on the sum t1 + . . . + tn. Then, one just has to choose some a ∈ S1 and write
P as P = (X1 − a)Q+R, where Q ∈ F[X1, . . . , Xn] and R ∈ F[X2, . . . , Xn], and note that we can apply the
inductive hypothesis to Q. We refer to [1] for more details.
Mathematical Reflections 3 (2013) 7



Foundations of Computer Science (FOCS), pages 181-190. IEEE Computer Society, Washington,
DC, USA, 2009.

[7] Z. Dvir, Incidence Theorems and Their Applications, Foundations and Trends in Theoretical
Computer Science, 6(4): 257-393, 2012.

[8] Z. Dvir, On the size of Kakeya sets in finite fields, J. AMS, 2008.
[9] N. Katz, T. Tao, New bounds for Kakeya problems, J. Anal. Math, 87: 231263.
[10] S. Lang, Algebra, Springer-Verlag, New York, 2002, pp. 176.
[11] G. Mockenhaupt, T. Tao, Restriction and Kakeya phenomena for finite fields, Duke Math.

J., 121 (2004), no. 1, 3574.
[12] S. Saraf and M. Sudan, Improved lower bound on the size of Kakeya sets over finite fields,

Analysis and PDE, 1(3): 375-379, 2008.
[13] E. M. Stein, R. Shakarchi, Real Analysis: Measure Theory, Integration, and Hilbert Spaces,

Princeton University Press, 2005.
[14] T. Tao, From rotating needles to stability of waves: emerging connections between combi-

natorics, analysis, and PDE, Notices Amer. Math. Soc., 48 (3): 294-303, 2001.
[15] T. Tao, Dvirs proof of the finite field Kakeya conjecture, blog entry.
[16] T. Tao, 245C, Notes 5: Hausdorff dimension, blog entry.
[17] T. Wolff, An improved bound for Kakeya type maximal functions, Rev. Mat. Iberoamericana,

11 (1995): 651674.
[18] T. Wolff, On some variants of the Kakeya problem, Pacific Journal of Mathematics, 190:

111154.
[19] T. Wolff, Recent work connected with the Kakeya problem, in Prospects in Mathematics:

Invited Talks on the Occasion of the 250th Aniversity of Princeton University March 17-21, 1996
Princeton University, Hugo Rossi, ed., American Mathematical Society, Providence, RI, 1998, pp.
129-162.

E-mail address: apohoata@princeton.edu

Mathematical Reflections 3 (2013) 8


