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Abstract. We give a very powerful and beautiful algebraic approach to some
classical combinatorial problems.

Lemma[1]. Any homogeneous linear system with m equations and n unknowns,
where m and n are positive integers, with n ≥ 2, such that m < n, admits at least
one nontrivial solution.

This is a trivial result which we will prove by an easy induction. So, can things
get harder? We will see later the flavour that this easy lemma hides.

Proof of lemma. We will proceed by induction on n, starting from n = 2.
For n = 2, denote by x1, x2 the unknowns. We now have to prove that there is a
nontrivial solution to the equation

α1x1 + α2x2 = 0, α1, α2 ∈ R

If one of the parameters is 0, then we are done because we can take the unknown
with nonzero parameter to be 0 and the other one to be a nonzero real number. If

neither of them is 0, then we can just take x1 = −α2x2
α1

and again we have found a

nontrivial solution by taking x2 ∈ R∗.

Now, we will do the general case. Assume that for any n ≤ N , the statement
of the lemma is true. We will prove that is also true for n = N + 1. Our system will
look like

α11x1 + α12x2 + ...+ α1N+1xN+1 = 0
α21x1 + α22x2 + ...+ α2N+1xN+1 = 0

...
αm1x1 + αm2x2 + ...+ αmN+1xN+1 = 0

xi, αki ∈ R, i ∈ {1, 2, ..., N + 1} , k ∈ {1, 2, ...,m} , m < N + 1

If all the parameters are 0, we are obviously done because we can take any nonzero
real numbers as solutions. If there is a nonzero parameter, WLOG αmn 6= 0. Then
we take

xN+1 = −
N∑
i=1

αmixi
αmn

.

1



2 STANISOR STEFAN DAN

Plugging this back into our system, we obtain a new one with N unknowns and
m − 1 equations. But since m < N + 1, we get that m − 1 < N and now we can
apply induction for ending the proof of the lemma.

�

We will start showing this property’s power with the following problem due to a
classic application of Sylvester’s theorem.

Problem. Prove that among n points in the plane that are not all collinear, there
must be at least n lines.

Proof. Let M be the set of the given n points. Suppose that there are at most
n− 1 lines determined by the points in M . Now, define a function f : M → R and
for each i ∈ M , let f(i) = xi. We choose xi such that

∑
i∈l
xi = 0, where l is a line

determined by points in M . Denote the set of these lines by L. Since there are at
most n − 1 such lines, from the lemma proved in the beginning, there exists such
xi’s, not all equal to zero. We get that

0 =
∑
l∈L

(
∑
i∈l

xi)
2 =

∑
l∈L

(
∑
i∈l

x2i + 2
∑

i<j, i,j∈l

xixj) (1)

But since not all points are collinear, each point i lies on at least two lines. Also,
two points from M determine a unique line in L. Plugging this in the last term of
(1) we obtain that

0 ≥ 2
∑
i∈M

x2i + 2
∑

1≤i<j≤n

xixj =
∑
i∈M

x2i + (
∑
i∈M

xi)
2 ≥

∑
i∈M

x2i

and that means that all xi’s have to be equal to zero, which is a contradiction. Thus,
the proof ends.

�

We continue with a slightly more difficult problem, also known as Lindstrom’s the-
orem, which our method instantly kills, revealing again its true power, the article
starting to get the flavour that we were talking about in the beginning.

Problem. Let A1, A2, ..., An+1 ⊆ {1, 2, ..., n} nonvoids. Show that there exists
two families of indices I, J ⊂ {1, 2, ..., n}, I ∩ J = ∅, such that

⋃
i∈I
Ai =

⋃
j∈J

Aj.

Proof. We will take the n + 1 subsets to be pairwise distinct; otherwise we could
just take I = {i} and J = {j} with Ai = Aj, i, j ∈ {1, 2, ..., n+ 1}. Define the
numbers αij such that

αij =

{
1 if i ∈ Aj

0 if i /∈ Aj, i ∈ {1, 2, ..., n} , j ∈ {1, 2, ..., n+ 1}
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Now, take the system

α11X1 + α12X2 + ...+ α1n+1Xn+1 = 0
α21X1 + α22X2 + ...+ α2n+1Xn+1 = 0

...
αn1X1 + αn2X2 + ...+ αnn+1Xn+1 = 0

Xi, αki ∈ R, i ∈ {1, 2, ..., n+ 1} , k ∈ {1, 2, ..., n}

and let (x1, x2, ..., xn+1) be a nontrivial solution of it. We will show that by taking
I = {i | xi > 0} and J = {j | xj < 0} we obtain the two families of indices that
we were looking for. By the definition of the parameters and xi’s, we know that
I ∩ J = ∅ and both sets have cardinality of at least one. So, take h ∈

⋃
i∈I
Ai. It

means that there exists a subset Ar such that h ∈ Ar, r ∈ I. Now, if we look on
the hth row of the system, we notice that αhr = 1 and xr > 0 by the definition
of αhr and I. But this means that on the same row, namely h, there must be a
negative term of the form αhsxs. But again, from the definition of αhs this means
that xs < 0 and αhs = 1. So s ∈ J and h ∈ As, so h ∈

⋃
j∈J

Aj. Finally, we obtained

that
⋃
i∈I
Ai ⊆

⋃
j∈J

Aj. On the other hand, we can start with an element in
⋃
j∈J

Aj and

on the exactly same idea we will get that
⋃
j∈J

Aj ⊆
⋃
i∈I
Ai, so we must have equality

and this ends the proof. �

In order to solve the last problem, we will need a preliminary result.

Lemma[2]. Given the triangle ABC, we start translating its lines with constant
speeds v1, v2, v3 of vertical direction, such that v1 corresponds to line AB, v2 to line
BC and v3 to line AC. Show that, if we choose v1, v2, v3 such that at any time
the triangle obtained by this transformation is the same as the initial one, namely
ABC, then there must exists α1, α2, α3 ∈ R constants according to elements of tri-
angle ABC, such that α1v1 + α2v2 + α3v3 = 0.

Proof of lemma. For a better grab on the speeds with the property from the state-
ment of the lemma (since our triangle is just being translated on a vertical direction)
we can analyse the case with v3 = 0, v1 = v1−v3, and v2 = v2−v3 (all speeds having
the same direction, we can subtract one from the others since our triangle is sup-
posed to remain the same at any time). This approach also provides the existence
of such speeds, since we just take line BC fixed and get a relation between v1 and
v2 such that the initial triangle preserves its form and area over the transformation.
Then, just by translating all the triangles obtained by v3 we get that all the triangles
that can be obtained by this new transformation have the same area and form as
the initial ones. Now we will use sinus theorem to find a linear relation between the
speeds. Denote by AtBtCt the triangle ABC after time t. Since we took v3 to be
0, line BC remains the same and WLOG suppose that Bt and Ct are both to the
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right of B and C respectively.

Now, take two vertical lines through Bt and C and let them intersect lines AB and
ACt at points M and N respectively. Let ∠BMBt = α and ∠CNCt = β. Obvi-
ously, these angles remain constant over the transformation. From sinus theorem in
triangles MBBt, NCCt and noticing that ∠Ct = ∠C, we obtain

sinα

BBt

=
sinB

MBt

,
sin β

CCt

=
sinC

NC
. (1)

Since the triangles ABC and AtBtCt must be the same, it means that BBt = CCt

and we know that MBt = (v3 − v1)t (because the sense is contraire to the positive
one) and NC = (v2 − v3)t. By plugging these into (1), we get

MBt

NC
=
v3 − v1
v2 − v3

=
sinB sin β

sinC sinα

but the last term of the equality is a constant. Denote it by ω. This means that we
finally got the relation we were looking for, namely

(ω + 1)v3 − ωv2 − v1 = 0 .�

Now, we will proceed to the last and by far the most beautiful application of this
method here.
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Problem. Let M be a set of n lines in plane such that no two lines in M are
parallel and no three concurrent. These lines partition the plane in regions. Show
that at least n− 2 of these regions are triangles.

Proof. Suppose that there are at most n − 3 triangles. Let the set of these n
lines be {l1, l2, ..., ln}. We start translating the lines with speeds v1, v2, ..., vn such
that the speed corresponding to line li is vi, ∀i ∈ {1, 2, ..., n} and all speeds have the
same direction. Let v1 = v2 = 0. At this moment we have at most n − 3 triangles
and n − 2 speeds so by lemmas [1] and [2] we can choose speeds such that any
triangle preserve its form and area. For all triangles with two of its lines being l1
and l2, we assign to the third of its lines also the speed 0. This will not affect our
system because the number of triangles and number of speeds that we study, both
decrease by one. Now, we start moving lines. Let l1 and l2 intersect at point O. If
all the lines go away from O, then we just inverse all the speeds. So, now we know
that there is at least one line which is moving closer and closer to O. Denote it by d,
d ∈ {l1, l2, ..., ln}. But this means that at some moment, that line will go through O,
by continuity. Now, we just look ε time before this happens, such that l1, l2 and d
form a triangle in the partition. From the property of the chosen speeds this would
mean that this triangle’s area has to remain the same over the transformation, but
since at some moment d will go through O this means that the infimum of this
triangle’s area is 0 and this is obviously a contradiction.

�


