Junior problems

J583. Let m and n be positive integers. Prove that
272m+n+1 + 27m+2n+1 _ 27m+n+1 + 1

has a factor greater than 6 - gmin(m.n)
Proposed by Adrian Andreescu, University of Texas at Dallas, USA
Solution by Taes Padhihary, Disha Delphi Public School, Kota, Rajasthan, India
Observe that

272m+n+1 + 27m+2n+1 _ 27m+n+1 +1-= (32m+n+1)3 + (3m+2n+1)3 + (1)3 -3. (32m+n+1) . (3m+2n+1) 1

— (32m+n+1 + 3m+2n+1 4 1) . M.

Now, observe that 2m +n > 3min(m,n) and m + 2n > 3min(m,n).
SO, 32m+n+1 + 3m+2n+1 +1>2. 33min(m,n)+1 +1=6- 27min(m,n) +1>6- 27min(m7n) as desired.

Also solved by Nicusor Zlota, Traian Vuia Technical College, Focsani, Romania; Corneliv Mdanescu-
Avram, Ploiesti, Romania; Petrakis Emmanouil, 2nd High School, Agrinio, Greece.
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Jb84. Let x,y, z be rational numbers such that:
322 +2022yz — 20162z, 3y? + 20222z — 20162y, 22 + 674xy — 672y 2,
are all squares of some rational numbers. Prove that z =y =2=0.

Proposed by Navid Safaei, Sharif University of Technology, Tehran, Iran

Solution by the author

Writing (z,y,2) = (%,%,%) for some positive integer L. Multiplying all three expressions by L? would

change nothing except letting us to assume that (z,y, z) are integers. Letting
A? = 22 + 2022y — 201622, B? = 3% + 202222 — 20162y, C? = 2% + 674y — 672y2,
for some positive integers A, B, C. It follows that:
A?+ B?+3C%=3(z+y+2)*=3D%

Reducing the equation A% + B? = 3(D? - C?) modulo 3 it follows that A, B are divisible by 3. Continuing
this way, we can find that D,C are divisible by 3,too. Hence, if A, B,C, D satisfy the (), then (%, %, %, %
also satisfies the same equation. Thus, by the infinite descent it follows that;

A=B=C=D=0.

Furthermore, D = 0 implies that = +y + z = 0. That is, z = -z — y putting it in the equation 22 + 674xy —
672yz = 0 yielding;
(z +y)?+6T4zy + 672y(x +y) = 2 + 13462y + 673y° = 0.

This is a quadratic equation with respect to . The discriminant is D = y%(1346% -4 -673) = (3-7-673-27)y?
which, is not a perfect square unless y = 0.1t then follows that x = 0 and hence z = 0.

Also solved by Nicusor Zlota, Traian Vuia Technical College, Focsani, Romania.
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Jb85. Let a,b,c > 1 be real numbers such that

Prove that
abc+44>9(a+b+c)

Proposed by Marius Stanean, Zaldu, Romania

First solution by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Italy
By writingz=a-1>0,y=b-1>0, 2=c—-1>0 the inequality becomes

1 1 1
—t+-+-=1 = (z+1)(y+1)(z+1)+44>9(x+y+2+3)
Ty =z

that is 1 1 1
—t+-+-=1 = (z+1)(y+1)(z+1)+44>9(x+y+2+3)
r Yy =z

Now let’s set X =1/x, Y =1/y, Z =1/z and we get

1 1 1 1 1 1
X+Y+7=1 = (§+1)(?+1)(§+1)+4429(§+?+§+3)

namely

1 1 1 1
m+2}+2ﬁ+1+44292}+27

cyc cyc cyc

and upon simplifications we come to

1 1 1
+ +18>8)> —
XYZ g;;XY Cyz;X
1 X+Y+Z XY +YZ+ZX
G AT T2 ggeg it TIAT = 2+18XYZ28Y XY (1)
XYZ  XYZ XYZ Z

This is a special version of Schiir’s inequality (a,b,c > 0)
a® + 03+ A+ 3abe > a®b + V2a+ b2c+ b+ ale+ Fa> (a+b+c)(ab+ be+ ca) - 3abe

or
(a+b+c)®—-3(a®b+b%a+b%c+ b+ a’c+cPa) - 3abe 2 (a+b+c)(ab+ be + ca) - 3abe

(a+b+c¢)®=3((a+b+c)(ab+be+ca) —3abe) - 3abe > (a+ b+ ¢)(ab + be + ca) — 3abe

If a+b+c=1 it becomes
1-3(ab+bc+ca)+9abc>ab+bc+ca <= 1+9abc>4(ab+bc+ ca)

which is (1) and the proof is concluded.
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Second solution by the author

Denote x = a%l’ Y= ﬁ, z = :11 then a = %’1, .... We have x +y + 2z = 1 and we need to prove that
(z+1D)(y+1)(z+1) +44292x+17
TYz Ge T
or
Qr+y+2)(x+2y+2)(z+y+2z) +4dayz >9) 2z +y + 2)yz,
cyc
or
2z +1P+ 23+ 7 ny(a: +y) + 16zyz + 44dzyz > 9 Z:Ey(:z; +y) + bdwyz,
cyc cyc
that is

23+ y3 + 23 + 3zyz > Y ay(z+y)

cyc

i.e. Schur’s Inequality.

Observation: The inequality is stronger that (Andrei Eckstein site)
https://pregatirematematicaolimpiadejuniori.files.wordpress.com/2021/07/pb-s-258.pdf

abc > 64.

Also solved by Taes Padhihary, Disha Delphi Public School, Kota, Rajasthan, India; Corneliu Mdanescu-
Avram, Ploiesti, Romania; Marin Chirciu, Colegiul National Zinca Golescu, Pitesti, Romania; Pranjal Jha,
Whitefield Global School, Bengaluru, India; Nicusor Zlota, Traian Vuia Technical College, Focsani, Romania;
Arkady Alt, San Jose, CA, USA; Jiang Lianjun, GuilLin, China; Le Hoang Bao, Tien Giang, Vietnam;
Petrakis Emmanouil, 2nd High School, Agrinio, Greece.
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J586. et ABC be a triangle with AC' = BC and altitudes AD, BE,CF. The circle with diameter BD cuts
AB in M and BE in N. Line M N cuts AC in Q and CF' in P. Let S denote the midpoint of segment
DC. Show that SQP is an isosceles triangle.

Proposed by Michaela Berindeanu, Bucharest, Romania

Solution by Ivko Dimitri¢, Pennsylvania State University Fayette, Lemont Furnace, PA, USA
Let ¢= AB, a = BC = AC be the side lengths of ABC and v= £ACB, a= « BAC = «CBA its angles. By
Pythagorean theorem on AABD and AADC we find
2 2_ 2
~ ¢ ad  op=2C
2a 2a

BD

Since £ DM B = £ DN B =90° as inscribed angles in a semicircle then DM || CF so ¢ MDB = «FCB =~/2
and also
¢NDM=2<NBM = 2EBA=90°—a =1

2
AQMA:ANMA:AMNB+4NBM£2g:y
Then 2 AQM = 2QAM = a so AAQM is an isosceles triangle similar to AABC'. Clearly, F and D have the
same distance to AB. We show next that the points E, P, D are collinear, i.e. ED cuts C'F perpendicularly
at P and is parallel to AB. From the similarity ADM B ~ ACF B we have

BM BD c &

o 22 BM=2°.2_ -
BF  BC 2 242 4a?

3 2 _ 2
FM-FB-NM-C- & G0 -c)e
2 4q2 4q2
The right triangles PFM and ADC are similar on account of their corresponding angles being equal. Then
PF/FM = AD]CD so that

PF

(2a%2-c?)c

FM-AD ~—~o—-AD 2

= = 4(122 > :i-ADZ(SinZ)AD,
CD _2‘12;0 a 2

the last equality following from ACFB. Since « BAD = 90° — o = /2, from AAMD we get sing = %.
Combining with the previous result we see that PF = DM so the points E, P, D are equidistant from AB,
hence they are collinear and PD 1 CP. Then S is the midpoint of the hypotenuse in the right triangle CPD so
triangle SPC' is isosceles with SP = SC =SD =:r and « PSD =2-2PCS =+. Then PS || AC, triangle SPD

is isosceles with £ SPD = 2£SDP = . Since EP || AB, «QPE = 2QMA=«a and £PEQ = 2EQP = «,
2SPQ=180°-(«DPS+ «QPFE) =180° - (a+7) = a.
Let p:= EP=PD =QP and ¢ = QF. From similarity of triangles QEP and PDS we have

EQ_q_PD_p_PQ

QP p PS r PS
Since £ EQP = 2SPQ = a and QFE/PQ = PQ/PS it follows that triangles QEP and QPS are similar
isosceles triangles, implying SQ = SP.

Also solved by Miguel Amengual Covas, Cala Figuera, Mallorca, Spain; Corneliu Manescu-Avram, Plo-
testi, Romania.
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Jb87. Let a,b, c be non-negative real numbers, no two of which are zero. Prove that

a? b? c? a® + b3 + ¢ + 9abe
+ + + 2 9.
a?+bc b2+ca c+ab (a+b)(b+c)(c+a)

When does the equality occur?

Proposed by Nguyen Viet Hung, Hanot University of Science, Vietnam

Solution by the author
By the Cauchy-Schwarz inequality we have
a? N a? S 4a? B 4a?
a2+bc a(b+c) a?+bc+a(b+c) (a+b)(a+c)

Writing similar two inequalities and adding them up we get

3 a? .y a >4[(12(b+c)+bQ(c+a)+cQ(a+b)]
Geat+be Sib+c (a+b)(b+c)(c+a)
8abc

=4 (a+b)(b+c)(c+a)
Now we note that

a a(a+b)(a+c)
2. b+c 2. (a+b)(b+c)(c+a)

cyc

a®+ b3+ 3+ (a+b+c)(ab+be+ ca)
(a+b)(b+c)(c+a)
B a®+ b3+ +abe N
(a+b)(b+c)(c+a)

Combining these relations, the desired inequality follows. The equality holds fora=b=c>0o0ora=0>0,c=0
and its permutaions.

Also solved by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Italy; Nicusor Zlota, Traian
Vuia Technical College, Focsani, Romania.
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J588. Find all nonnegative integers z,y, z such that
4+ 3V = 22,

Proposed by Mihaela Berindeanu, Bucharest, Romania

Solution by Daniel Vicaru, Pitesti, Romania
We can write
47439 =22 & 3Y =22 -2 o 3V = (2-2) (2 +2%).
We obtain z - 2% = 3%, 2+ 2% = 3¥™" We have k < y — k. We obtain 2-2% = 3v=F — 3k = 3k (39_2k - 1). It
follows that k£ =0, and z = 2% + 1. Furthermore, we obtain

o7+l L1 -3y

For z = O,we obtain 3 =2+1 =3 =y =1and z = 2. If z > 1, then 3 = 1(mod4). It follows that
y = 2k. We obtain 2"t = 3%% -1 = (3¥-1)(3F+1). We have 3" -1 = 2,3 + 1 = 2¥*!"!. We obtain
31341 =3 -1i-(3F-1)+ (3F+1)=2=3"=3=y=2 Weobtain 2°"' =32 -1=2+1=3=>2=2.
It follows that z = 5. We obtain

5={(0,1,2);(2,2,5)}

Also solved by Anmol Kumar, IISc Bangalore, India; Taes Padhihary, Disha Delphi Public School, Ko-
ta, Rajasthan, India; Corneliuv Mdanescu-Avram, Ploiesti, Romania; Pranjal Jha, Whitefield Global School,
Bengaluru, India; Nicusor Zlota, Traian Vuia Technical College, Focsani, Romania.
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Senior problems

S583. Solve in integers the equation

(227 — 10z + 50) (2y° - 10y + 50) = 20222

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Brian Bradie, Christopher Newport University, Newport News, VA , USA
The equation
(222 - 10z + 50)(2y* — 10y + 50) = 20222

is equivalent to
(22 =5z +25)(y? - by +25) = 10112 = 3% 3372

It follows that the factors 22 — 5z + 25 and y? — 5y + 25 must be one of the following pairs:
1 and 10112, 3 and 3-337%, 9 and 3372, 337 and 32337,
or 1011 and 1011. Now, the equations
22 -52+25=1, 22-5x+25=3, and 2’-5x+25=9

have no real solutions, and the equation z? — 5z + 25 = 337 has no integer solutions. However, the equation
x? — 5z + 25 = 1011 has solutions x = —29 and z = 34. Therefore, the equation

(22% - 10z + 50) (2y° — 10y + 50) = 2022>
has four solutions in integers:
(.’L',y) = (_297_29)7 (_29734)7 (347_29)7 (34734)
Also solved by Taes Padhihary, Disha Delphi Public School, Kota, Rajasthan, India; Corneliu Mdanescu-

Avram, Ploiesti, Romania; Pranjal Jha, Whitefield Global School, Bengaluru, India; Soham Dutta, DPS
Ruby Park, West Bengal, India; Nicusor Zlota, Traian Vuia Technical College, Focsani, Romania.
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S584. Prove that in any triangle ABC),

(b+c)mq + (c+a)my + (a+b)m, > 3V a2b? + b2¢2 + c2a2.

Proposed by Marius Stanean, Zaldu, Romania

Solution by the author
Let G be the centroid of a AABC and let D be the feet of the perpendiculars from G to the side BC'. We

have 5 5
gmbz VBD2+GD2, gmc: \/CD2+GD2.

By Minkowski’s Inequality,

2 1652
5(m,,+mc) >\/(BD +CD)?+(GD+GD)? =\/a® + —*,
a

3
a(mp +me) > 5\/a4 +1652,

where Sp is area of the triangle BGC'. Similarly, we have

3

b(me +mg) > 5\/()4 +1652,
3

c(mg +myp) > 5\/04 +1652.

Now, summing these inequalities and using Minkowski’s Inequality, we get

Y (b+c)mg =Y a(my +me)

cyc cyc
3
= (\/a4 +1657 +1/b1 41653 +/ct + 165§)

Zg\/(a2 +b2+¢2)2 + (451 + 4S5 +453)?

or

3
25\/a4 + 04 + 4 + 20202 + 2b%2¢2 + 2¢2a? + 1652

=3V a2b? + b2¢2 + c2a2.

Observation: More general, for any intrior point M of a triangle ABC),

(b+c)MA+ (c+a)MB+ (a+b)MC > 2Va2b? + b2¢2 + 2a2.

The proof is the same as above.

Also solved by Corneliuv Manescu-Avram, Ploiesti, Romania; Nicusor Zlota, Traian Vuia Technical Col-
lege, Focsani, Romania.
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S585. Let ABC' be a scalene triangle with circumcircle I'; and let IV be the center of the nine-point circle.
Let D be the intersect point of I' and AN and let N7 be the center of the nine-point circle of A BC'D.
Prove that A, N, N1, D are collinear and AD = 2N Nj.

Proposed by Todor Zaharinov, Sofia, Bulgaria

First solution by Li Zhou, Polk State College, USA

D

K

Let H and O be the orthocenter and circumcenter of A ABC, respectively. Let €2 be the circumcircle of
AHBC. Since sin « BHC = sin 2 BAC, ) is of the same size as I', thus is a reflection of I'" across BC.
Hence, BC is the perpendicular bisector of OP, where P is the center of 2. Let M be the midpoint of BC,
then OP =20M = AH, so AOPH is a parallelogram with center N. Now suppose that the line through D
and perpendicular to BC' intersects 2 and I'" at K and L, respectively. Since <« KBC = «+CBL = «CDL,
BK 1 CD, thus K is the orthocenter of ABCD. Therefore, KD =2PM = PO, so KDOP is a parallelogram
with center V7. Finally, since ADK H is a parallelogram, AD = HK = 2N Nj.
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Second solution by the author
Let O, G are respectively the circumcenter and the centroid of ABC. Let M be the midpoint of side BC.
Let GG be the centroid of triangle DBC.

Figure 1

AM is a median in AABC and DM is a median in ADBC.

MG MGy 1 GGy 1
e -2 AMGG) ~ AMAD; =2 = 2. AD =3GGh; AD
MA _ MD 3 GGy " AD 3 3GG1; GG

It is well known that N lies on the Euler line GO of AABC and OG = 2GN. The Euler line of ADBC
18 GlO and OG1 = 2G1N1.

oG 0Gy 2 GGy 2 3
= - =—: AOGG{ ~AONN;; —— =—: NN; = -GG{; GG{|[NN
ON ONl 3) 1 17 NNl 37 1 2 ].’ ]-|| 1

Hence NN1|GG1|AD but A, N, D are collinear so A, N, N1, D are collinear.

AD =3GG1 =2NNj.

Also solved by Corneliuv Manescu-Avram, Ploiesti, Romania; Nicusor Zlota, Traian Vuia Technical Col-
lege, Focsani, Romania; Ivko Dimitri¢, Pennsylvania State University Fayette, Lemont Furnace, PA, USA.
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S586. Prove that in any triangle,
(s> +7r? +10Rr)(4R + 4) < 8Rs>.

Proposed by Mihaly Bencze and Neculai Stanciu, Romania

First solution by Li Zhou, Polk State College, USA
The inequality (s%+ 72+ 10Rr)(4R +r) < 8Rs? is equivalent to rs? + 40R?r + 14Rr? + r3 < 4Rs>.
By Gerretsen’s inequalities, it suffices to replace the s? on the left side of the inequality by 4R? + 4Rr + 312
and the s? on the right side by 16 Rr - 52,

The result becomes 0 < 10R? — 19Rr — 212 = (10R + r)(R - 2r). The conclusion follows.

Second solution by by the author
b
Since s2 + 72 +4Rr = Y ab and Rr = ﬂ, the given inequality becomes

2¥a
(Zab+6- ;;C )(4R+r)32R(Za)2

a

o 2R[(Tay -2 T ab- ] s r (T b 22)

©£>1 Y a) ab+ 3abc
2r 4 (Ya)*-2¥ay ab-6abc’

and since R > 2r, it is enough to prove that 4(¥a)? -8Y a ¥ ab-24abc > ¥ a ¥ b+ 3abe
@4(2(1)3—92@2@6227(160
<403 a)® +12 Zazb +12 Ea,b2 +24abc -9 EaQb -9 Zab2 —27abc > 27abc
@32a3+32a2b+32ab2 > 30abc

which is true because ¥ a® > 3abe, ¥ a?b > 3abe, ¥ ab® > 3abe and we are done.

Also solved by Corneliu Manescu-Avram, Ploiesti, Romania; Nicusor Zlota, Traian Vuia Technical Colle-
ge, Focsani, Romania; Arkady Alt, San Jose, CA, USA; Prodromos Fotiadis, Nikiforos High School, Drama,
Greece; Perfetti, Universita degli studi di Tor Vergata Roma, Italy; Scott H. Brown, Auburn University
Montgomery, Montgomery, AL, USA; Marin Chirciu, Colegiul National Zinca Golescu, Pitesti, Romania.
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S587. Diagonals AC and BD of a convex quadrilateral ABC'D meet at point E. Points M and N are the
midpoints of sides AB and CD, respectively. Segment M N meets diagonals AC and BD at points P

and @, respectively. Prove that
PQ _|[BCE]-[ADE]|

MN [ABCD]

Proposed by Waldemar Pompe, Warsaw, Poland

Solution by the author
Observe that [BDM] = 1[ABD] and [BDN] = $[ BCD], which implies [M BN D] = ${ABCD]. Therefore,

we obtain
[ABD] _ [BDM] _MQ

[ABCD] [MBND] MN’

Analogously, we have
[ACD] NP

[ABCD]  MN°
Since [BCE]|-[ADE] =[ABCD]-[ABD]-[ACD], we get

[ABCD] - [ABCD]

|[BCE]-[ADE]| [ABD]+[ACD]‘:‘ _MQ+NP|_ PQ
MN MN’

which completes the proof.
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S588. Find all triples (a,b,c) of nonnegative integers sich that
293"+ 7= ¢,

Proposed by Prodromos Fotiadis, Nikiforos High School, Drama, Greece

Solution by the author
We will show that (a,b,c) = (0,0,2) is the only solution. First, assume that a = 0. It’s easy to show that
0,1,-1 are the only possible cube residues (mod 7). Therefore, taking (mod 7) in 3+ 7 = ¢3 we have
3* = 0,01,1 (mod 7). Now checking the residues of 3’ (mod 7) for i = 1,2,...,6 we can easily show that 3
must divide b. Let b = 3d.

Now, 7= (c=3N)(?+3%+9%) & c-3" =1, +3%+99 =7 & ¢ = 2,d = 0. Hence, in this case
(a,b,c) =(0,0,2).

Next, assume that b=0 and a # 0 i.e. 2%+7 = ¢3. Again, we must have 2¢ =0, -1,1 (mod 7) and checking
2% (mod 7) for i = 1,2, 3(since 22 = 1 (mod 7)) we get 3Ja. Doing the same work as before it easily to show
that a = 0, contradiction.

Now, let’s assume that a,b,c > 0. It’s clear that the only possible cubic residues (mod 9) are 0,-1,1 and
thus if a > 2 we get 7= ¢3 (mod 9) which is impossible. As a result we must have b = 1.

3:29+7 =¢3 and again (mod 9) : 3-2% = 1,2,3 (mod 9) which means 2* = 1 (mod 3) = 2|a. Let
a = 2e. It is straightforward to show that ¢ —7=1,5,6,7,11 (mod 13) and since 37! =9 (mod 13) we have
4¢ = 2,6,8,9,11 (mod 13) and checking 4° (mod 13) for i = 1,...,6 we get that e = 4 (mod 6). Now that
(mod 19) and perform the same operations: ¢3-7=1,5,6,7,11,13 (mod 19) = 3-4° = 0,1,4,5,11,13 (mod 1)9
and since 37! = 13 (mod 19) we get 4° = 0,8,10,13,14,17 (mod 19). Only 4° = 17 (mod 19) is possible when
e =5 (mod 9). However, it is impossible since e = 4 (mod 6). Hence, (a,b,c) = (0,0,2) is the only solution.
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Undergraduate problems

U5B83. Let k> 1 be a fixed integer and let
Py(z)=a"(zF 21— —z-1)-1

Prove that each polynomial P,(x) has a single positive root, r, and the sequence ri,7g,...,7y is
decreasing

Proposed by Navid Safaei, Sharif University of Technology, Tehran, Iran

Solution by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Italy
k k-1 k ]. - .'Ek CL'kH—l — 2l'k + ].
Qr(x)=z"-a"" - —x-1=2"- = , x#l
1-=z z-1

Qr(0) = -1 and let’s assume Qr(1) =1-k.

Let fr(z) ="' =225 +1, fr(0)=1, fr(1)=0, lim f () = o0

(21 =205 +1) = (k4 D)a" -2k 1 20 — 2> (2k)/(k+1) 21

It follows that fi(x) is positive for 0 < x < 1, negative for 1 < x < T where T which is the second solution
besides z = 1 of the equation z¥*! - 22% + 1 = 0 and positive for z > Z (T > z,, = (2k)/(k + 1))

This means that Qg(x) <0 for 0 <2 <T and Qi(z) > 0 for z > 7. We want to show that Q(x) increases for
x > T and it suffices to show that it increases for = > (2k)/(k + 1).

Q' (z) = AR L L ) S Akl 4kl g -2 0
" (z-1)? o (z-1)? )

if and only if 4a**! — 42F1 + 2 -2 = 42% (22— 1) + 2 — 2 > 0. Moreover

A2 - 1)+ -2> 428 (22 - 1) + 2 -2 =

k-1 2 2
k+1 (k+1)2 kE+1 (k+1)2 k+1
12k% - 10k - 6

Zw>0k22

Thus if k& > 2 Qr(x) is positive and increases for = > (2k)/(k + 1) and a fortiori for = > 7. It follows that
also the function P,(x) = 2" Qy(x) is positive and increases and then the equation P,(x) = 1 has the unique
solution 7. Since (2k)/(k+1) > 1 for k >2, P,,1(z) > P,(z) and then r,,1 < ry, so concluding the proof for
k>2.

The case k = 1 is studied apart. P,(z) = 2" — 2™ — 1 decreases for 0 < 2 < n/(n + 1) and increases for
x > nf(n+1) thus there exists the point T such that P,(Z) = 0 with P,(z) > 0 if > T monotonically
increasing. The equation P,(z) = 0 has a unique solution r,, > Z and 7,1 < 7, since 2"} (z - 1) > 2"(z - 1).

Also solved by Anmol Kumar, 1ISc Bangalore, India.
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U584. Let m,n,p be positive integers greater than 1. Let A be a p x p real matrix such that A™B = BA™ and
A"B = BA" for all p x p real matrices B. Prove that if det(A) # 0 and ged(m,n) = 1 then AB = BA
for all p x p real matrices B.

Proposed by Mircea Becheanu, Canada

Solution by the author
By hypothesis, the matrix A is invertible and it belongs to the center of the ring M,(R) of px p real matrices.
The solution of the problem comes from the following more general result.

Proposition:Let R be a noncommmutative ring and let Z(R) be its center. Let m,n be positive integers
such that gcd(m,n) =1 and z € R be an invertibe element such that 2™, 2" € Z(R). Then z € Z(R).

Proof: Assume that m > n. Consider Euclidean division m = ng+r, where r < n. Bcause Z(R) is a subring
we have 2™ — 2™ € Z(R). But

™ =" =T - 1) = 2™ (2" - 1).

Because 79 € Z(R) it follows that 2" — 1€ Z(R) and then 2" € Z(R).

Now we consider the Euclidean algorithm of the numbers m and n:
m =ngqo + 1o,

n=roq1 t+11,

To =T1q2 + T2,

Tk-2 = Tk-1qk + Tk,
Tk-1 = IkQk+1 + 0.
Here, 1, = gcd(m,n) = 1. Now, using the above argument and going down along Euclidean algorithm we find

2 e Z(R), " € Z(R), ....,2"" € Z(R).

Hence = € Z(R).
Remark: The hypothesis that A is invertible is necessary. For example, if A is a non-diagonal matrix
which is nilpotent, say A™ =0, we have A" =0. Then A", A"*! € Z(M,(R)) but A ¢ Z(M,(R)).

Also solved by Brian Bradie, Christopher Newport University, Newport News, VA , USA; Anmol Kumar,
1ISc Bangalore, India.
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Ub85. Evaluate oo 1 1 1 1
5[0 (cc - =)y )

n=1

Proposed by Ovidiu Furdui and Alina Sintamarian, Cluj-Napoca, Romania

First solution by Brian Bradie, Christopher Newport University, Newport News, VA , USA

By the Stolz-Cesaro theorem,

oo 1 _
lim L= 2 = lim —1/n ,
noo 1/n n—so 1/(n+1) - 1/n
DL  —n?-1/(n+D+1/n 1
Jl_’nolo 2 - T}l—n)o 2 _ 2 T
1/n 1/(n+1)2-1/n 2
. N e - “1/n2-1)(n+1)+1/n-1/2(n+1)?) +1/(2n?) 1
nl—zgo 3 B n1—>oo 3 3 Y
1/n 1/(n+1)3-1/n 6
and
%) 1 1 1 1
i k= 22 "0~ 2n? " on?
gy T (D) 1 =1/ (2(n+ 1)) + 1/(20%) — 1/(6(n + 1)° + 1/(6n%) 0
oo 1/(n+1)*—1/n? -
SO
$ Lol ()
k2 on 2n?2 0 6nd n?
Now, as N — oo,
N 1 1 11 N > 1 11
2 2
2)-1-— - —n+=-—|= ——n-=-—
nZl[“ (C() 9 2) "y Gn] nzl(”kznlc? "7y 6n)
NoL,X 1 X ® 1 N(N+2) 1
2 2
= Y —=+3n -~ __Hy
nz::l kzz;sz nZ::l k:]ZV:+1k2 2 6
~ %iin2+N(N+1)(2N+1)<l+ 11 +0(L)_L)
I e 6 N 2N2  6N3 N4) N2
N(N
( +2)_1HN
2 6
(k:+1)(2k:+1) N(N+1)(2N+1)(1 1 1 (1))
Z + ————t ——+o|—
6 N 2N2? ' 6N3 N4
N(N
N(N+2) L
2 6
2
= —N(N+1)+E+1HN+N_+E_L O(l)_N(N+2)_1HN
6 2 6 3 3 36 N 2 6
el
36 N
Thus,
s 1 1 1 1 1
2 p—
D (R ) R Bl
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Second solution by the authors
The sum of the series is .
% .
We need Abel’s summation formula, which states that if (a,, )n>1 and (b, )n>1 are sequences of real numbers

n n n
and A, = ¥ ag, then Y agbg = Apbpi1 + Y, Ag(bg — bgy1), or, the infinite version
k=1 k=1

(1)

k=1

_ 1 11, 1 1 :
=C¢(2)-1-5 - =75~ +53— g3 and we have, since

Z akbk = hm A bn+1 + Z Ak(bk - bk+1)

We apply formula (1) with a, = n? and b,
Ap = %n(n +1)(2n+1) and

1 1 1 N 1 1 N
2n?2 2(n+1)2 6n% 6(n+1)3

by, —bps1 = -—+

ool (n+1)2 n n+1
1

6n3(n+1)3’

that kad 1 1 1 1
S R
el n 2 6n

kad 1 1 1 1 1
2
= ) Y [t [P
n;n [(C( ) 22 n2) n  2n? 6n3]
H(2n+1 1 1 1 1 1
:hmn(n+ )(2n+1) @) -1-L .o ~ . ~
n—>00 6 22 (n+1)2 n+1 2(n+1)2 6(n+1)3
1 i 2n+1
36 2 n2(n+ 1)2
1 & 1
C 364 n2 (n+1)2
1
36
We used in the preceding calculations that
1 1 1 1 1
li +1)(2n+1 2)-1-—=—--— - + -
M n(n+1)(2n )[C( ) 92 (n+1)2 n+l 2m+1)2 6(n+1)3
=0.
To prove that the preceding limit holds, first we show that lim n3b, = 0. We use Stolz-Cesaro Theorem
n—00
the 0/0 case. We have
b bs1 = by TE
3 3
hmnb—hmT":hm%_l 6”5;”)_0‘
n—00 n—oo n—oo S — n—oo —3n“=3n-1
n (n+1) n n3(n+1)3

This implies that lim n(n+1)(2n + )by, = lim 2Z250D 0 Jim (n+1)3b,4 = 0.
n—-oo n—oo ('IZ+1) n—oo

Universita degli studi di Tor Vergata Roma, Italy; Corneliu Manescu-

Also solved by Paolo Perfetti,
Avram, Ploiesti, Romania; Nicusor Zlota, Traian Vuia Technical College, Focsani, Romania
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U586. Find all functions f,g: Q — R such that
F@) f(x+y) = F)*f(z-y)?9(y).

Proposed by Navid Safaei, Sharif University of Technology, Tehran, Iran

Solution by the author
Let A={xe@: f(x)#0}. Note that 0 € A otherwise, setting y = 0 we find that f(x) =0. Let y € A setting
x =0 we find that f£(0)f(y) = f(y)%f(-y)?g(y). Hence, —y € A. Moreover, g doesn’t vanish at A. If z,y € A
replacing x by z +y to obtain f(z+y)f(z+ 2y) = f(2)?f(y)?g(y). Thus, x +y € A. Letting z =0,y € A then

£0) = () F(-9)°9(y),y € A.
Replacing y by —y to obtain f(0) = f(-y)f(y)*9(-y),y € A. Hence,

F) = F) 2 yea
9(y)

There is a sub-group of rational numbers such that g(x) # 0. Hence,

g@)glz+y) . 09’ glz-y)?
g(-z)2g(-z-y)* 10) g(=9)* g(~(z -y)*’
Letting x =y, = —y to obtain

r,yeA

022) _FO0) o)
o(22)7 ~ g(0)2 g(ayt ¢

And,
(g<2x> )2: L og@
9(-20)%) ~ g(0)F (02 g(-2)7 "
That is,
-x)= 9(0) L T €
N TOERTE M
Hence,

g(x)g(z +y) = \3| ];((%))Zog(y)?’g(m—y)z, z,y € A.

Changing y by —y to obtain

~ 3‘ f(0)10 g(x +y)*
g(x)g(z-y) = OO , T,y € A.
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Thus, for all x,ye A :

_ - _3 9(0)2
9(x)g(y) = Cg(z +y),C H0)?

Moreover, setting x =y = 0 to obtain g(0)£(0)? = 1. That is,

C=yg(0)
Defining h(z) = % we would obtain h(xz +y) = h(z)h(y). Hence, g(x) = bc®. Finally,

_s| O w2
f(z) = 9(0)29(90) = f(0)g(x) = de”,bd® = 1.

Thus, there is a sub-group A of rational numbers such that f(z) = dc® for all z € A and otherwise zero,
And g(zx) = be® and g takes arbitrary numbers otherwise. Moreover, bd? = 1.
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Ub87. For z,y > 5 show that

1
T

O () <(sts)

Proposed by Toyesh Prakash Sharma, Agra College, India

Solution by Arkady Alt, San Jose, CA, USA

We have
1 1 2 1 5 g\
(1)90(1)3/ ( 4 )“y 1L 242\ ey
— — < | — <~— xxyyz
T Yy 2 + 92 4
22 +y? Inz? Iny? z? +y?
In = 47  Inl—
ln:L‘+1ny> 4 x y_ 4
— y Tty — 9 = Tty
2 2
nz?\" 2(2lnz-3 In 22
Since ( nY ) =%>Oifxz5 (because 2In5 >3 <= 25> ¢?) then "% s concave up on
x x x
[5,00) and , therefore,
2
+
ln_x"rln—y 1n$+y 21nx+y In M
x Inz In 4
y o2 , Iy 2 _
2) = Tty T y r+y r+y
2 2 2

Noting that (z+y)®>a22+y? for ,y>0 (with equality iff zy = 0) we finally
obtain that

2 +y?
In
lnm+lny> 4
oy TRy
2

Also solved by Brian Bradie, Christopher Newport University, Newport News, VA , USA; Corneliu
Manescu-Avram, Ploiesti, Romania; Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Italy;
Nicusor Zlota, Traian Vuia Technical College, Focsani, Romania.

MATHEMATICAL REFLECTIONS 2 (2022)

21



U588. Prove that

lim B_%(mr,mr) =47

n— 00

where (x,y) is the Euler integral of the first kind.

Proposed by Ankush Kumar Parcha, India

Solution by Brian Bradie, Christopher Newport University, Newport News, VA , USA
In terms of the Gamma function,

For large z,

SO

Hence,

Also solved by Perfetti,
Area Math Circle, USA.

_ T(nm)?

B(nm,nm) = T(2nm)’
\1/2

[(z) ~e*2* (27) ,

—-2nm 2nmw | 2
e (nm)="". = 2 1
nw,nm) ~ = —.
/8( ™ 7T) 6_2nﬂ-(2nﬂ.)2nﬂ . \/1% \/ﬁ gnm

lim B_%(mr,mr) =47 lim \/ v =47
n—o00 n—oo 2

Universita degli studi di Tor Vergata Roma, Italy; Henry Ricardo, Westchester
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Olympiad problems

0583. Let a,b, ¢ be real numbers. Prove that
A+ + —3abe< (a2 +b2+2+2)%2-3(a+b+c)
with equality if and only if ab + bc + ca = 1.

Proposed by Florin Pop, USA and Gigi Stoica, Canada

Solution by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Italy
a+b%+c-3abe=(a+b+c)*=3(a+b+c)(ab+bc+ca)

Let’s define a + b+ ¢ = 3u, ab + bc + ca = 3v?, abc = w?. The variable v? can be negative. The AGM yields

u? 21}2.

a? +b%+ % = (a+b+c)*-2(ab+be+ca) = u® - 607

If a3 + b3 + ¢3 - 3abe < 0 there isn’t anything to prove. If a® + b3 + ¢3 — 3abe > 0 the inequality reads as
27u’ = 27Tur? + 9u < (2+ 9u? - 60°)3? = (3v? - 1)3(27u® - 240% +8) > 0
and this holds true thanks to u? > v? with inequality if and only if v? = 1/3 that is ab + bc + ca = 1.

Also solved by Arnab Sanyal, Kolkata, West Bengal,India; Corneliu Mdanescu-Avram, Ploiesti, Romania;
Nicugor Zlota, Traian Vuia Technical College, Focsani, Romania; Arkady Alt, San Jose, CA, USA; Petrakis
Emmanouil, 2nd High School, Agrinio, Greece.
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0584. Let ABCD be a circumscriptible quadrilateral and let {O} = ACnNBD. Let r1,r2,r3,74 be the inradius,
respectively Ry, Ra, R3, R4 be the radius of O-excircles of triangles AOB, BOC, COD,DOA. Prove

that
AB CcD BC DA
1 i m Ty i
Ry R3 Ro Ry

Proposed by Marius Stanean, Zaldu, Romania

Solution by the author

Let X,Y,Z T be the tangent points of the incircle with the sides AB, BC, CD, DA. According to
Brianchon’s theorem we have that the lines AC, BD, XZ, YT are concurrent at O. Denote by a = AX = AT,
b=BX=BY,c=CY=CZand d=DZ = DT.

Using Law of Sinus in triangle AOT and COY we have

AT B AO — A_O _ sin 2ATO
sin 2 AOT  sin < ATO a  sin 2 AOT

and

CcY B CcO - CO _sin2CYO
sin 2COY  sin 2CYO ¢ sin2COY’
Therefore, because sin 2 ATO =sin « DTO = sin 2CY O, we deduce that

E:%ngtx>0<:>AO:ax,C’O=caj.
a c
Similarly we have
B DO po
TOZTO :ty>O<:>BO:by, DO = dy.
Denote by t =sin 2 AOB =sin « BOC =sin 2COD =sin £ DOA and we have
T_KOAB_ OA-OB-t abxyt
'" soap OA+OB+AB az+by+a+b
R - Koap ~ OA-OB-t abryt
1_soAB—AB_OA+OB—AB_a:vaby—a—b7
SO
2:ax+by_a_b<:>ax+by:2(a+rb)—a—b,
Ry ax+by+a+d 1-+

Ry
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and similarly

ro cx+by—c-b

2(c+b
< cx+by= 1(C+T2) -c-b,

Ry cx+by+c+b o
3 cx+dy—c—d<:>6$+dy: 2(c+rd) Ce—d,
Rs cx+dy+c+d l_R_33
o _ewrdy—azd g, 2erd) g
Ry ar+dy+a+d _R_i

Hence, we have
(a+c)r+ (b+d)y =

and also
(a+c)r+ (b+d)y =

so the conclusion follows.
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(C—"'rb)_ _5+M_ —d,
1- T2 1— T4
R2 R4
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0585. Prove that in any triangle ABC

9 (1272 9(3 2r2
1_6( Rg —1)£ZcosAsinBsinCSZ(Z—#)

Proposed by Marian Ursdrescu, Roman, Romania

Solution by Arkady Alt, San Jose, CA, USA

Note that
9 (1272 9(3 2r?
1—6(R—2—1)SZcosAsinBsinCSZ(Z—é) —
9 (1212 9(3 2r?
1_6( RZ —1)-4R234R22COSASiDBSinCSZ(Z—%)'ZLRZ

— %(127“2 - RQ) < ZbccosA < Q(ERQ - 27“2)

9 1 3
— 1 (127“2 —Rz) < 2 ZaQ < 9(1R2 —27"2)
< 9(12r* - R*) <2Ya? <9(3R? - 4r?) < 9(12r? - R?) <4 (s> - 4Rr -r?) <9 (3R* - 4%)
(because Y bccos A = % Y c(bcos A+acosB) = % Y= %Za2 and ¥ a? = 2(32 —4R7"—7"2))

Since 16 Rr — 572 < s> <4R% + 4Rr + 3r? (Gerretsen’s Inequalities)

and R > 2r (Euler’s Inequality) then
4(s*—4Rr-r%)-9(12r* - R*) >4 (16Rr - 5r* —4Rr —r?) - 9(12r? - R?) =3(R-2r) (3R +22r) > 0

and
9 (3R2 - 47”2) -4 <82 —4Rr - 7“2) >9 (3R2 —4r2) -4 (4R2 +4Rr +3r2 —4Rr — 7“2) =

11(R-2r)(R+2r)>0

Also solved by Corneliu Manescu-Avram, Ploiesti, Romania; Marin Chirciu, Colegiul National Zinca
Golescu, Pitesti, Romania; Nicusor Zlota, Traian Vuia Technical College, Focsani, Romania; Telemachus

Baltsavias, Kerameies Junior High School, Kefalonia, Greece.
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0586. Diagonals AC and BD of convex quadrilateral ABC'D intersect at point E. On the exterior of the
quadrilateral triangles ABP and CDQ are constructed, such that

<«PAB=+«DAFE, +PBA=+«CBE

<2QDC=2ADE, <+QCD=+«BCE

Prove that points P, F, () are collinear.

Proposed by Waldemar Pompe, Warsaw, Poland

Solution by the author
We prove the result in case lines AD and BC' are not parallel and intersect at point S

The proof for AD || BC' is analogous.

Since
<PAB=2«DAF and <«PBA=:+CBE,

it follows that points P and S are isogonal in triangles ABFE. So line PE is symmetric to line SE with
respect to the angle bisector of AEB.
Similarly, from

2QDC=2ADE and <«QCD=+BCE

we infer that points @) and S are isogonal in triangle CDFE. So QF is symmetric to SE with respect to line
containing the angle bisector of AEB. It follows that lines PE and QF coincide, which completes the proof.
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O587. Let a,b, c,d be positive real numbers. Prove that

abed
2a +5b+ 10¢ + 30d”

22a + 25b + 30c + 30d > 360§/

When does equality hold?

Proposed by An Zhenping, Xianyang Normal University, China

Solution by the author

10 20 30 60
90+5b+10c+30s = 10-2420-2430-£+60- > 120 12{/(9) : (9) : (f) : (51) =120 1§/(
5T T 5 1 3 2

) (i

) |

Namel i/ abed < abed —3§/(g).(9)2.(f
YV 2a55b+ 10c+30d ~ 3 li/( (b —~ o0 Vis)\1) '3

N EIORERE}

9294 + 25b + 30¢ + 30d = 10[11 (9) + 10(9) +9(5) +6(5l)]
5 4 3 2

10-36 % (9)11.(9)10.(2)9.(51)6>360§/ abed
5 4 3/ \2/) ~ 2a+5b+ 10c +30d"

Equality holds at a =5,b=4,¢=3,d = 2.

Also solved by An Zhenping, Xianyang Normal University, China; Jiang Lianjun, GuiLin, China; Petrakis

Emmanouil, 2nd High School, Agrinio, Greece.
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0588. Let a,b, c,d be positive real numbers. Prove that

1 1 1 1
+ + + =
l1+a 1+b 1l+c 1+d

Prove that
ab+ac+ad+bc+bd+cd+1826(a+b+c+d).

Proposed by Marius Stanean, Zaldu, Romania

Solution by the author
With substitutions ﬁ - a, 1+b — b, l%c - ¢, fld — d it follows that a + b+ c+d =1 and the inequality is
equivalent with
1-a)(1-b 1-
Z (a)% -6 Z i-a > 18,
a

cyc cyc

ab+ ac+ ad + be + bd + cd — 9(abe + bed + cda + dab) + 48abed > 0.

We homogenize the inequality and and get the following

2
(Za) Zab—QZaZabc+48abcd20.

cyc cyc cyc cyc
Without loss of generality assume that a + b+ ¢+ d = 4. The inequality becomes

4> ab-9%" abc+ 12abed > 0.

cyc cyc
Now, let x=a-1l,y=b-1,z=c-1,t=d-1l,z+y+2z+t=0,2,y,2,t € [-1,3]. We need to prove that

-2 ny +3 nyz + 122yzt > 0,

cyc cyc

x2+y2+22+t2+32xyz+12:ryzt20

cyc
or
$2+y2+32+t2+x3+y3+z3+t3+12:1:yzt20.

Assuming that x <y < z <t it is clear £ <0 <t. We have the following cases:
Case 1: 0 <y, then y+z+t=-x<1=yzt <1, we need to prove that

2(1+z)+ (P + 2+t + (P + 2+ %) ge - 122yt

However, 3(y2+ 22 +t2) > (y+2+t)2 =22, 9(y3 + 22 +13) > (y+ 2+ t)® = =23 and 27yzt < (y + 2 +1)3 = —23
so it suffices to prove that

22 2 4z

ERREE

4
22(1+z)+

or
42%(1+2)(3-x) >0,

which is true.
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Case 2: y <0< z, clearly true because 22 + 2 > 0,y + y> > 0 and zyzt > 0.
Case 3: 2<0, then —-x —y—-2=t<3 and
5 3 413
271(-2)(-y)(-2) < (mz -y —2)" =t° = -12zyzt < o

so we need to prove that

4t
R R oAl A g
97

or

209 _
x2(1+x)+y2(1+y)+z2(1+z)+t (3 tz)(4t+3) >0,

1
which is true. TheequalityholdsWhenx:y:z:t:Oorx:—l,y:z:t:gora::y:z:—l,t:?).

Also solved by Jiang Lianjun, GuiLin, China; Paolo Perfetti, Universita degli studi di Tor Vergata Roma,
Italy; Corneliu Manescu-Avram, Ploiesti, Romania; Nicusor Zlota, Traian Vuia Technical College, Focsani,
Romania; Petrakis Emmanouil, 2nd High School, Agrinio, Greece.
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