A NEwW METHOD TO SOLVE AND REFINE ALGEBRAIC
INEQUALITIES

Mihaly Bencze and Marius Dragan

Abstract. In this paper[l], we present a new method to solve and refine algebraic
symmetric and homogeneous inequalities in three variables. Using this method we solve and
refine some inequalities from Mathematical Reflections journal.

1. Introduction.

Let x,y, z positive numbers. We denote

1 1 1 3
s=zty+z p=ayz a=(z+y+2) <x+y+z> >9, t:sz

We obtain the following formulas:

1). Y ay=<P
2) Zx2 _ 5372pa

. s
3. Y22 =5 —3ap+3p

4 _ (°=20p)" 2022
4) Z xr = 52 + 4Sp
5). S (z—y)* = S% (255 — 12aps® + 18a2p?)
3+2pa+3
6) Z 2:E+xy+z = 8253+p;p+;
_ s3—2ap+3
N2 yiz : (c a?)p g
3,3
8). [I(z2—zy+y ) = —8p? — 3s3p + o%p® + 10ap? — 30‘83p
9). Yay(z+y)=(a—3)p
1 . (53+pa) —453p(a—1)
10)- 2. (@ty)® (a—1)"p2s?
11). TT (222 — wy + 2y?) = —27p? — 20ps® + 8a?p? + 5dap? — 20‘1
Proof.
1). It follows from > z-> 1 =«
2). sz = (X a)? -2y ay =2
3. ad =YY 2 Y ayd w+3vyz = s — 3ap + 3p
4 _ o 2 o (83—2ap)2 - 2a2p?

4). Y x (Z x ) 210> xy) 2xyzy x| = = = +4sp
5. N (z—y)t =20 a) — 12 2y (X 2)* + 18 (ay)? = % (25% — 1208% 4 18a%p?)
6). > 55— = Sa(sta)(stz) _ La(sP4s(s—a)tyz) _ $342apidp

: 2e+y+z 11(s+=) T 28%34s> yztxyz T 2s34aptp
7) Z z _ x> x’+3zyz _ $3—2ap+3p

Tyt T [1(y+2) o (a2—1)p X ) )
8). [T (#* —zy + %) = =8 (zy2)" — 3ayz ()" + (T ay)” (L =) +

3,3

3 3o
+10zyz Y wy Y x—3 (Z wy) = —8p? — 35°p + a?p® + 10ap® — S3p

9). Y aylz+y)=> xys — 3a;yz = pa — 3p
10) Z 1 — |:Z(y+z)(z+$)i| 2Z(x+y) o (3Zzy+z 12)274an(z+y) . (s3+pa)274(a*1)53p
C (aty)? L Tty) [Ia+y) — [1(z+y)* N (a—1)%p?s2
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2 _ _ _0)\3
a“+18a 27i8\/ (a 1)(05 9) (tl S t2)7 t3 — 4@ _ 97 t4 — o3 t = 3

40—9"" 7 p°

In the following we denote t12 =
Then it is true the theorem:
3
Theorem. Let ¢t = %. Then:

t3 <t <t <ty <1y
Proof. From Shur inequality we have

3
53+9p242x2$y or 83+9p24ap or 8—24&—9 from which ¢ <t3
p

3
Also from Shur inequality we have (% + i + %) + wiyz >43 y—lz
from which it follows that ¢ < t4.

Also it’s well known that if z,y, z are the positive roots of equation x
Then

3—0’1(132—}—0'2.73—0'3:0

(x — )% (y — 2)*(z — 2)? > 0 <= 18010903 — 40503 + or0s — 4o — 2702 > 0
If we replace 01 = >z, 09 = > xy,03 = xyz we obtain that:

43
1804—475—1—042—%—2720 or t; <t<ty

It is easy to prove that t3 < t; and t9 < t4, Va > 9
Also t1,ts is the best bound depend only of o for which ¢; <t < ¢t

2. Main Result

1. Let a,b, ¢ positive numbers. Then

+b b+ + 4 (a® 4+ b* + 2
a i c cta ( )

2
c a b — ab+bc+ca +

An Zhenping, Mathematical Reflections 2/2020

3

Solution. We have f (t) =Y “tb — 422;22 =a+5-L>f <4g_9) =2+ 3&:? > 2
We obtain the following refinement: Let a, b, ¢ positive numbers. Then

atb bdc cta _4(a®+b?+?) 3(e—9)
+ + > 24—
c a b ab + bc + ca 4o — 9

1 1 1
> 2 Where a:(a+b+c)<a+b+c>

2. Let a, b, ¢ positive numbers. Then

a 4 b . c 4 a . b n c S 9
b+c c+a a+bd 2a+b+c 2b+c+a 2c+a+b) " 2
Titu Zvonaru, S478, Mathematical Reflections

Solution. We have

a a t—2a0+3 4t+8a+ 12
t == 4 —
1) Zb—l—c+ ZQa—I—b—I—c a—1 + 2t4+a+1"

Vt € [ts,t4] with positive root

t0:%<2\/(a—1)(3a+5)—a—1) <ty=da—9
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This inequality it’s true if a > 3,11... according WOLPHRAM ALPHA (WA) So for a > 9. So f is
increasing on [ts, t4] or
9 (a—9) (Ba—11)

J®) 2 @a=9) =5+ 5 = 9a = 17)

We obtain the refinement.
Let a, b, ¢ positive numbers. Then

a . b n c 4 a n b . c S
b+¢c c+a a+b 20+b+c¢ 2b+c+a 2c+a+b)
g+ (a—9)(Ba—11)
2 2(a—1)09a—17)

>
here = (a+0+0) (14§ + 1
3. Let a, b, c positive numbers such that a? 4+ b + ¢ = 3. Prove that

3

a+b+c+ —F—>
ab + be + ca

An Zhenping, Mathematical Reflections 6/2021

Solution. Inequality from statement may be written as

(a+b+c)(ab+bc+ca)+ 3 > 4 (ab+ be+ ca)

or after deconditionated

ZaZabZ (42@1)—20,2) \/Z;Z
If 43" ab— " a? < 0 it’s obviously true
If4> ab—>Y a%?>0or

ap 3 —2pa

4————>0=6a—-t>0
S

we obtain ¢ < 6a.
In this case we square (1) and obtain

3(2@2@1})2 > <4ab—2a2>22a2 or

3a2p? > (GO‘p - 33)2

33 (53 — 2pa) or

302t > (6o —t)* (t —2a) or (8a—t)(t—3a)*>0

which is true since ¢ < 6 so 8a —t > 2a > 0
4. Let a,b, ¢ positive real numbers. Then

(@a—0)*+(b—c)+(c—a)? <6 (a* +b*+c* —abe(a+b+c))

Nicugor Zlota, S473, Mathematical Reflections
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Solution. If a =9 it’s obviously. Let a > 9 we have:

£ S (a—b)? B 258 — 12aps3 + 18a2p?

B 2t2 — 12at + 182
C Yat—abeda

(s3 — 2ap)? — 202p% + 4s3p — s3p  (t —2a)? —2a2 + 3t

- _ 2
with f/ (t) = 2(t — 3a) (3t + 2at — 8« ;_ 90{)
(202 — 4at + 12 + 3t)

Since ¢t > t3 we have

(3+2a)t—8a%+9a> (4o —9) (34 2a) — 8% +9a =3 (e —9) >0
So f is increasing on [t3,t4] or f(t) < f(a4) = 2(a—9)(a—3)

T a3 —-T7a?+17a—18

2 (o —9) (a — 3)?
We h
¢ ave ad —Ta?2 4+ 17a— 8
so we obtain the following improvements: Let a, b, ¢ positive real numbers. Then

2(a—9)(a—3)?
(a=b)*'+ -0+ (c—a)< " (_a7a2 l—((f?a—)léé (a* +b*+c* —abe(a+b+c)) <

<2(a*+b*+c* —abe(a+b+c))

5. Let a, b, ¢ positive numbers such that a + b+ ¢ = 3. Then
(a2 —ab + b2) (b2 —be + 02) (02 — ca + a2) + 11labec < 12

An Zhenping, 0476, Mathematical Reflections
Solution. We have after deconditionate

I1 (a® = ab+b?) + 11abe <23“)3 — 12 (Za>6 (8)

3 3 3 12 6
= —8p% — 3ps® + p*a? + 10a 2—%]?34—11@— i
S

302 11t 122
2 2 2
— —8 3t 00— — +— — ) = t
p<8 t+a” + 100 - — + o 272) p f(t)
70t o’ 4
H=ac?+100 —8 — — —3— — —+2. Vt € [t3.t
fit)=« « o7 ” 53t € [ts, t4]
70 303 8 —t? (8t2 + 630) + 7290°
with f/ (t)= -+ =5 — = ot* =
ith £ () 27 ' 12 243 2432

But —t* (8t* +630) + 7290” < —13 (8¢5 + 630) + 7290°

since  — 13 (8t3 + 630) + 729a° < 0
if @ > 3,91661 we obtain since « > 9 > 3,9166 that f is decreasing on [t3,t4] or
(a—9) (1302 + 936a — 3402)
t) < t3) = — Yo >
We obtain the following refinement: Let a, b, ¢ positive numbers such that a + b+ ¢ = 3. Then
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(a2 —ab+ 62) (b2 —be + 02) (62 —ca + a2) + 1labc — 12 <

_ —a?t’¢ (a - 9) (130” + 9360 — 3402) _ — 3,33
- 243 (4a —9) =5 W am Ty T

6. Let a, b, c the sides, lenghts of the sides of a triangle and F' it’s area. Then

/6
a? + b2+ <4F Er—i—?) {(a—b)Q—i—(b—c)Q—i—(c—a)2
Marius Stanean, Mathematical Reflections 6/2020

Solution. From Ravi’s substitution we have: 1 = ﬁ and

25> —4dap  2pa 253 —4dap
—b)2 =2 2_9 — - =
D (a=b =2} a®—2} ay=——"0 ; 5

Inequality may be written as

253 — 20 [ 24 3 (253 — 6
fpﬁél\/lE a—1+ ( r) (F=\/xyz(z+y+2)=/ps) or

S

p[Qt—2a—8\/ﬂ/ 0 —3(2t—6a)] <0
s a—1

We consider the function f : [t3,t4] — R f (t) = 4t +8V/t,/ =% — 16a

which is increasing on [t3,t4] so f(t) > f(t3) =8 w —-36>0, Va>9
We obtain the refinement

6 4o — 54
a2+b2+c2§4F\/ET—|—3[(a—b)2+(b—c)2—|—(c—a)2} —87“\/%4-367“

. 1 1 1
with = (a+b+c) b+c—a+c—|—a—b+a+b—c

_ 2
s T+y+z s 52

7. Let a, b, c positive real numbers. Then

ad+ 03+ 3 8abc >4
abe (a+b)(b+c)(c+a) —

Alessandro Ventullo, S435, Mathematical Reflections 1/2018

Solution. We have %f—}- H%erb) :t—3a+3—|—% > 4+% >4
Refinement: Let a, b, ¢ positive numbers, then
440 Sabe _, (a=2)(a-9)
abe (a+0b)(b+c)(c+a) a—1

where @ = (a+b+¢) (§ +§ + 1)

8. Let a, b, ¢ positive numbers. Prove that

4 2 b2 2
a+b+b+c+c—|—a> (a + —I—C)

2
c a b — ab+bc+ca +
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An Zhenping, S514, Mathematical Reflections 2/2020

Solution. We have f (t) = “TH’ - 4%6:22 =a+5— %, Vit € [ts, 4]
which is decreasing, so

a’ a —
f(t)Zf(t4)=f<4a_9> —24 220

So we obtain the improvement: Let a, b, ¢ positive numbers. Prove that

at+b btc cta_4(a®+b?+2) 3(a—9)
+ - > 24+ ——
c a b ab + bc + ca da—9

9. Let a, b, ¢ positive real numbers. Then

a b c 3(a+b+c)
+ + >
Vb+c¢ Veta Va+b 2

Mircea Becheanu, Mathematical Reflections 2/2020

Solution. We denote vb+c==x, \/c+a=1y, vVa+b=2zso

1 1 1
(2% + %+ 27) <$+y+z> —2(x+y+2)>/3@*+y2+22) or

ps [(t—Qa)a—Qt—\/M} >0

Let f: [ts,ta] = R, f(t) = (t — 2a) a — 2t — /3t (t — 2cx) with [ () = V3a—t) | o 2 with roots of

Vi(t—2a)
fr#)=0,1,=a (1 + J();%TQOC-H) (t] < th) since t, < t3, Yo > 5,044 we have not critic points.

So f’ have the same sign on [t3,t4] . But f’ (t3) > 0, Voo > 5,044 so if &« > 9so f (t) > 0, Vo € [t3, ta] or

f®) = F(t) = f(ta)

Since f (t3) > 0, Yar > 9 it follows the statement we obtain the refinement

a b c 3(a+b+c)
+ + > +
Vb+c Veta Va+b 2
b
+[2a2—17a+18—\/§\/M}L+)2
(>_ (a+b))
where a=<\/a+b+\/b+c—|—\/c—|—a)< ! + 1 + 1 )
Vb+c Vet+a a+bd
Also let a, b, ¢ positive numbers such that
1 1 1
Va+b+vbhte+ et < + + ):10
(a Ve a) Va+b Vbte Veta
Then
Then % 4 b ¢ o [3a+tb+o  (200-75V3) [T[(a+D)
Vb+c Vet+a Va+b 2 1 SVath

Solution. We have f (t1) = w and since if a = 10, f (¢) > f (1) we obtain the statement.

10. Let x,y, z be nonnegative real numbers. Prove that
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2 +y3+ 2534 3zyz 5 1 1 1
+ - > (zy +yz + 22) + +
> oay(r+y) 47 (+y)?  (y+2)? (z+2)

cyclic

Marius Stanean, Mathematical Reflections 4/2021

Solution. We have % > yZ 2T 2 O s %_

cyclic

po (s +ap) — 453 (a—l)p+5_t—3a~l—6_
9 p2s2 (o — 1)° 4 a-3

a[(t+a)2—4(a—1)t} .

_ P +Z:f(t)’t€[tl’t2]

(a+1)t2 +a* -3
(a—3)(a—1)*2

with f'(t) = >0, Va > 9, t € [t1,to]

SO

so f(t) = f(t)=

We obtain the refinement

S a3+ 3xyz § . a—9)(a—5)— (a—1)(a—9)
RTICESIRE D D0 Dyrwwn: ila—1)(a~3)

cyclic

where a = >z )1

11. Let z,y, z positive real numbers such that x 4+ y + z = 1. Prove that:

1 24
+ > 81
B4+y3+23 zy+yz -+

Nyugen Viet Hung, Mathematical Reflections 1/2021

Solution. After deconditionate we obtain:

1 n 24 S 81 3 1 +24>81 F()>0
S0 g 2
a3 Yyzy T (Na) s —=3pa+3p pa T s?
1 24 81
h t)y=——— 4+ ——— >0, Vt € |ts,t ith
where  f (t) t—3a+3+ T =0, € [ts,ta] wi

(8t — 27a + 27) (10t — 27cr + 27)

fe)= t2 (t — 3a + 3)?

,te[tg,tgd
sine t>4a—9=8t—27Ta+27>32a —72—-27a+27—-5a¢—45>0 (a >9)

Also 10t — 27+ 27 > 40ac — 90 — 27v + 27 = 13ac — 63 > 54 > 0

so f'(t) > 0 or f is increasing so

(@ —9) (190 —144) _

f) 2 e =9 = Ga—9) =

MATHEMATICAL REFLECTIONS 5 (2023) 7



So inequality from statement accept the following refinement: Let z,y,z > 0, z+y+z =1, a = %—f— +%

then

1
Y

1 24 —-9)(19a — 14
X g, 0991y
B4y +223  zy+yz+zz zyz (o —6) a(da —9)

12. Let z,y, z be nonnegative numbers. Prove that

1
2 4y 2% > 3 H (2x2—xy—|—2y2)Eny(a:—i-y)—Sxyz

cyclic
Marius Stanean, Mathematical Reflections 4/2020

Solution. The left side of inequality from statement may be written as according (3) and (11)

3 2 2 3 2 2 2 pPa’
3 (s® = 3ap+3p)” > —27p* — 20ps’ + 8p*a® + 5dp°a — 20—
s

or p>f (t) > 0, Vt € [t3,ts] where

200>
f(t):3(t—3a+3)2+27+20t—8a2—54oz+Ta20, Vit € [t3, 1]
with
_ , 2003 —20a3
with  f'(t) = — 2 — 18 + 6t + 38 > 2 +6(4a—9) —18a+38 =
2003 2003
— 6 — 16— —— > 60— 16— ——— >0, Ya > 5,8808
t (4o —9)

(we use t > t3 = 4da — 9).
It follows that f is increasing, so

F0) > f(ts) = (a — 9)° (a—j> >0

so we obtain the refiement. V,y, z > 0 it’s true.

1 1 9
2 +yP 420 > 3 H (2m2—a:y+2y2)+§(a—9)2 <a—4>x2y2z2

cyclic

where o = (2 +y+2) (L +1+1)
The right side of inequality from statement it’s equivalent with

H (2x2_xy+2y2) >3 [Zﬂ:y(m%—g) — 3xyz ’

cyclic
or from (11)

200p>
$3

—27p? — 20ps> + 8a%p? + 5dap? — > 3p% (a — 6)2 or p’g(t)>0

2003
—97 — 20t + 802 + Bl — 2

—3(a—6)*>0,t € [t1,ta

or in an equivalent form

MATHEMATICAL REFLECTIONS 5 (2023) 8



4% — (o +18a — 27) t +4a® < 0, t € [t1, 1]
which is true, since the roots of

4% — (on + 18ar — 27) t +4a3 = 0 are t; and to
If we consider the function g : [t1,t2] = R

2003

g (t) = —27 — 20t + 80> + 5da — —3(a—6)

3_42
with ¢ (t) = 22~
the inequality

2
% H (22 — 2y + 2y°) < Z zy (z +y) — 3zyz +IYE

cyclic

4 3
zyxlixc
_ 1,1, 1
where a = (x +y + 2) (54_?4_;)
13. Prove that the following inequality holds for all positive real numbers.

1 1 1 9(a+b+c) a b c
S LA LA
PR ab+bc+ca_8<a2+bc+b2+ca+02+ab)

Nyugen Viet Hung, Mathematical Reflections 1/2019
Solution.

a Y a(b*+ca) (¢ + ab)
We have Z a?+be [1(a?+ be)

B —abe (a+ b+ ¢)® + (ab+ be+ ca)? (a + b+ ¢) — 2abe (ab + be + ca) B
8a202c2 + abe (3. a)® — 6abe Y by a+ (X ab)?

2.2
B _p82 + psg .5 — QP% B (_p53 +p2a2 _ 2p2a) 82
8p? + psd — 6pPs 4+ 222 8p?s3 + psb — Gap?s? 4 pias
S s

The inequality from statement may be written as:
s pa — 8p2s3 + psb — 6p2as? + piad

9t 8t (—t+a*—2a)
— = >0 or
o St+t2—6at+ad

2 852 (—ps® + p202 — 92
oz+9i> s* (—ps® + p*a p’a)

or

f(@t) =9t + (72 — 460 + o) t* + (240® — 50°) t + a° > 0, V¢ € [t3, tu]
We have

f () =27 + (20° + 144 — 92a) t — 50° + 2402, Vt € [t3, ta]

1
with ), = (—a2 + 460 — 72+ /ot + 4308 + 161202 — 66240 + 5184) Lt < th)
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Since t, < 4a — 9, Yo > 3,666 so if a > 9 it follows that f'(¢t) > 0, Vt € [t3,t4] so f is increasing on
[t3,ta] or f(t) > f(t3).But f(t3) > 0, Vo > 9 (WA) from which it follows the statement.

14. Let a, b, ¢ be the side lenghts of triangle with inradius r and circumradius R. Prove that
R a>+ b +ec
B ote VB (34 v5) o tiee
b+ bc+ ca
Marius Stanean, Mathematical Reflections 4/2021,

Solution. We have using Ravi substitution that

a?+b* + 2 Sy+z)? 2 2?42 Ny

ab+bctca Y. (z+y)(z+z) S a2+3 D yz

_233—2ap_2t—204 R a-1
S 4+ap t+a r 4

Inequality from statement may be written as

(3+\f> (26 = 20) o 2a)
Letf:[tl,tg]—)R

_ (34+V5)(2t—20) a+3
J= t+a 4 -5

which is increasing on [t1, 2] so f (t) < f(t2).
We will prove that f(t2) < 0, which is true according W.A. if « > 9 with equality if « = 9 or
2+12V5 10, 36.

o =
Ifa=9weobtainz=y=zora=b=c
Ifaz%weobtainy:z:%soa:%,b:(1+%>k,c:<1+%>k,k>0

15. Let z,y, z positive numbers such that

1 1 1
(z+y+z)(-+-+-)=a>9
r Yy =z

Find the minimum and maximum of

1 1
3,..3,..(+ 4L L
(m-+y—+z)<x3+ 5+ )
Marius Dragan

Solution. We have

3 3.3 2 2 4 4
1
32 — = Zx 2y 3(9p3+3p233—18p2pa3—3ppas4—i—p? s3+9pp2[ 32—3p3 s+
x (zyz)® p 5 5 s s s
33 3as® 3a3
po‘ —9+ 2 180 — " 4P 4902 — 34l 22 P
D D 33 83
3ot 3a3
:9+3p—ma—3ar+a?+%ﬂ—4%7+4%7:
3 3_3 4
:a3+9a2—18a+9+(3—3a)t+¥:f(t),te[tl,tg]
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t tl [0
S +++ ++

0
fo | fm) A f(ef) N f(k)
According WA, t; < as < to, Vao > 9. So min f(t) =min{f (1), f (t2)}, max f(t)=f (a%) .

tE[tl,tQ] te[tl,tz}
We have:

1 1 2
f () = 1 (o® =157 + 630 — 45), f (t2) = 7 (o — 1507 + 630 — 45) , f (a? ) = (Va® — 30 +3)
SO
1 1 1 1 1 1
min{(:c3+y3+z3) ($3+y3+23>/x,y,z>0, (x+y+2) (m+y+z> :a29}:
1
:Z(a3—15a2+63a—45) and
max{ (2 +y° +2°) ( =+ =5+ = | /2,y,2>0, (x+y+2)(-+-+-)|=a>9 :<a2—3a—|—3>
x3 oy 23 x Yy z
16. Let a, b, c positive numbers. Prove that
b+c c+a a+bd 9 11 1
+ 1 - =

>4 =
a? b? c? a+b—|—c_a+b
Adrian Andreescu, Mathematical Reflections 2/2020

Solution. We have in an equivalent form
1 1 1 1 9 1
S(Cﬂw*cz)‘za‘s‘zaz“ or
1\? 1 1 9
S D e I N )
3[O30 I R EE SR R

2 2 2
2 2 9 —2a—-9 2
S(a _8>_a_>ooraa_szo where
S S S p

1
ft)=0a®—=200—9—2t >0, Vt € [ts,t4] or Sf(#) =0, V€ [ts, 1]

But f(t) > f(t4), Va =9

We obtain the following refinement
b+c 9 1 1 (@=9)(2a*+a—9) 1
_ > - . > —
Z a? Ea_za+2a 4a—9 _Za
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where a = > a1

17. Prove that for every positive real numbers holds

7@+ +cf) 21
5 T
(a+b+c) 4

1 1 1 2
b T —
(a+ +c)<a+b+c>_

Nyugen Viet Hung, Mathematical Reflections 1/2020

83_ (0%
Solution. We have f (t) => ad L — 272;1 :O‘_w:

la — 81
—a— 27+ %, Vit € [t1, ta)]

Since f is decreasing on [t1,t2] . We have:
8 (8la —81)
a2+16a—27+\/(a—1)(a—9)3

()= [(ta) = =27+ =9(a)

So f(t) > inf g («) w4 2L at o = 2. The equality come true if

a>9
11 1 27 9% a® 11
{(a+b+c)<a+b+c>—2,(Za)3—4,a,b,c>0}

Solution are of form (k, k,4k), k # 0.
We obtain the following refinement: Prove that for every positive real numbers holds

1 1 1 27 (a® +b* + 2
(a+b+c)<a++c>> ( )

b (a+b+c)?
87 8(8la — 81 27 (a®> + 0+ %) 21
o, (81— 81) 27 ), 2
a2+18a—27+\/(a—1)(a—9)3 (a+b+c)

where @ = (a+0-+.) (4 + |+ 1
18. Let z,y, z positive numbers such that
1 1 1
ery+a) (F141) maz
Ty z

Find the minimum and the maximum of (934 +yt+ 24) (% + y% + %4)
Solution. We have: > 2% -3 L 1= 2 xt Yyt

ryZ)
2 2 3.3
Q Q@ Q@
<8p3s3 + 16p s + 2p?s 4p2p—s4 - 28p2197282 + 8p2pi3—
s S s

2 .25 4 4 5.5 4 4 6 .6

a‘s o ol 4p° o « 2p°a

P 5 —|—p s+16p s3 — P 82—4pp48+ p6 )——
s 54 s s

—4
P 53 s°

8 3
= 8t + 16 + 2t> — dat — 280> + % — 40%t + ot + 16a°—

405  4a* 208

,T,TthT:f(t),VtE[thm]

1~ o) [P~ (@ 40— 2)t+ o]
t3

We have f'(t) =
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2
with roots tg = ob , gy = o= 2£val- 20‘3 30’ —do+4 (tg <ts5)

According WA we have ty <tq,ty < t5, th <tg, tg < to, Vaa > 9. So ty < tg <ty < t5, Voo > 9 so if
t € [t1,t6] f is increasing and if ¢ € [tg, to] f is decreasing so

min £ (f) = min{f (1), f (t2)}, max f(t) = f (to)

tG[tl tg} tG[t1 tz}

We use WA. So

f(tl):a4+16a3;<a2+18a27\/(a1)(a9)3>a2

<a2+18a—27— \/(a—l)(a—9)3>2

1
2 2 3 -
—27a—2(a +18a—\/(a—1)(a—9) —27)a+ 5 =

20° + 320* — 6403 128a5
_ 32a° + 32a” — 64a +34a—\/(a—1)(a—9)3—27+ 8a _

0?4+ 18— 27 — /(@ — 1) (a - 9)° <a2+18a_27_ Jo— (a_9)3>2

4 3 4 3 2
4 3 3 27 4 9 9  2Ta  « o 135c
= 16a” — — —9 —a” —27a" — — -9 — + =+ — -
o + 16a 5 a+2a o 5 a” + 5 +16+4+ 3

2430 729 o« 3 a? 9a 27
—4-|-16-|-+<2+2>\/(a—1)(oz—9)—|—<—16—8+16)

T 3T s 179, 11T 207

. -1 —9pP - Lt 2t =7
\/(O‘ e T IR AT

+<—176a2+12a—1é) \/(a—l)(a—Q)g—\/(04—1)(@—9)34-

4 5a®  67a® 85a 297

+34a — 27 =

22y +
8 2 4 2 8
In same way we obtain f (t2) = f (1), so

min (2% +y* + 2*) i_,_i_i_i _at 50434_67042 _85704—1—297
z,y,2>0 Yy I4 4 4 ] — 8 2 1 5 3

If o = 11 we obtain:

1 1 1
. 4,4 .4 —
mg}él;o(:c +y +Z)<:U4+y4+z4> =99

which represent S520 from Mathematical Reflections 4/2020, author Marius Stanean.
Also

max (z* + y* + 2*) (;4—1—;44—214> :a(\f—2)2(a—2\f—2)2

19. Find the greatest constant k such the inequality

a? +b? + 2 2 a b c
——+A> (14 A
ab—l—bc+cajL 3( * )<b+c+c—|—a+a—|—b>

holds for all positive real numbers.
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Solution.

Nyugen Viet Hung, Mathematical Reflections 6,/2020

« 3 a—1

3a—3

t—2a_2.t—&w+3ZA(%—4a+6_1> o

(a—3)t—2a2 > )\ since
RS i i
a2t —Ta+9) —

2%—Ta+9>2(4a—9)—Ta+9=a—9>0

(—5a%+300—27)

Let f: [ti,to] — R, f(t) = @20 iy g () = L 20002 gy (1), 49] since —5a2 + 30a —

a(2t—7a+9) o (—7a+t+9)2

21 < 0if a > 15+§7\/ﬁ ~ 4,89 so if & > 9 it follows that f is decreasing on [t1,t2] so f(t) > f(t2) so
A < f(t2), Ya > 9 so the greatest constant is

. . (01—3)752—2042_1
Ao =Iuf f(t2) = Il e ) T 3

20. Prove that in any triangle ABC

(a+b) (b+c)(c+a) §1+£
4abe 2r

Marius Stanean, Mathematical Reflections 6,/2020

Solution Inequality may be written as

(a+0b)(b+c)(c+a) abc
4abe §1+8H(5—a)

Using the Ravi subtitution a =y + 2, b = 2 + &, ¢ = © + y we obtain

[I(z+y+22) [[(z+2)
A1 (y + 2) =1+ 8xyz

3
But H(x+y+22):2(2x> +Zmy2x+xyz
253 + pa+p pa—p
—(—— <1+ or
4 (pa — p) 8p
2+a+1 a—1 2+a+1 a—1
— <1 )y=— —1— < telts,t
fa—a St oo W=7y <0, Ve € [t3, 84
—-9) (7T — 9
But f(t) < f(ty) = -2 T@=9 oy
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