Junior problems

J643. Find all positive integers n such that

\/(rinl) vi- \/(;%nl) +1 =40,

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Jean Heibig, ISAE-SUPAERQO, Toulouse, France
As this is a strictly increasing sequence, n = 2 is the only solution.

Let us write [, = \/C’}Lz’f+ 1 and r, = \/C}ﬁ?+ 1. Therefore, L1/l > rpe1frn > 1 and I, > 7, (as
n+1<(12n)/2).

Also solved by G. C. Greubel, Newport News, VA, USA; Sundaresh Harige, India; Theo Koupelis, Cape
Coral, FL, USA; Nicusor Zlota, Traian Vuia Technical College, Focsani, Romania; Michel Faleiros Martins,

Sao Paulo, SP, Brazil; Polyahedra, Polk State College, USA; Andrew Hwang, Langley High School, McLean,
VA, USA.
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J644. Let a,b, c be positive real numbers such that abc=1. Prove that

1 1 1 1 1 1
> +B+—.

+ + >1/ =
Va+2at Vb+20r e+ 26t a c

Proposed by Mircea Becheanu, Canada

Solution by Polyahedra, Polk State College, USA
Applying the given condition and Jensen’s inequality to the convex function 1/\/z, we have

1 1 1 be ca ab

+ + = + +
Va+2dt Vb+2br Ve+2h Vbe+2d2  Vea+2b2 Vab +2c2
1 1 1

betcaab =Vbc+ca+ab= _+Z+_'

a C

>
\/bc(bc+ 2a2) + ca (ca + 2()2) + ab(ab+ 202)

be + ca + ab

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Arkady Alt, San Jose, CA, USA; Paolo
Perfetti, Universita degli studi di Tor Vergata Roma, Roma, Italy; Sicheng Du, Shenzhen Middle School,
Shenzhen, China; Theo Koupelis, Cape Coral, FL, USA; Nicusor Zlota, Traian Vuia Technical College,

Focsani, Romania.
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J645. Let ABCD be a cyclic quadrilateral and let O be the intersection of the diagonals AC and BD. Let
P be a point on line BD such that « PAD = 2CAD and BP? = 40C(AO + AP). Show that O is the
midpoint of the segment BP.

Proposed by Mihaela Berindeanu, Bucharest, Romadnia

Solution by Polyahedra, Polk State College, USA

Since AP/AO = DP/OD and OC- AO = OD - BO,
0=BP?-40C(AO + AP) = BP> ~4BO-0OD -4BO-DP = BP* ~4BO-OP = (BO - OP)?
so BO =OP.

Also solved by Miguel Amengual Covas, Cala Figuera, Mallorca, Spain; Michel Faleiros Martins, Sao
Paulo, SP, Brazil; Andrew Hwang, Langley High School, McLean, VA, USA; Sicheng Du, Shenzhen Middle
School, Shenzhen, China; Theo Koupelis, Cape Coral, FL, USA; Anderson Torres, Brazil.
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J646. Let a,b be positive integers such that ged(a,b) = 1. Prove that ged(a® + b2, a3 +b) € {1,2}.

Proposed by Nguyen Viet Hung, Hanot University of Science, Vietnam

Solution by Michel Faleiros Martins, Sao Paulo, SP, Brazil
Suppose that p¥|ged(a? + b2, a® +b%) for some k > 1 and a prime p. Then, p¥|(a+b)(a® +b?) - (a® + b?) yields
pFlab(a +b). If pla, then p|(a® + b%) — a2, so p|b? and p|b, a contradiction, since ged(a,b) = 1. Similarly if p|b.
Therefore, p¥|(a +b). Hence, p¥|(a + b)? - (a® + b?) gives p*|2ab and finally p*|2. We get p = 2 and k = 1.
Thus, ged(a? + b?,a + b%) € {1,2}.

Also solved by Ivko Dimitric, PSU Fayette, Lemont Furnace, PA, USA; Polyahedra, Polk State College,
USA; Andrew Hwang, Langley High School, McLean, VA, USA; Jean Heibig, ISAE-SUPAERQO, Toulouse,
France; Ioan Viorel Codreanu, Satulung, Maramures, Romania; Corneliu Mdanescu-Avram, Ploiesti, Roma-
nia; Sundaresh Harige, India; Theo Koupelis, Cape Coral, FL, USA; Nicusor Zlota, Traian Vuia Technical
College, Focsani, Romania; Srijan Sundar, Oxford, UK; Daniel Pascuas, Barcelona, Spain; Arkady Alt, San
Jose, CA, USA.
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J647. Let a,b,c,p,q,r be positive real numbers such that g+r >2p and a+b+c=p+q+r. Prove that

a b c > V3

+ +
vVpa+gb+re /pb+qc+ra /pc+qa+rb

Proposed by Mircea Becheanu, Canada

Solution by the author
We will use the following general inequality: Lemma: Let a,b,c,x,y, 2z be positive real numbers. Then

(1+L+L)2>—(a+b”)3
VIoyoVz

Proof of the Lemma. Using Cauchy-Schwartz inequality we have

Tar+by+cz

a b c a? b? c? (a+b+c)?

\/EJFﬁJF% a\/Eer\/g_/Jrc\/E_a T+b/y+cz

Again by Cauchy-Schwartz inequality we have

a :1:+b\/gj+c\/_:\/5\/a:1:+\/l_)\/@+\/5\/§§\/a+b+c\/ax+by+cz.

This proves the Lemma.
Denoting by S the left hand of the given inequality , we have to show that S? > 3. From the Lemma we
have

(a+b+c)?

S* > :
p(a?2+b2+c2)+ (q+7)(ab+bc+ ca)

Then we have to show that
(a+b+¢)>>3p(a® +b%+ ) +3(q+7)(ab+be + ca).
Using a +b+c=p+q+r we have:
(a+b+c)’=(p+q+r)(a+b+c) =

(p+qg+7)(Da®+2> ab) >3pY a*+3(qg+7) Y. ab.
Last inequality is equivalent with
(g+7-2p) > a*>(q+7-2p) > ab,

and this is obvious.

Also solved by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Roma, Italy; Michel Faleiros
Martins, Sao Paulo, SP, Brazil; Polyahedra, Polk State College, USA; Sicheng Du, Shenzhen Middle School,
Shenzhen, China; Theo Koupelis, Cape Coral, FL, USA; Nicusor Zlota, Traian Vuia Technical College,
Focgani, Romania.
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J648. Let a,b, c be positive real numbers such that ab+ bc + ca = 1. Prove that

a+b+c+3abc > .
a+b+c

When does equality hold?

Proposed by Marius Stanean, Zaldu, Romdnia

Solution by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Roma, Italy
The inequality is
(a+b+c)®+3abc(a+b+c)?>4(a+b+c)

Schiir’s inequality of order 3 a(a—-b)(a—-0)+b(b—a)(b—c)+c(c—a)(c—b) >0 is also
(a+b+c)>+9abc>4(a+b+c)(ab+be+ca) =4(a+b+c)

Hence we get
4(a+b+c)—9abc+3abc(a+b+c)* 24(a+b+c) < (a+b+c)*23

and this follows by (a + b+ ¢)? > 3(ab+ bc + ca) = 3. The equality holds for (a,b,c) = (1,1,0) and cyclic.

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Polyahedra, Polk State College, USA;
Andrew Hwang, Langley High School, McLean, VA, USA; Srijan Sundar, Ozford, UK; Marin Chirciu, Colegiul
National Zinca Golescu, Pitesti, Romania; Mihaly Bencze, Brasov, Romania; Sarah Seales Phoenix, AZ,
USA; Sicheng Du, Shenzhen Middle School, Shenzhen, China; Theo Koupelis, Cape Coral, FL, USA; Nicusor
Zlota, Traian Vuia Technical College, Focsani, Romania; Arkady Alt, San Jose, CA, USA.
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Senior problems

S643. Let n>2 and P(x) = 22" + a12®™ + - + agy,1 be a polynomial with real coefficients satisfying

3(32"—1)'

az +ag + -+ agp = 5

Let x1,x9,...,Ton+1 be the roots of P(z). Given that

(1 - 1) (22 + 1) (23— 1) (24 + 1) (x2p41 — 1) = 3" and
(xl + 1)(1‘2 - 1)(1‘3 + 1)(1‘4 - 1)'“(«732714—1 + 1) = 3n+1’

evaluate a1 + ag + -+ + asp+1. Give an example of such a polynomial P(z) in closed form.

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Michel Faleiros Martins, Sao Paulo, SP, Brazil
We can write P(z) = (x —x1)(x —x2)-(x —xop41). Let Ay, = a1 +as+-agp+1 and By, = ag +ay +---agy,. Then,
using the given properties, we get
P(1)=1+A, + By,
P(-1)=-1+ A, - B,,
P(1)P(-1) = (1 - 21)(1 = 29)-(1 = 22n41) (=1 = 21) (=1 = 23)-(~1 = wan41) = 32"
Thus,

4A% = (P(1) + P(-1))* = (P(1) - P(-1))* + 4P(1) P(-1)
= (2+2B,)? +4.3%!
_ (32n+1 _ 1)2 +4- 32n+1
= (37 + 1)

We obtain that A, € {i%} Now we give two examples, one for each possibility.

Let’s set 1 = @3 = =+ = Topy1 = 7. Then, (r—1)""1(r +1)" = 3" and (r - 1)"(r + 1)"*1 = 3"} Hence,
1 = 3 gives r = 2. Thus, the polynomial P(z) = (z - 2)*"*! satisfies A, = P(1)+2P(_1) = —3%;1” and
B. = PM-PC1-2 _ 3(32"-1)

n= 2 T2
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32n+1 1
Next, we set o1 = 9 = =+ = Toy_9 = 2, Top1 = S, Top =, Topr1 = u, and A, = 2. Then, P(-1) =

2
-1+ A, - B, =1, and we have

(s-1)(t+1)(u-1)=3
(s+1)(t-1)(u+1)=9
(s+1)(t+1)(u+1)= —32%2.

_ _a2n
We get % =-3"M sot= }Jrgz". Then,

{(s—l)(u—l) = S

(s+1)(u+1) =232

. 2n+1_q2-2n _ 2n+1 2-2n .
We obtain su = w and s +u = -3 H2 G4 5 and u are solutions of (z —t)(z —u) =0, a

quadratic equation with real coefficients. Therefore, the polynomial P(z) = (z —2)?" 2(x - s)(z - t)(z - u)
has all the desired properties.

Also solved by Andrew Hwang, Langley High School, McLean, VA, USA; Srijan Sundar, Ozford, UK; Cor-
neliv Manescu-Avram, Ploiesti, Romania; Sai Gokul Atmakur, Indian Institute of Technology, Bhubaneswar,
India; Sicheng Du, Shenzhen Middle School, Shenzhen, China; Sundaresh Harige, India; Theo Koupelis,
Cape Coral, FL, USA.
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S644. Let a>b>c>d>e >0 such that ab+ bc+ cd + de + ea = 5. Prove that

A2+ ++d?+e2+5(a+b+c+d+e)>30

Proposed by Vasile Clirtoaje, Oil-Gas University, Ploiesti, Romadnia

Solution by the author
Denote

r>czy.

Since

a® +b? > 222, d? +e? > 27,
it suffices to show that

2(2® +y?) +10(z + ) + ¢ + 5e > 30.

Moreover, since ¢? > 2¢ — 1, it suffices to show that

2(x? + %) +10(x + y) + Te > 31.
We will show first that

22+ y? rxy+e(z+y) > 5.

Indeed, we have
A2+ +xy+c(z+y)-5]=(a+b)*+ (d+e)? + (a+b)(d+e)

+2c(a+b+d+e)—4(ab+bc+cd+de +ea)
=(a-b)?+(d-e)*+a(d+2c-3e)+b(d+e-2c) +2c(e—d)
>b(d+2c—-3e)+b(d+e—-2c)+2c(e—d)=2b(d-e)+2c(e—d)=2(d-e)(b-c) >0.
So, it suffices to show that

22
(5-2°~y xy)23

7
2(;102 +y2) +10(z +y) +
T+y

1.

Denoting

p=zy  (p<s?),
the desired inequality becomes
165 + 1252 — 625 + 35 > p(8s - 7).

For 8s—7 <0, it suffices to show that 165> + 12s? — 62s + 35 > 0. Indeed,

8s% — 4p + 20s +

1653 + 1252 — 625 + 35 = s(4s — 3)% + (1 — 5)(35 — 365) > 0.
Also, for 8s -7 >0, we have
165 + 1252 — 625 + 35— p(8s - 7) > 165> + 125 — 625 + 35 — s*(8s = 7)
= 85% + 1952 — 625 + 35 = (s — 1)*(8s + 35) > 0.
The proof is completed. The equality occurs for a=b=c=d=e=1.

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Polyahedra, Polk State College, USA;
Jean Heibig, ISAE-SUPAERO, Toulouse, France; Sai Gokul Atmakur, Indian Institute of Technology, Bhu-
baneswar; Theo Koupelis, Cape Coral, FL, USA; Nicusor Zlota, Traian Vuia Technical College, Focsani,
Romania.
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S645. Let ABC be a triangle with sidelengths BC = a, CA = b, AB = ¢, inradius r, circumradius R, and
area K. Let A’, B’,C" be the tangency points of the incircle of the triangle with sides BC,CA, AB,
respectively.

(i) Prove that one can construct a triangle A with sidelengths a- AA",b- BB',c-CC".

(ii) Let K’ denote the area of A. Prove that

K 9
9r? < — < —R%
"SK

Proposed by Dorin Andrica, Babes-Bolyai University, Cluj-Napoca, Romdnia

Solution by the author
(1) It is sufficient to prove the vectorial relation

a-AA"+b-BB +c-CC" = 0. (1)

If s= %(a +b+c) is the semiperimeter of triangle ABC, then we have BA' = s-b,CB’' =s—-¢, AC' = s - a,
hence

AX - AB+BA - 4B + *VBC.
a
It follows
a-AA"=a-AB+ (s-b)BC, (2)
and similarly b- BB’ =b- BC + (s —¢)CA,c-CC’ =c-CA + (s — ) AB. Summing the last three relations we
obtain (i).

(ii) The relation (2) is equivalent to a- AA’ = (s—c)AB+(s—b)AC. Using the properties of the cross product
we have

2K' =|a-AA’ xc-CC"| = |((s —¢)AB + (s =b) AC) x ((s —a)AB — c- AC)| =
((s—a)(s=b)+c(s—c))|AC x AB| = i(2ab+2bc+20a—a2—b2—02)2K=

(ab+be+ca—s2)2K = (s* + 12+ 4Rr — s*)2K = (r* + 4Rr)2K,

where we have used the well-known relation ab + be + ca = s% + 2 + 4Rr. Therefore
!

K
— =r2+4Rr,
K

and the inequalities follow by applying the well-known Euler’s inequality R > 2r.

Also solved by Sicheng Du, Shenzhen Middle School, Shenzhen, China; Sai Gokul Atmakur, Indian
Institute of Technology, Bhubaneswar, India; Theo Koupelis, Cape Coral, FL, USA; Nicusor Zlota, Traian
Vuia Technical College, Focsani, Romania.
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S646. Let a, b, c be positive real numbers such that ab+ bc+ ca =2(a+ b+ ¢). Prove that

a N b . c >§
2+4 2+4 a?+4 4

Proposed by Nguyen Viet Hung, Hanot University of Science, Vietnam

Solution by the author
By the AM-GM inequality we have

a_ b L ¢ _la_ab2 +1b—b62 +lc_ca2
2+4 2+4 a2+4 4 B2+4) 4 2+4) 4 a2 +4

a+b+c 1( ab? bc? ca?
= —_— + +

4 4\b2+4 c2+4 a?+4
a+b+c 1 [ab® b ca?
2 -—|—+—+—

4 4\ 4b 4c¢  4a
_a+b+c_ab+bc+ca
4 16
_a+b+c
= T

On the other hand, from the given condition combining the basic result we obtain
1 2
2(a+b+c)=ab+bc+cax< §(a+b+c) .

Consequently a + b + ¢ > 6. Combining these relations we get the desired inequality.

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Marin Chirciu, Colegiul National Zinca
Golescu, Pitesti, Romania; Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Roma, Italy; Sicheng
Du, Shenzhen Middle School, Shenzhen, China; Theo Koupelis, Cape Coral, FL, USA; Nicusor Zlota, Traian
Vuia Technical College, Focsani, Romania.

MATHEMATICAL REFLECTIONS 1 (2024) 11



S647. Let ABC be an acute triangle with the circumcircle I'. The tangents to the circle I" in B and C
intersect at the point X and AX cuts for the second time the circle I" in Y. If M is the midpoint of
side BC and D is the point of intersection between Y M and the perpendicular from A to BC, show

that AABC = ADBC.

Proposed by Mihaela Berindeanu, Bucharest, Romdnia

Solution by the author
Denote: AX nBC ={Z}

- ——

Figura 1:

BZ
e Calculating the ratio o prove that AX is symmedian

1
BX-XZ-sin(BXZ)- -
BZ BXZ
70" U(CXZ) = % where CX = BX (as tangents to ") =
o(CX2)  xz7.0X.sin(CXZ).- 5
in(BXZ
Apply the law of sines in AABX, AACX and calculate the ratio M
sin(CX7)
AB AX AX AX

sin(BX Z2) B sin(ABX) B sin(B+ A) " sinC
AC AX AX AX
sin(CXZ) sin(ACX) sin(C+A) sinB

sin(BXZ) ABsinC _ AB?
sin(CXZ) ACsinB  AC?

= AX = symmedian
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e Show that AABC = AADC
AX = symmedian = AX and AM are isogonal lines = «(ZAB) = «(MAC) and «(YAC) =

«(MAB).

From «YCM = «YAB = «s MAC = AAMC ~ ACNY = « AMC = «CMY = «AMB= «BMD

YAC = «MAB

_ BM AM
ABAM ~ ANAY(C = — = —
AAYCAABCégi}: ~ Yo~ AC
BM AM
YC ~ AC :MC_AM
YC  AC
BM = MC

So. in ADM, M D is both bisector and altitude at the same time = AM D is an isosceles triangle and
D is the symmetrical point of A with respect to BC' = AABC = AADC.

Also solved by Farmonov Sukhrobjon, Uzbekistan, Michel Faleiros Martins, Sado Paulo, SP, Brazil; Andrew
Huwang, Langley High School, McLean, VA, USA; Sicheng Du, Shenzhen Middle School, Shenzhen, China;
Theo Koupelis, Cape Coral, FL, USA; Titu Zvonaru, Comdnesti, Romania.
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S648. Let a,b, c,d be nonnegative real numbers such that a + b+ ¢+ d =4. Prove that

a b c d 1 ab+ac+ad+bc+bd+cd
+ + + <—+ .
a?+4 b2+4 c2+4 d2+475 10

When does equality hold?

Proposed by Marius Stanean, Zaldu, Romdnia

Solution by the author
Without loss of generality, we may assume that a < b < ¢ <d. The inequality can be rewritten as

a a?+ b2+ 2+ d2
> + <1.
a’+4 20

cyc

On other hand we have

T 2 11z 3 _(m—1)2(5x2—12x—12)<0

+
22+4 20 50 100 100(22 + 4)

for x € [0,3]. Therefore we have two cases:
1. If d < 3 then
5 a_, a? + b2+ 2+ d?  1l(a+b+c+d) L 12
14 20 = 50 100

cyc

=1.

The equality holds when a=b=c=d=1.
2. Ifd>3 then a+b+c<1soa,b,cel0,1). We rewrite the inequality as follows

4qa a?+b% + 2 + d?

> + = <4,

2
cge O +4

2,22, .2 2 _ )2 _p)2 _ )2
4d  a®+b +cc+d <1+(2 a)* (2-b)° (2-¢)

+
d?+4 5 - a2 +4 b2 +4 2+4’
4d . d? < (2-a)®> (2-0)®> (2-¢)? a?+b%+c?
2+4 5 T oa?+4 b2 +4 2+4 5 ’

By Cauchy-Scwarz Inequality and a? + b? + ¢ < (a + b + ¢)?, we have

(2-a)?> (2-0)? (2—(:)2_(12+b2+02>(6—a—b—c)2 a?+ b2+ ¢?

a?+4  DP+d A +4 5 Ta2+b+2+12 5
(d +2)? (a+b+c)?
“(a+b+c)2+12 5

(d+2)? (4-d)?
T(4-d)2+12 5

It remains to show that
4d  d? (d+2)? (4-d)?

+—-1< -
d?+4 5 (4-d)?2+12 5

I

or after expanding

2(4 - d)(d - 3)(d* - 5d° + 20d® — 4d + 48) .0
5(d? +4)(d? - 8d + 28) B

clearly true for d € (3,4]. The equality holds when a=b=c=0, d = 4.

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Theo Koupelis, Cape Coral, FL, USA;
Nicusor Zlota, Traian Vuia Technical College, Focsani, Romania.
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Undergraduate problems

U643. Let (x,),59 be the sequence defined by

1
Evaluate lim n (a:n - 5) .

n—oo

Proposed by Dorin Andrica, Cluj-Napoca and Dan-Stefan Marinescu, Hunedoara, Romdnia

Solution by the authors
We shall compute

_ 2tet—2t-2e" +2—te!” 4t 1 2el -2 +2-te” —t
L =lim 3 = —lim .
t—0 2t2(et” - 1) 2 t-0 t

Applying the I’'Hospital rule and using the above mentioned limit, one obtains

o 2et + 2tet — 4t6t2 - et2 - 2t26t2 -1 . 2et+2tet — 4t - et2 |
2L =lim 1

-0 4¢3 R 4¢3 N
e’ —1 e’ —1 el + 2tel — 4t — e’ — 22— 1
lim —lim 2¢ =lim -1=
t—0 t—0 42 t—0 4¢3
_ del — 4t — 4+ 2tel - 2te” Cel-t-1 . let-1 . 1e'-1
lim —-1=lim——+— +1lim —t¢ —lim —¢ -1=
t—0 12t2 t—0 3t2 t—-0 6 t2 t—-0 6 t2
1 1
O
6 6 3
The desired limit is L = —%.

Remark: Another way to solve the problem is to use the series expansion of the function e’

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Arkady Alt, San Jose, CA, USA; Srijan
Sundar, Ozford, UK; Daniel Pascuas, Barcelona, Spain; Angel Plaza; Universidad de Las Palmas de Gran
Canaria, Spain; G. C. Greubel, Newport News, VA, USA; Henry Ricardo, Westchester Area Math Circle;
Corneliu Manescu-Avram, Ploiesti, Romania; Paolo Perfetti, Universita degli studi di Tor Vergata Roma,
Roma, Italy; Sedn M. Stewart, King Abdullah University of Science and Technology, Thuwal, Saudi Ara-

bia; Sundaresh Harige, India; Theo Koupelis, Cape Coral, FL, USA; Nicugsor Zlota, Traian Vuia Technical
College, Focsani, Romania.

MATHEMATICAL REFLECTIONS 1 (2024) 15



U644. Let f:[-1,1] = R a function three times continuously differentiable such that f(-1) = f(1) = f"(-1) =

0. Prove that . ) A
10 nr
(Lf(@dx) =315 J- (f ()" do

Proposed by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Roma, Italy

Solution by the author

]_-jf(x)dac = xf(:r)‘:— [jxf'(x)dx - [jxf'(m)dx -

2 2

_(%Q_l)f/(x)‘i +[1‘(%—1)f"(x)d1:: [:(%-%)f”(x)dz::
1:3 " 3 IL' "
IER e

By Cauchy—Schwarz

3

(L) s [5-5+3) o [lororan=35 [l a

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Daniel Pascuas, Barcelona, Spain; Tham-
madol Tansrivorarat, Bristol, UK; G. C. Greubel, Newport News, VA, USA; Joshua Pité, Cambridge Rindge
and Latin School, MA, USA; Theo Koupelis, Cape Coral, FL, USA.
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U645. Find all non-zero polynomials P(x) and Q(z) with real coefficients satisfying
P((Q(x))%) = 2*P(2)(Q(x))?, Vz € R.

Proposed by Nguyen Viet Hung, Hanot University of Science, Vietnam

Solution by Matthew Too, Brockport, NY, USA
Let deg(P) = m and deg(Q) = n for non-negative integers m and n. Then deg(P ((Q(z))?)) = 3mn and
deg(22P(2)(Q(x))?) = m + 2n + 2. Setting the degrees equal to each other leads to

m+2
3m -2

m+2n+2=3mn—n =

where m + 2 > 3m — 2, or m < 2, is required for n to be a non-negative integer. Testing the values m =0,1,2
then gives (m,n) € {(1,3),(2,1)} as the only possible solutions.

For (m,n) = (1,3), let P(z) = a1z + ag and Q(x) = bga® + box? + by + by with ag,bs # 0. Substituting
these polynomials into the original equation and equating coefficients gives the system

albg = a1b§

3a1b2b§ = a0b§ + 2a1bobs

3a1blb§ + 3alb§b3 = alb% + 2a1b1b3 + 2a09babs

albg’ + 3a1bob§ + 6a1b1bobs = agbg + 2a1b1bs + 2a1bgbs + 2a9b1 b3
3&1[)1[7% + 3(111)%53 + 6albobgbg = albf + 2&150172 + 2(10[)152 + 2a0b0b3
3a1b0b% + 3a1b%b2 + 6a1bgb1b3 = aob% + 2a1bgby + 2agbobs

albi{’ + 6a1bpb1bs + 3a1bgb3 = albg + 2a0boby

3a1bob? + 3a1bibe = agb?

3(11[)(2)171 =0

albg +ap=0

The first equation albg(bg —1) = 0 implies b3 = 1. This reduces the second equation to ag = a1ba, the third
to by = 0, the fourth to by = 0, and the tenth to ag = 0, which further implies b, = 0. Thus, one solution is
P(x) = ar and Q(z) = 2 for any a € Ry.
For (m,n) = (2,1), let P(x) = ax?® + ayx + ag and Q(x) = byx + by with ag,by # 0. Substituting and
equating coefficients gives
agb? = agb%
6(12[)?1)0 = alb% + 2a2b0b1
15a2b‘11b3 = agbg + aob% + 2(11[)@[)1
20&25?[)(3) + a1b3 = albg + 2aobob1
15(12()%1)3 + 3&15%1)0 = aobg
6a2b1b8 + 3a1b1b(2) =0
asb§ + a1b3 +ag =0

The first equation Cbgb%(bl -1)(by + 1)(b% +1) =0 implies that b; =1 or by = —1. We consider the two cases
separately.

If b1 = 1, then the second equation reduces to a; = 4aqbg, the third to ag = 6a2b3, and the fourth to
4agbo (b2 +1) = 0, or equivalently, by = 0. Thus, a3 = ag =0 and so P(z) = az® and Q(z) = z for any a € R.g
is a solution.
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If by = -1, then in a similar manner, the second equation gives a; = —4asbg, the third ag = 6a2b§, and
the fourth 4asby(bp — 1)(bo + 1) = 0 which implies that by = 0 or by = £1. However, if by = £1, then the fifth
equation becomes ao = 0 which is a contradiction to as # 0. Thus, by = 0 which implies a; = ag = 0 and so
P(x) = ax?® and Q(z) = —x for any a € Ry is a solution.
Altogether, this means that the solution set consisting of non-zero polynomials is (P(z), Q(x)) € {(az,z3), (az?, x), (a
a€R.}. A quick check shows that these polynomial pairs do satisfy the required equality.

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Andrew Hwang, Langley High School,

McLean, VA, USA; Srijan Sundar, Ozxford, UK; Daniel Pascuas, Barcelona, Spain; Sundaresh Harige, India;
Theo Koupelis, Cape Coral, FL, USA.
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U646. Let f:[0,1] - [0,1) be an integrable function. Prove that
1
lim [0 f(x)"dx =0.

Proposed by Mihai Piticari and Sorin Radulescu, Romdnia

Solution by Theo Koupelis, Clark College, WA, USA

Let I = limy, o0 fol f(x)"dz. Clearly I > 0, because f(z) > 0. Partitioning the interval [0,1] into m equal
1

intervals and using the Riemann sum /Olg(x) dr = limy, e Xty 9(T) 575

(%1, 2k], we get

where z; is the midpoint of

m *\Nn
[t tim 3L
Nn—00 T —> 00 k=1 m

But f(z}) €[0,1), and thus lim, e f(z})" = 0. Therefore, I = 0.

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Andrew Hwang, Langley High School,
McLean, VA, USA; Daniel Pascuas, Barcelona, Spain; Paolo Perfetti, Universita degli studi di Tor Vergata
Roma, Roma, Italy;, Soumyadeep Mandal, SVNIT, Surat, India; Sundaresh Harige, India; Nicusor Zlota,
Traian Vuia Technical College, Focsani, Romania.
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U647. Let ae(0,1), let (pr)k>1 be the sequence of primes and let g, = [Ti<, Pk Evaluate

logp)®
n—c0 W(qy)*(log gn)*

(w(n) denotes the number of distinct primes of a natural number n).
Proposed by Alessandro Ventulo, Milan, Italy

Solution by the author
Let a, =1 and b, = (logp)®. By Hélder’s inequality, we have

(Z 11-1a) (Z((logp)“)i)

plg plg

> (logp)®

plg

IA

(w(g))' ™ (1og Hp) < (w(q))'™*(log 9)*.

plg

Since p,, > n for all n € N*| then logp, > logn and

Y1 (log k) < 2plg, (log p)* < (w(gn))'*(log gn)”
n(logn)® = n(logn)® ~ n(logn)« '

Let us prove that lim Ziy(log k)7 =1. Let a, = Y (logk)® and by, = n(logn)®. We have
n—oo  n(logn)® =

. Qpyl = 0n . log(n + 1)
| = lim
n—co by,1 —b, n-co(n+1)(log(n+1))®-n(logn)e

)

so by the Stolz-Cesaro Theorem,
lim 2t~ 9% _ o Yy

n—o0 by —b, n—eo by

-« 1 «
Now, let us prove that lim (w(gn)) (108 n)

=1. We h
n—>00 n(logn)® ¢ nave

lim (w(gn))'~*(log gn)* - lim n'~*(log gn)" - lim 2 p<pn, 108D Oé'
n—>00 nlogn

n-—co n(logn) n—-co  m(logn)®

By the Prime Number Theorem, ¥, logp ~ p, and nlogn ~ pp, so

i (@) (loggn)®

1.
n—>00 n(logn)®

Using these two limits in (3), by the Squeeze Theorem, we get

. Zp|qn (logp)a
lim —*——— =
n—co  n(logn)®

Also solved by Daniel Pascuas, Barcelona, Spain.
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U648. Let T, be a sequence defined by T7 = a,

T2
A N |
1412
) T2
EvaluateH +2"
Homs

Proposed by Paolo Perfetti, Universita degli studi di Tor Vergata, Roma, Italy

Solution by the author
T, = (sinh(2"z)~! solves the recurrence

2\/1+T2 2y/1+ (sinh(2"z))~2 2 cosh(2"x)

T:  (sinh(2na))~ _Sinh(Q”x)(sinh(2”x))—2:Sinh(2n+1$)

1
Noo+T2 N2 Gz & cosh(2'lz) (sinh(27x)?

ﬂ 272 +2 g m +2 LII 2(sinh(2"z)? (cosh(2nz)2

1 cosh(2V*1q) _ 2(sinh(2a))? cosh(2V*1a)

- 2_N sinh(4a) sinh(4a) sinh(8a) sinh(2N+la) sinh(4a) sinh(2N+1a)
2sinh(2a) 2sinh(2a) 2sinh(4a)  2sinh(2Na)

and the limit for NV — oo equals

1 1 1
tanh(2a) = — = =
a\/1+L2 Vi+a

a

Also solved by Arkady Alt, San Jose, CA, USA; Prodromos Fotiadis, University of Crete, Greece; Michel
Faleiros Martins, Sao Paulo, SP, Brazil; G. C. Greubel, Newport News, VA, USA; Theo Koupelis, Cape

Coral, FL, USA.
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Olympiad problems

0643. Let a,b,c, A be positive real numbers such that

1 1 1 1
+ + < —.
a+A b+ X c+X A
Prove that 150b
a+b+cr—22C 56N
ab + be + ca

Proposed by Titu Andreescu, USA and Marius Stanean, Romdania

Solution by Michel Faleiros Martins, Sao Paulo, SP, Brazil
Due to homogeneity, we can fix A = 1. After clearing denominators, the condition yields

1 1 1
+ <1 < abc>a+b+c+2.
a+1l b+1 c+1

Let’s define A = ra, B =rb and C = rc for some 7 € (0,1] such that ABC = A+ B+ C +2. This is possible
because the polynomial p(r) = rabc — r(a + b+ c) — 2 has a root in (0,1] as a consequence of its continuity
and the fact that p(0) = -2 and p(1) = abc— (a+b+c) —2 > 0. Thus, the inequality can be rewritten as

15ABC
A+B+C+AB+BC+CA216T.

So, it suffices to show the last for r = 1. Let a = ﬁ, Y = ﬁ and z = ﬁ Using that z + y + 2 = 1 we have
A=Y2 B= IT*Z, C-= %y Substituting these we wish to show that

x 7

y+z+z+x+x+y+ _ 1y5 _ > 16
z Y 2 g T e Yoy

Or, equivalently, after substituting o = %+i+% =(r+y+2) (% + i + %) >9,t= %yz = %, and simplifying
it, we get

1 -1

NPT ICLEVRT

t-20+3
We obtain 4t% — (o + 18— 27)t + 4a < 0 after expanding (z —y)2(y - 2)%(z - x)? > 0 and substituting o and
t. Then,

L 9ms3< a2+1804—27+(aé9)\/(a—1)(04—9) PV (a+3)(a—1)+(a;Q)\/(a—l)(a—Q)‘

After clearing denominators, it is enough to show that

(=19 [(a+3)(a-1)+ (a-9)/(a-1)(a-9)] +120(ar— 1) > 0.
If a=9 or a>19 it is clear. Otherwise, 9 < a < 19, so that
(a-1)[120+ (a=19)(a+3)] 2 (19-a)(a-9)/(a-1)(a-9) <
(a-1D*a-92%(a-7)?%>(a-1)(a-19)*(a-9)° <
(a-1)(a-7?2(a-19)?*(a-9) <=
32(a-10)? > 0.
Therefore, we are done. The equality holds when («, t) = (9, 27) or («, t) = (10, 32). In the first case,

x:y:z:é,A:B:C:Q,r:L and finally a = b = ¢ = 2\. For the last case, x +y + z = 1, :Uyz:g%,
TY+yz+zr=g = %, so, by Vieta’s formulas, z,y, z are the roots of 53—52+%s—3—12 :(s—%)(s—}l)Q:O.

Then, A= B =3, C' =1 and their permutations, r = 1, and finally, a = b = 3\, ¢ = A and their permutations.

Also solved by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Roma, Italy; Sicheng Du,
Shenzhen Middle School, Shenzhen, China; Theo Koupelis, Cape Coral, FL, USA; Nicusor Zlota, Traian
Vuia Technical College, Focsani, Romania.
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0644. Prove that k =4 is the smallest positive constant k such that

(kzal +ag+ - +a9)2 , G102 + G203 + - + agay
kE+8 - 9

whenever a1 > ag > - > ag > 0.

Proposed by Vasile Clirtoaje, Oil-Gas University, Ploiesti, Romania

Solution by the author

For a; =--=a5 =1 and ag = a7 = ag = ag = 0, the inequality leads to the necessary condition k >4. To show
that 4 is the smallest value of k, we need to prove that F'(ay,as,...,a9) >0, where
F(al, as, ..., ag) = (4&1 +ag+ -+ a9)2 - 16(0,1@2 + agaz + - + agal).

We will show that
F(alaa27a37"'7a9) 2 F(CLQ,GQ,(Ig,...,CLg) 22 F(a87a87"'7a87a9) ZF(CLQ,CLQ,...,(IQ,(IQ) =0,

ie.
F(ai7'~'7ai7ai+17"')a9) 2 F(ai+1)"‘7ai+17ai+27'"7a9)7 i€ {1727)8}

Write this inequality as follows:
[(i +3)a; + a1 + - +ag]®> — 16[(i — 1)a? + ajas1 + - + aga;] >

> [(’L + 4)ai+1 + Qjy2 + 00+ a9]2 - 16[ia?+1 + Qj1Q542 + 0 + agai+1],

(’i + 3)(&1 - ai+1)[(i + 3)ai + (Z + 5)ai+1 + 2ai+2 + e+ 2a9] 2

> 16[(7, - 1)(&22 - afﬂ) + ai+1(ai - ai+1) + ag(ai - ai+1)] >0,

(a; —ai+1)E; >0,

where
Ej=(i-5)%a; + (i* = 8i + 15) a1 + 2(i + 3) (ajso + -+ +ag) + 2(i - 5)ay.

Since
(i - 5)%a; + (2 = 8i + 15)ajr1 > (i — 5)ais1 + (2 = 8i + 15)aje1 = 2(i —4) (i — 5)aj+1 > 0,

it suffices to show that
(i+3)(aj2+-+ag)+ (i—=5)ag > 0.

This is true for ¢ > 5, while for ¢ <4 we have
(i+3)(aja+-+ag)+(i-5)ag> (i +3)(7T—1)ag+ (i —5)ag > 3(i + 3)ag + (i = 5)ag = 4(i + 1)ag > 0.
For k =4, the equality occurs when aq = as =+ = ag, and also when a1 =--- = a5 and ag = a7 = ag = ag = 0.

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Sicheng Du, Shenzhen Middle School,
Shenzhen, China; Theo Koupelis, Cape Coral, FL, USA.
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0645. Find all completely multiplicative functions f: N — N such that
f(a®+b*+c*) = f(ab+bc+ca—-2)
for any a, b, ¢ positive integers.

Proposed by Titu Andreescu, USA and Viad Matei, Romdnia

Solution by the authors
The only solution is f = 1. First let us note that for f(1) = 1 since f is completely multiplicative. For
a=b=c=1 we obtain that f(3) = f(1) =1 and for a =2,b = c=1 we obtain f(6) = f(3) thus f(2) =1, using
the multiplicativity of the function.

We are now ready to show f(n) =1 by using strong induction on n. The bases cases n =1,2,3 are done
by the above argument.

Assume that we know it for all 1 <n < k and let us prove it for k. If k is a sum of three positive squares,
wlog say k = a? + b + ¢2, then f(k) = f(a® +b* + %) = f(ab+bc+ ca - 2). Note that ab+ bc + ca < a® + b + ¢?
and thus ab + be + ca — 2 < a® + b? + ¢® and thus by the strong induction hypothesis f(ab + bc+ ca—2) = 1 and
we are done.

If k is a positive square say k = a® then f(a?) = (f(a))? and since a < a? we have f(a) =1 thus f(a?) = 1.

We remain with k a sum of two positive squares. If £ is not prime then once again, since f is multiplicative
and we can use the strong induction hypothesis. Thus k is prime and k=1 (mod 4).

Let us note that for (a,b) = (1,2),(4,5), (6,13) we obtain the following three relations, denoted by «,

F(+5) = f(3¢) = f(3)f(c) = f(c)

f(+41) = f(9(c+2)) = f(9)f(c+2) = f(c+2)
f(+5-41) = f(19)f(c+4) = f(c+4)

To justify f(19) = 1 note that f(19) = f(38) = f(62+1+1) = f(11) = f(32+1+1) = f(5). To finish note that
F(53) = f(10% + 32 + 42) = £(80) thus (£(5))% = £(5)-(f(2))* and we already know f(2) =1. So f(5) = 1.

We are now ready to show f(k) = 1. Note that at least one of the numbers 5, 41 or 5-41 has to be
quadratic residue modulo k. Since k=1 (mod 4) this means at least one of the numbers -5, -41,-5-41 is a
quadratic residue. Say a € {-5,-41,-5-41} is this quadratic residue.

We know that we can find 1 <c¢< such that k|c? + a. Using » we conclude there is 3 < 4 such that

f(+a)=f(c+B).

Since ¢+ f3 < +4 <k if k> 13 (we have already verified f(5) = 1) by the induction hypothesis we have
f(c+B)=1. It remains to note that

+a
) = 101 (S5 - 10
o Pra (k-1)2 201 ) , , , '
since ok < + o5 <k for k > 13 and thus f(c;l;a) =1, using the induction hypothesis.

We are now left with all the values k that cannot be written as a sum of three integer squares. We shall
use the following well known fact due to Lagrange: a positive integer z is a sum of three squares if and only
if ©#4Y(82+T7).

If k£ is not prime we can easily finish using the induction hypothesis and the multiplicativity of the
function. We remain with k prime and k =7 (mod 8) from the above.
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Note that 3k = 5 (mod 8) thus using the above theorem we know that we can find three nonnegative
integers r, s,t such that 3k = r2 + s2 +t2. Note that none of them can be zero. Otherwise wlog say r = 0 then
3|s% + ¢ thus 3|s,t. This implies 3|k so k = 3 which is false. By the functional equation

F3p) = F(3)f(p) = f(p) = f(rP+8° + 1) = f(rs+st+7rt—2).

Since r? + 5% +t2 = 5 (mod 8) and 2% = 0,1,4 (mod 8) for an integer z we conclude wlog that 4|r, s = 2
(mod 4) and ¢ is odd. Thus 4|rs + st + rt — 2. Using the multiplicativity of the function

2

flrs+st+rt—=2)=f(4) - f((rs+st+rt-2)/4)=1

rs+st+rt-2r2+s2+t2 3k
since f(4) =1 and p =7 <k.

This ends the proof of the induction step and we conclude that the only function is f = 1.

Remark: The case when k is a prime which is 1 mod 4 would have been easier to deal with if we knew
that in this case k£ could also be written as a sum of three nonzero squares. Conditional on the Extended
Riemann Hypothesis, the set of exceptions, i.e those that cannot be written, is the finite set {5,13,37}.
See for example the MathOverflow discussion here https: //mathoverflow.net/questions /90914 /sums-of-three-
non-zero-squares.

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Sicheng Du, Shenzhen Middle School,
Shenzhen, China.
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0646. Let z,y,z be non—zero real numbers such that x + y + z = xyz. Prove that

Proposed by Nguyen Viet Hung, Hanot University of Science, Vietnam

Solution by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Roma, Italy
Let x,y,z >0 and define a = 1/x, b=1/y, ¢ = 1/z. The condition x +y + z = zyz becomes ab + bc + ca = 1 and
the inequality becomes

593 (1)

1 1
—+-+-2a+b+c = ab+bc+ca>(a+b+c)abc <= (a+b+c)abc<1
a c

We know that ab+bc+ ca > \/3abc(a + b+ ¢) hence \/3abc(a + b+ ¢) <1 and then abc(a+b+c) < 1. It follows
that (1) is actually

1+1+1—a—b—cz2\/§ = M—(a+b+c)22\/§
a b ¢ abe

1

— —(a+b+c)22V3

abc

1
V3abe(a+b+c) <1 yields b >3(a+b+c) thus we are led to prove
abc

3(a+b+c)-(a+b+c)22V2 — a+b+c2 V3

but this follows by (a + b+ c)? > 3(ab + bc + ca) = 3. This proof clearly covers also the x,y,2 < 0 case. The
equality holds true when ab + bc + ca > \/3abc(a + b +¢) and (a +b+c)? > 3(ab + bc + ca) hence a = b = ¢ and
ab+bc+ca=1yieldsa=b=c= 1/\/§ Of course there is also the other equality case (a,b,c) = —1/\/3. In
terms of the variables (,y,2) we get (z,y,2) =v/3(1,1,1) or (z,y,2) = —/3(1,1,1)

Let 2,y > 0 and z < 0. This case covers also the x > 0 and y, z < 0 case. As before let’s set a = 1/, b= 1]y,
¢=1/z. Form ab+bc+ca=1 we get ¢c=(1-ab)/(a+0b) and the inequality

1
>0/3 —
C

l1-ab 1 1 a+bd
bt — == >2V/3 2
@ +a+b a b 1-abl V3 (2)

By defining the new variables a + b = 2u, ab = v? (2) reads as

ou-— 2 Y >92/3
Y 2u v2  1-02 V3
which is 2,2 2.4 2 4 6 2
4 -4 -2 -4
UV u v + v v+ v N 5 9V3
2uv?(v? - 1)
that is 2( 2)2 2( s )
v(l-wv +4u (v —v -1
>2V3 3
2uv?(v? -1) ‘ V3 (3)

u > v by the AGM and v >1 by ¢<0.
(vt —0? +1) 2 402 (v =02+ 1) 202 (1-20° +0?) = 301 -20°+3>0
and this holds true by v > 1 hence (3) is

fu) = 4u (0t +1-0%) =02 (1 -0?)2 = 4V/Buv* (12 - 1) 2 0
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4302 (0% - 1)

The minimum of the parabola f(u) occurs for u = 2(oir1-09)

but it cannot be reached by u because

4\/5112(1)2 -1) v(\/§v3 —V3v - 20t + 202 - 2)
— Ly = <0
8(vt+1-02) 2(vt =02 +1)

This may be seen by observing that v > 1 and
V303 V3B -20t + 202 - 2= -2 - v(v? - 1)(20-V3) <0

It follows that 1
f(w)2 f(v) = 5(Bv+ V3)2 (v -V3)%v? 20

—ab

1
and the equality cases occur when u = v = v/3 hence a = b = /3, ¢ = b - —1/\/§ yielding (z,y,z) =

(1/V/3,1/V/3,-V/3) and clearly the opposite (z,,2) = (-1//3,-1/V/3, \/g)+

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Sicheng Du, Shenzhen Middle School,

Shenzhen, China; Theo Koupelis, Cape Coral, FL, USA.
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0647. Let a, b, c be nonnegative real numbers such that a + b+ ¢ = 3. Prove that

a b c 1 ab+bc+ca
+ + <-4+
a?2+3 b2+3 c2+3° 4 6

When does equality hold?

Proposed by Marius Stanean, Zaldu, Romdnia

Solution by the author
The inequality can be rewritten as

D 3a < 3 . 9(ab + be + ca)
Ge3a?+(a+b+c)? " 4la+b+c)  2(a+b+c)d
or
5 a(a+b+c) <1+3(ab+bc+ca)
Geda?+(a+b+c)?2 "4 2a+b+c)?’
or
3 1 a(a+b+c) >1_3(ab+bc+ca)
Geld 3a?+(a+b+c)?| "2 2a+b+c)?’
or
5 b% + c? - 2ab - 2ac + 2bc >1_3(ab+bc+ca)
el 4Ba?+(a+b+c)?) |72 20a+b+c)?’
or
3 (b-c)? +2b(c—a)+2c(b-a) sy oo (b= c)?
e a2+ (a+b+c)? TG (a+b+e)¥
or
5 1 6a(b+c) (b-c)?> >y oo c)?
e 3a2+(a+b+c)2 302+ (a+b+¢)?)(3c?+ (a+b+c)?) cyc(a+b+c)2’
Denote

1 6a(b+c) 1
3a? + (a+b+c)2 B2+ (a+b+¢)2)(3c2+(a+b+c)?) (a+b+c)?
and similarly we define S, and S.. Without loss of generality, we may assume that a > b > ¢. Clearing
denominators and expanding, we have

S =

_ p
5 = Ba2+ (a+b+¢)?)(B2+ (a+b+¢)?)(3c2+(a+b+c)?)(a+b+c)?
_ y
C(Ba2+(a+b+¢)2)(B2+ (a+b+¢)2)(32+ (a+b+c)2)(a+b+c)?
a*Sy + b8, i

) Ba2+ (a+b+c)?)(B2 +(a+b+¢)2)(3c2+(a+b+c)?)(a+b+c)?

% =2a° + 2a*(2b + 5¢) + 2a3 (4b? + 11be + 10¢) + a® (116 + 36b%c + 27bc? + 20¢3) +

2a(b+¢) (2% + 12b%¢ + 6bc? + 5¢3) — b° + 4bc + 1163¢2 + 8b% ¢ + 4bct + 2¢° > 0.

31 =2a® + 24 (5b + 2¢) + 2a3(106% + 11be + 4¢?) + a* (206 + 27b%c + 36bc? + 11¢3) +
C

2a(b+ ) (56% + 6b%¢ + 12bc? + 2¢3) + 20° + 4b*c + 8b3¢% + 1162 + 4bc* - ¢ > 0.

MATHEMATICAL REFLECTIONS 1 (2024) 28



b
o =2a% + a®(3b + 10¢) + 2a* (66 + 13bc + 10¢?) + 2a>(116% + 32b%¢ + 19bc* + 103+
a

2a%(6b" + 32b%¢ + 360%¢% + 15bc> + 5et) + a(30° + 26b ¢ + 38032 + 30073 + 8bct + 2¢°) +
205 + 10b°c + 200" ¢ + 200 + 10b%¢" + 2bc” > 0.

Therefore Sy > 0, S, > 0 and a?Sy+b2S, > 0. According to SOS method the inequality is proven. The equality
holds when a=b=c=1or a=b=0, c=3 and its cyclic permutations.

Also solved by Michel Faleiros Martins, Sao Paulo, SP, Brazil; Theo Koupelis, Cape Coral, FL, USA;
loan Viorel Codreanu, Satulung, Maramures, Romania; Paolo Perfetti, Universita degli studi di Tor Vergata
Roma, Roma, Italy; Nicusor Zlota, Traian Vuia Technical College, Focsani, Romania.
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0648. Let A(z),B(x) be polynomials with integer coefficients for which there are polynomials P (x), Q1 (x)
with integer coefficients such that

Py(z)A(z) + Q1(x)B(x) = 1. (1)
Prove that for each positive integer n there are integer polynomials P, (z), @, (z) such that

Py(2)A(x)" + Qn(x)B(z)" = 1. (2)
Proposed by Navid Safaei, Sharif University of Technology, Tehran, Iran

Solution by Daniel Pascuas, Barcelona, Spain
First, we prove the case n = 2, from which the remaining cases will easily follow. By squaring identity (1)
we get that
1=P(2)?A(z)? + Q1(x)’B(x)? + 2P, (2) A(2) Q1 () B(x).

Now we multiply (1) by 2P;(z)A(z)Q1(z)B(z). We obtain that
2Py () A(2)Q1(2) B(x) = Po(z) A(2)? + Qo () B()?,

where Py(z) = 2P (2)Q1(x)B(x) and Qo(x) = 2Py (2)A(x)Q1(x) are polynomials with integer coefficients.
Therefore the polynomials with integer coefficients Py(z) = Pi(2)% + Py(z) and Qa(z) = Q1(z)? + Qo(x)
satisfy (2) for n =2.

By iteration, the case n = 2 gives the case n = 2¥, for any positive integer k. Finally, if n is a positive
integer, then n < 2", so the polynomials with integer coefficients P,(z) = Pon(z)A(2)*"™ and Q,(z) =
Qaon(2)B(2)¥" ™" clearly satisfy (2).

Also solved by Srijan Sundar, Oxford, UK; Jean Heibig, ISAE-SUPAERQO, Toulouse, France.
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