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Junior Problems

Let a be a nonzero real number. Prove that

if and only if

Proposed by Adrian Andreescu, University of Texas at Dallas, USA

Let a and b be positive real numbers. Prove that

Va2 —ar + a2 + Va2 —br + b2 > Va2 + ab+ b2,

for all real numbers z. When does equality occur?
Proposed by Mircea Becheanu, Canada

Let a, b, ¢ be real numbers such that ab + bc + ca = 169 and
(a+ 1)+ (b+ 1)+ (c+1)% — 3abe = 1.
Find all possible values of a + b + c.

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Prove that positive real numbers z,y, z are the lengths of the altitudes in a triangle if and only if

1 1 1 {1 1 1}
-+ -+ ->2maxq—, —, —.
r Yy =z Ty z

Proposed by Dan-Stefan Marinescu, Romania

Find the least value of the function

2 1 2
x2—4x+8+x2—6x+10_x2—5:c+8’

flz) =

where z is any real number.
Proposed by An Zhenping, Xianyang Normal University, China
Let ABC be a triangle. The angle bisector of ZC'AB intersects BC' in D and the circumcircle in X.
Let Y be the orthogonal projection of C' on AX and Z the orthogonal projection of D on AB. The

line Y Z intersects BC in E. Prove that AFE is perpendicular to BC.

Proposed by Mihaela Berindeanu, Bucharest, Romania
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Senior Problems

Let a, b be positive real numbers. Prove that

a . b S a+b
(1+0)2 (1+a)? =~ 2(1+ab)’

Proposed by An Zhenping, Xianyang Normal University, China

Let a, b, ¢ be positive real numbers such that a + b+ ¢ = 3. Prove that

1 1 1 3v2 1

+ + < +—=.
VI2+E  VEF+a2 Ja+b  ab+betca (/2

Proposed by Marius Stanean, Zalau, Romania

Solve in real numbers the system of equations:

2 +1 y? + 1 22 41
——— =, 55— =06y, T\/5— =20z
2l 241 0 241 ‘

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Prove that
ab® + a + b?

a?+ab+b

is an integer for infinitely many positive integers a and infinitely many positive integers b.
Proposed by Mircea Becheanu, Canada

Let ABC be an acute triangle with incenter I, Aq, By, C; the feet of the altitudes and As, Bo, Cs the
midpoints of the sides BC, AC, AB, respectively. The line Asl intersects AAjin Az , the hne Byl
intersects BB in B3 and the line Cs1 intersects CC7 in C3. Prove that if AA3+ BB+ CC3 = 0 then
ABC is equilateral.

Proposed by Mihaela Berindeanu, Bucharest, Romania

Let
2a 2b 2c

T hte YT e a+b’
where a, b, ¢ are positive real numbers such that at most one of them is less that 1 and abc = 1. Prove
that
1 1 1
—+ -+ -+3>2+y+2).
x Yy z

Vasile Cirtoaje, Oil-Gas University, Ploiesti, Romania
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Undergraduate Problems

Let {a,} be the sequence defined by a; = 2 and a,, = 2a2_; — 1,n =2,3,.... Evaluate

. 2" Ya, 1+ 1)(an2+1)---(ag +1)
n—o0 anp, )

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Let f:[0,1] — R be a convex function such that f(0) = 0. Prove that

( / 1 f(x)dm>2 <2 ().

Proposed by Robert Rogozsan, Baia Mare, Romania

Prove that
/1 Mrz+¥T—z dx</1 4 R dw</i Vite+ Y-z
4 Vo 0 Vo 0 Ve
Proposed by Alessandro Ventullo, Milan, Italy
Evaluate

1 nn(1 n
Jim (1+ / wn<+w>dx> _
n—00 0 1+ zn

Proposed by Mihaela Berindeanu, Bucharest, Romania

Evaluate the integral:

® arctanz - In’x
————dx.
0

22—z +1

Vasile Mircea Popa, Sibiu, Romania

Find all the complex numbers z such that
Lz + 1))+ (2 = 1)* (T(z = 1))° = ((z + 1)* +3) (I(2))°,
where I'(z) is the Gamma function.

Proposed by Alessandro Ventullo, Milan, Italy
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Olympiad Problems

Let a, b, c be positive real numbers such that a + b+ ¢ = 1. Prove that

b b
&+£+%+3(ab+bc+ca)22.
c a b

Proposed by Adrian Andreescu, University of Texas at Dallas, USA

Let a, b, ¢, d be positive real numbers such that

QZa—l—Zab—}—B:abcd.

cyc cyc

Prove that

Vbed + Veda 4 Vdab + Vabe < /27(1 4 a)(1+b)(1 + ¢)(1 + d)
Proposed by An Zhenping, Xianyang Normal University, China

Let x,y, z be real numbers such that zy + yz + zo =1 and  + y + 2z > 0. Prove that

xyvVz2 + 1+ yzva? + 1+ za/y? + 1

rT+y+=z

2
< —.
-3
Proposed by Marius Stanean, Zaldu, Romania

Inside the square ABCD the points E, F are taken such that{ FDFE = {EBF = 45° It is given that
area FCD-+area DEA+area EF B = a?. Find the length of the side AB.

Proposed by Mihaela Berindeanu, Bucharest, Romania

5
Prove that 3 is the minimum positive value of the constant k such that

\/ b+c \/ c+a \/ a+b \/ 2
+ + >3
ka+b+c kb+c+a kc+a+b k42

holds for any nonnegative real numbers a, b, c with a + b+ ¢ > 0.

Vasile Cirtoaje, Oil-Gas University, Ploiesti, Romania

Prove that there is an infinite sequence S of primes such that for any finite subset A C S the sum of
elements of A is not a perfect power.

Proposed by Mohammadreza Ghelichkhani, Tehran, Iran
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