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Abstract

Let Nt stand for the set of all natural numbers and 0. In this paper we investigate prime numbers of the form
a?+ab+b? , where a € Nt , b € Nt, and some novel properties related to them. We prove that any number of the
form c? + 3d?, where ¢ € NT, d € Nt can be represented in the form a? + ab + b%, where a € N*, b € N*t. We prove
that any prime number p of the form p = 6n + 1 , where n € N can be represented in the form ¢? + 3d?, where
c €7Z,d e 7Z. We also prove that any prime number p of the form p = 6n + 5, where n € N cannot be represented
in the form a? + ab + b? where a € Z, b € Z.

Main results and proofs
Problem 1. Prove that

{a® +3b*|a > 0,b>0,a € Z,bc Z} = {a* + ab+b*|a > 0,b > 0,a € Z,b € Z}.

Proof. From equation a? + 3b% = |a|? + 3|b|? follows that
{a®> +3b%la>0,b>0,a € Z,b € Z} = {a® + 3b*|a € Z,b € Z}.
And |a| - |b| = ab or |a| - [b] = —ab. Let us use the following identity
laf? —lal - [b] + [b]* = (la] — [b)* + [bl(al — [b]) + [b]*.
From this equation we get
{a* +ab+b*la>0,b>0,a€Z,bcZ} ={a*>+ab+b*la € Z,becZ}.
M = {a® +3b*|a € Z,b € Z}.
K ={a*>+ab+b*la € Z,bc Z}.

We need to prove that M = K. Let € M, then z = a + 3b%, where a,b € Z.
According to a? + 3b% = (a + b)%2 + (a + b)(—2b) + (—2b)? identity, x € K. Then x = a® + ab + b, where a,b € Z.
Let us consider a case where a or b is an even number. If b is an even number then

z=a’>+ab+b* = (a+g)2+3<g)2

therefore « € M. Let us consider a case where a and b are odd numbers. According to the following identity

a® +ab+b% = (a;b)2+3(a;b)2,

we have x € M. Thus, if z € K, then € M. This ends the proof.
Problem 2. Prove that if x € M and y € M, then xy € M.

Proof. We have x = a? 4+ 3b% , y = ¢ + 3d? where a,b,c,d € Z
According to the following identity

(a® 4 3b)(c? + 3d*) = (ac — 3bd)? + 3(ad + bc)?,

we get that zy € M. This ends the proof.
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Problem 3. Prove that if 2 is even and = € M, then 4|z and § € M.

Proof. We have z = a? + 3b? and a and b integer numbers have the same parity according to the following
identity

a® + 3b2 a — 3b\2 a+b\2
- 3(5)
() (5
we get that 4|z and « € M. This ends the proof.

Problem 4. Prove that if x € M, p € M (p is prime) and p|z, then % e M.
Proof. We have x = a? + 3b? , p = ¢ 4 3d?, where a, b, ¢, d are integers.

zp = (a* + 3b%)(c? + 3d%) = (ac — 3bd)? + 3(ad + be)? = (ac + 3bd)? + 3(ad — be)?.(1)

Also
(ad + be)(ac + 3bd) = cd(a® 4 3b%) + ab(c? +3d*) =cd-x +ab-p

is divisible by p. Therefore, either p|ad + be or plac + 3bd. When plad + be, we get (1) that plac — 3bd and

_ (ac—p3bd)2+3(ad;l)0)2 c M.

x
p
When plac + 3bd and p # 3 we again get (1) that plad — be and

%: (ac—i;)de)2+3(ad;b0)2 c M.

When p = 3, from equation z = a? + 3b and 3|z condition, we get 3|a.

Let a = 3ay, where a; is an integer number. Therefore § = 3a? +b? € M. This ends the proof.

Problem 5. Prove that if © € M, y is an odd natural number y ¢ M and y|z, then § has at least one odd
positive divisor that does not belong to M.

Proof. Let % = 2" .py - ....- p are odd prime numbers.
We proceed the proof by contradiction argument.Assume that all odd positive divisors of 5 belong to M.
Therefore p1,....,px € M, according to problem 4 we have

x x

]3717 P1Pp2 T P1.--Pk

e M.

Since p% € M and ps is a divisor of pil therefore according to problem 4 we have

€T

e M.

P2
We get,

b1 x
B e M.
b2 pip2
In a similar way, we get that
x x

€ M.

pip2ps’ P1-Pk
According to problem 3, if z € M and x = 2™ - Z, where Z is an odd number, then 57 € M, therefore we get that

Y= .g.E_pk + 2™ ¢ M. This leads to a contradiction, as given that y ¢ M. This ends the proof.

Problem 6. Prove that if a and b natural numbers are relatively prime, then every odd divisor of a? + 3b>
belongs to M.

Proof. Let a® + 3b% have an odd divisor, which does not belong to M. Consider

M, = {c* 4+ 3d*|c,d € N, GCD(c,d) = 1}.
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Note that a? + 3b*> € M;. Let m be the smallest positive odd number that is a divisor of some element of the set
My and m ¢ M.

Let m|u? + 3v% (1), where u > 0,v > 0 and GCD(u,v) = 1. Perform division with remainder u = mq; + r1,v =
mqy + ro, where |ri| < % and |ro| < 3.

Now, let us prove that m|r? + 3r3. From condition (1) we have m|u? + 3v?. Given that u = mg; +r1,v = mga + ra.
Thus, we get

u? 4 302 = (mqy +71)% + 3(mago + 12)* = Mm@ + 2maqiry + 12 4 3(m2q + 2mqary +73) =

= m?2q? + 2mqiry + 3m2qs + 6mqore + 13 + 3r3.

We get that
m|m(mq} + 2qir1 + 3mags + 6qors) + (17 + 3r3).
Hence m|(r$ + 3r3). So, 7 + 3r3 = m-n. We have |ri| < 2 and |rz| < %, thus

<m2_’_3m2 9
mn < — + —— =m".
4 4

Thus, n < m. If p is such prime that p|r; and po, then from p|m we get plu and p|v. This leads to a contradiction,
as we have GCD(u,v) = 1. So, m is not divisible by p. Then, p|n. We have r? + 3r3 = m - n, dividing both sides

by p?, we get
71\ 2 T\ 2 n
() +s(3) -
p p p
Let us use problem 5, where we take x = (%)2 + 3(%) and y = m, then we get

r1)\2 r2\2
v (2 +3(2)
y m

So according to problem 5 we have % has an odd divisor that does not belong to M. On the other hand, we have

T n

y
Thus, p% has an odd divisor that does not belong to M. So, n has an odd divisor that does not belong to M. This

leads to a contradiction, as that odd divisor of n is smaller than m (but m is the smallest such number). This ends
the proof.

Problem 7. Let p=6n + 1, where n € N and p is prime. Prove that p € M.

Proof. We proceed the proof by contradiction argument. Assume that p ¢ M.
Let us consider the numbers 16 267 .. (6n)5" note that

(i4+ 1) — 6" = (i + 1) — 1 — (" — 1)
is divisible by p , where i € {1,2,....,6n — 1}. On the other hand, we have
(i 4+ 1) =i = (D) =)+ D"+ (1) ),
and (i + 1) 4 (i +1)*" " %" € M. If
Pl + )"+ (i + 1) 2 4,

then according to problem 6 we get that p € M. Because from numbers (i + 1)?® and " only one is even and
A% +2AB +4B?% = (A + B)? + 3B2, where GCD(A, B) = 1. Thus, it follows that GCD(A + B, B) = 1.

It remains to prove the claim when p|(i + 1)?" — 2" where i = 1,2, ...,6n. It is known that (x — 1)?" . k2" = (2n)! ,
therefore from these two facts we get p|(2n)!, which is impossible. This ends the proof.
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From problems 1 and 7 we get that there exist positive integers a and b so that a? + ab + b*> = p, where p is
any prime number of the form 6n + 1, n € N.

Problem 8. Prove that a prime number of the form 6n + 5, for n € {0,1,2,...}, cannot be represented in
the form a? + ab + b%, where a € Z, b € Z.

Proof. Let us proceed with the proof by contradiction argument. Assume that p = 6n+ 5 (n € Z) be a prime
number and p = a® + ab + b?, where a,b € Z. Note that a and b cannot be simultaneously divisible by p because
p = (pa1)?+pay-pby+(pb1)? = p?(a?+a1b; +b?) is impossible. Moreover, none of the numbers a and b is divisible by
p because if we assume that only a is divisible by p we will get that b is also divisible by p, as p = (pa1)? + paib+ b>.
Hence, we get that p(1 — (pa? + a1b)) = b>.

According to Fermat’s little theorem, we have p|(a?*! — a?) and p|(bPT — b%). Subtracting the last expression
from the first expression, we get

pl((@”* = oY) — (a® = 0?) (1)
On the other hand aP*t — bP+L = q6n+6 — p6n+6 therefore (a3 — b3)|aP™! — bPT1, moreover (a? + ab+ b?)|(a® — b3).
Thus p|(a?*! — bP*1) | therefore from (1) we get that p|(a® — b?). (2)
From (2) we get that p|(a — b)(a + b). Let us assume that both (a — b) and (a + b) are simultaneously divisible by
p. If we add them we will get that p|2a which is possible only if p = 2 but since p = 6n + 5 it is impossible.
We have p = (a — b)? + 3ab = (a + b)? — ab and from the last equation and from (2) we obtain p|(ab), which is
impossible. Thus p ¢ K. This ends the proof.

Note that prime number p belongs to K if p = 3 or p leaves a remainder of 1 when divided by 6.
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