Junior problems

J703. Find all triples (x,y, z) of real numbers greater than 1 such that

e+l yt+y a4l

xT

9 17 24
and 1 1
Vo + y+\/§——+—+

Proposed by Titu Andreescu, Dallas, USA

Solution 1 by Kousik Sett, India
Let
T+ % oy % z+ %
9 17 24
where k is a positive real number. Therefore,

1 1 1
r+—=9k, y+-—=17k, and z-+ — = 24k.
x Y z

Let
1 1

1
f—%—a, f—ﬁ—b, and \f—ﬁ—c.

Then the second relation beC(l)mes a+b+c T 4, ) )
Since x > 1, we have \/x > 7 i.e., y/r — — > 0. Similarly, \/y—f >0 and v/z — — > 0.
Y

N NE
So, a, b, c are all positive real numbers.
We have
a®>=9k—2, b =17k—2, and c* =24k —2.

Since a + b+ ¢ = 4, we have the equation

VOk —24+V17k — 2+ V24k — 2 = 4,
which can be written as

2V9k —2—14+2V1Tk —2—-3+2V24k —2 -4 =0,

which implies
409k —2)—1  4(17k—2)—9 4(24k—2) — 16

+ )
29k —2+4+1 21Tk —-2+3 224k —-2+4

which gives

9 17 24
4k — 1 + + =0.
( )<2\/9k—2+1 217k —2+3 2\/2414:—2—1—4)
Hence, 4k — 1 = 0, ie., k = i. This is the only real value obtained as the second factor of the above

expression is non-zero.
Therefore, we obtain

which give
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Since the real numbers z, y, and z are all greater than 1, the only real solution that satisfy both the given

conditions is
9+ V17
(2, y, 2) = <+8 4, 3+2\/§>.

Solution 2 by Polyahedra, Polk State College, FL, USA

Leta:ﬁ—%,b:\/@—ﬁ,andc:\/}—%. Then a,b,c > 0 and

I R R
9 17 24

for some k. Therefore,

1 3 9 17 24
O=a—=-+b—=-4c—2=k + 4 7
2 2 <a+§ b+ 3 c+2>

so k = 0. Hence a? = %, b = %, and ¢? = 4, from which we easily obtain z = 9+g/ﬁ, y=4,and z = 3+2V2.
Finally, it is routine to verify that this triple indeed satisfies the conditions.

Also solved by Anita Tufisi, Romania; Arkady Alt, San Jose, California, USA; G. C. Greubel, Newport
News, VA, USA; Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo; Hannah Yoon, Gwinnett
School of Mathematics, Science, and Technology, GA, USA; Jonathan Lee, Buford High School Buford,
GA, USA; Jung Hoon Song, Champsmath Academy, GA, USA; Kevin Soto Palacios, Huarmey, Peru;
Nguyen Viet Hung, Hanoi University of Science, Vietnam; Sundaresh H. R., Shivamogga, Karnataka, India;
Theo Koupelis, Clark College, Washington, USA; Aaditya Bhaumik Sahu, AMMOC, India; Daniel Pascuas,
Barcelona, Spain; Keisha Kwok, AMMOC; Nguyen Tuan Minh; Parth Andhare, AMMOC; Taes Padhihary,
1T Guwahati, India; Winston Ra, Chattahoochee High School in Johns Creek, GA, USA.
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J704. Let a,b, ¢ be positive real numbers such that a + b + ¢ = 6. Prove that
1 n 1 n 1 n 3 S 7
a+b b+c ct+a 2az+b%2+c2) 8

Proposed by Mihaela Berindeanu, Bucharest, Romania

Solution 1 by Polyahedra, Polk State College, FL, USA
Writing each 1 in the numerators as ‘”b*C and applying the Cauchy-Schwarz inequality, we have

1 1 1 3 1 c? a? b? 9

atb) " Galbte)  Gblcta) 612+
92 7

6(a+b+c)? 8

a+b+b+ +c+a+2(a2+b2+cz):§+6
1+ (c+a+b+3)?
=2 6(2ca+ 2ab+ 2bc + a® + b2 + )

/\

+

l\.')\r—t

The equality holds if and only if a = b= c = 2.
Solution 2 by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Among three numbers a, b, ¢ there exits two numbers > 2 or < 2. Without loss of generality we can assume
that
(b—2)(c—2) >0,

i.e.
bc+4>2(b+c).
This leads us to
(b+c)> +8>4(b+c)+b* + 2,

or
b’ +c2 < (6—a)*—4(6—a)+8=a®—8a+20.
Hence
1 N 1 N 1 N 3 o1 N 4 N 3
a+b b+c c+a 2aZ+b2+c2) T b+c 2a+b+c  2(2a%2 —8a+20)
1 4 3

“6—a T ax6 4 —da+10)

_ —12a® 4 1654 — 600a + 1308
4(36 — a?)(a? — 4a + 10)

Is suffices to show that

—12a3 + 165a? — 600a + 1308 7
4(36 — a?)(a® —4a+10) 8
This is equivalent to
7a* — 52a® + 1484% — 192a + 96 > 0,

(a —2)*(7a® — 24a + 24) > 0,
(a—2)2[a® +6(a —2)*] >0

which is clearly true and we are done.

Solution 8 by Theo Koupelis, Clark College, Washington, USA
Homogenizing the desired inequality, we get

Z 1 n a+b+c S 21
a+b 4fa+b+c)2—2(ab+bc+ca)] ~ 4la+b+c)
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Let p=a+b+c¢c =6, q=ab+ bc+ ca, and r = abc. Substituting into the desired inequality, we get the
equivalent expression

P’ +q p 21

pg—r  4(p*—2q) ~ 4p

Clearing denominators we get
r(10p? — 21q) > 12p3q — 2p° — 17pq°.

By AM-GM we get p?> > 3¢, and thus the left-hand-side of the above inequality is positive. By Schur’s

dpg — 3
inequality we get r > M, and thus it suffices to show that

4pq — p? - 12p3q — 2p° — 17pg?

< p(8p% — 23¢)(p*> — 3q) > 0
g 2 10,7 _21g p(8p a)(p” —3q) =0,

which is obvious. Equality occurs when p?> =3qora=0b=c = 2.

Also solved by Arkady Alt, San Jose, California, USA; Gjimnazi i Specializuar Matematikor Group, Pr-
ishtine, Kosovo; loan Viorel Codreanu, Satulung, Maramures, Romania; Marin Chirciu, Colegiul National
Zinca Golescu Pitesti, Romania; Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania; Aa-
ditya Bhaumik Sahu, AMMOC, India; Daniel Pascuas, Barcelona, Spain; Kristine Lee, Mount Juliet High
School, TN, USA; Medha Shrivastava, AMMOC, India; Prasanna Pawar, AMMOC, Bengaluru, India;
Winston Ra, Chattahoochee High School in Johns Creek, GA, USA.
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J705. Sally and Tommy play the following game: they start with a monic quadratic trinomial f(x) =
c? + bx + ¢, where both b and ¢ are initially undefined integers. They take turns assigning integer
values to b and ¢ under the following rules:

(i) Sally and Tommy take turns, with Sally going first.

(ii) On each turn, a player must assign an integer value between —N and N (inclusive) to either b or
c that hasn’t been assigned yet.

(iii) Once a coefficient (b or ¢) has been assigned a value, it cannot be changed.
(iv) The game ends when both b and ¢ have been assigned.

(v) The player who assigns the last coefficient wins if the resulting quadratic trinomial f(z) = 2% +
bx + ¢ factors over the integers; otherwise, this player loses.

Determine for which positive integers IV Sally has a winning strategy, and for which ones Tommy has
a winning strategy, assuming both play optimally.

Proposed by Alessandro Ventullo, Milan, Italy

Solution by Theo Koupelis, Clark College, Washington, USA
With her first move, Sally should not assign a value to b. If she were to set b = n, where n is an integer such
that —N < n < N, then Tommy can assign ¢ = 0 and win the game because in this case f(z) factors over
the integers as

f(z) = a(z +n).

Thus, with her first move, Sally should assign a value to c. If Sally were to set ¢ = m, where m is an integer
such that —N +1 <m < N — 1, then Tommy can set b = —(m + 1) and win the game because in this case
f(z) factors over the integers as

f(@) = (z =m)(z = 1).

Therefore, with her first move, Sally’s options are to assign ¢ = N (or ¢ = —N). If N is a composite number,
such that N = kf, where k, £ are positive integers with 2 < k < £, then Tommy wins the game by choosing
b=Fk+ ¢ (or b=k —¢) because in this case f(x) factors over the integers as

fl@)=(zx+k)(zL?).

Tommy’s choice is allowed because k + ¢ < N = kl <= k < {(k F 1), which is obvious because 2 < k < /.
If N=1or N = p, a prime, then Sally should not choose ¢ = —N, because Tommy will win the game by
choosing b = N — 1; in this case

f(x) = (z = 1)(z + N).

From the above we get that Sally can win the game only when N =1 or N = p, a prime, and by assigning
c = N with her first move; in this case, for an integer ¢ such that f(x) = 22 + bxro + N = 0, we must have
xo | N, and thus xp = £1 or o = £V, and therefore b = —(N + 1) or b = N + 1; neither case is acceptable
because both values are outside the range [N, N].

So, Sally wins when N =1 or N is prime, and Tommy wins when IV is composite.

Also solved by Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo; Aaditya Bhaumik Sahu,

AMMOC, India; Aarnav Sivachandran, AMMOC, USA, CT; Keisha Kwok, AMMOC; Polyahedra, Polk
State College, FL, USA; Prasanna Pawar, AMMOC, Bengaluru, India.
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J706. Find all pairs (p, ¢) of primes such that pg + 1 is a perfect cube.

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Solution by Theo Koupelis, Clark College, Washington, USA
Without loss of generality, let p < ¢. Let pg + 1 = m?3, where m is a positive integer such that m > 3 (it is
easy to see that m € {1,2} gives no solutions). We have

pg=m>—1=(m—1)(m?+m+1).

Because m > 3, we get m—1 > 2, and thus p = m—1 and ¢ = m? +m+1 = p? + 3p+ 3. Therefore, all pairs
(p,q) = (p, p*+3p+3), where p is a prime such that p?>+3p+3 is also a prime, satisfy the statement of the prob-
lem, namely that pg+1 = (p+1)3 is a perfect cube. Examples of such primes are p = 2,5,7, 11,13, 19, 23, 37,
etc. Examples of primes p such that ¢ is not a prime include p = 3,17,29, 31,41, 43, 47, etc.

Also solved by Anita Tufisi, Romania; Cao Minh Quang, Nguyen Binh Khiem high school for the gifted,
Vinh Long, Vietnam; Corneliv Manescu-Avram, Ploiesti, Romania; Daniel Vacaru, National Economic Col-
lege “Maria Teiuleanu”, Pitesti, Romania; Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo;
Kalkin Gandhi, AMMOC Bengaluru, India; Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Ro-
mania; Sundaresh H. R., Shivamogga, Karnataka, India; Aaditya Bhaumik Sahu, AMMOC, India; Aarnav
Stwachandran, AMMOC, USA, CT; Keisha Kwok, AMMOC; Medha Shrivastava, AMMOC, India; Polya-
hedra, Polk State College, FL, USA; Sergei Makarevich, AMMOC; Taes Padhihary, IIT Guwahati, India.

MATHEMATICAL REFLECTIONS 4 (2025) 6



J707. Find all pairs (m,n) of nonnegative integers such that

m? —16mn +n?=9.

Proposed by Adrian Andreescu, Dallas, USA

Solution by Kousik Sett, India
Solving the given equation m? — 16mn + n?> — 9 = 0 as quadratic of m, we obtain

160+ /25207 + 36

5 =8n+3v/7n2 +1.

m

For, m to be an integer, 7n? + 1 must be a perfect square. Let 7n? + 1 = t? for some integer t. Then
t> — 7n? = 1, which is a Pell’s equation.
Its fundamental nontrivial solution is ¢; = 8,71 = 3 because 8% — 7 - 3% = 64 — 63 = 1. Hence all integer
solutions (¢, n) are given by

t+nVT=08+3VDr k=0,1,2,3...

So,
(to,no) = (1,0), (tl,nl) = (8,3), (tg,nz) = (127,48), (tg,ng) = (2024, 765) and so on.

For each such (t,n), the quadratic formula gives
m = 8n £ 3t.
So the integer solutions (m, n) are exactly the pairs
(m,n) = (8ng + 3tx, ng) or (8ng — 3tg,nk)

for k=10,1,2,3..., where (tx,ny) is the k-th Pell solution from (t;.C + nk\ﬁ) = (8 4+ 3VT7)F.
Considering only the non-negative values of m, we list the smallest solutions below.

(m,n) = {(3,0), (0,3), (48,3), (3,48), (765, 48), (48, 765), (12192, 765), (765, 12192), .. .}

They occur in symmetric pairs because the equation is symmetric in (m,n). So, there are infinitely many
solutions and they are exactly the ones produced by the Pell parametrization above.

Also solved by Anita Tufisi, Romania; Arkady Alt, San Jose, California, USA; Cao Minh Quang, Nguyen
Binh Khiem high school for the gifted, Vinh Long, Vietnam; G. C. Greubel, Newport News, VA, USA;
Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo; Kalkin Gandhi, AMMOC Bengaluru, In-
dia; Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania; Sundaresh H. R., Shivamogga,
Karnataka, India; Theo Koupelis, Clark College, Washington, USA; Thomas McCormick, AMMOC; Aa-
ditya Bhaumik Sahu, AMMOC, India; Kristine Lee, Mount Juliet High School, TN, USA; Parth Andhare,
AMMOC; Polyahedra, Polk State College, FL, USA; Sergei Makarevich, AMMOC; Taes Padhihary, IIT
Guwahati, India.
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J708. Let ABC be a triangle with incenter I. Prove that
(a) AI - BI -CI = 4Rr?.

AI? + BI?2 + C1? _b+c—a+c+a—b+a+b—c
r ~ sinA sin B sinC

(b)

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Solution 1 by the author

(a) We have
r s—a
Al = —— = ——.
sin é cos %
It follows that
r3 ARr3

AI-BI-CI= AR,

- A . B . C - A - B . C
sin 5 sin 5 sin 5 4Rs1n§sm§smg

(b) From the previous part we get
r(s—a)  2r(s—a)

Al? =

sin%cos%_ sin A
This yields

A’ b+c—a

r  sinA
Similarly

BIQ_cha—b

r  sinB ’

CIQ_a—i-b—c

r sinC

Summing up these relations we obtain immediately the desired result.

Solution 2 by Kousik Sett, India
Let the incircle of triangle ABC touch BC at D, CA at F and AB at F, respectively. Then ID = IE =
IF =r. Moreover, AL = AF =s—a, BD =BF =s—b,and CD = CFE = s — ¢, where BC = a, CA =,
AB = ¢, and s is the semi-perimeter of triangle ABC, i.e., 2s =a+ b+ c.

A

B D C

A
We will use well-known formulae r = —, and abc = 4RA, where A and R denote the area and circumradius
S

of triangle ABC, respectively. Moreover, A = \/s(s —a)(s — b)(s — ¢) = rs.
Then
AI? = TF? + AF? =12 + (s — a)?
s(s—a)(s—b)(s—c)

= 2 + (s — a)?

be(s — a) .

b
=(s—a) 8—(b+c)+£+s—a =
S S
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Similarly,

Therefore,

Thus

Again,

Similarly,

Thus

BI? = M and CI? = M
s s
be(s —a) - ca(s —b) - ab(s — ¢)
2 2 2 _
Al*-BI*-CI* = 3
a’b?c? - s(s —a)(s — b)(s — ¢
= o = o =16R"-r“-r-.

Al - BI-CI = 4Rr>.

AI?>  be(s—a) be(s—a) be(s—a) s—a b+c—a btc—a

r TS - A N abc e a ~ sinAd
AR 4R 2R
BI? c+a—2> Cr1? a+b—-c
= — and = - .
r sin B r sinC'

AI? + BI* +CI* btc—a cta—b atb-c
r ~ sinA sin B sinC

Also solved by Arkady Alt, San Jose, California, USA; Daniel Vacaru, National Economic College “Maria
Teiuleanu”, Pitesti, Romania; Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo; Marin Chir-
ciu, Colegiul National Zinca Golescu Pitesti, Romania; Miquel Amengual Covas, Cala Figuera, Mallorca,
Spain; Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania; Sundaresh H. R., Shivamogga,
Karnataka, India; Telemachus Baltsavias, Keramies Junior High School, Kefalonia, Greece; Theo Koupelis,
Clark College, Washington, USA; Nguyen Tuan Minh; Polyahedra, Polk State College, FL, USA; Sergei
Makarevich, AMMOC.
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Senior problems

S703. Solve in real numbers the system of equations

22 (y — z) = 2025, y2(z — ) = 275, 22(z —y) = —320.

Proposed by Adrian Andreescu, Dallas, USA

Solution 1 by Theo Koupelis, Clark College, Washington, USA
Clearly xyz # 0 and © # y # z # x. Let s = x/z and ¢t = y/z. The given system of equations is equivalent
to

2352t — 1) = 2025, (1)
23t2(1 — 5) = 275, (2)
320
3 _
2o 20 3)
Substituting (3) into (1) and (2) we get
t—s
2
t—1)=2025 - —— 4
2t 1) =, 0
t—s

t2(1—s) =275 .

(1—s) =275 " (5)

Adding (4) and (5) and dividing by (¢t — s) # 0, we get

b (sapy— MO, 165115
R T? T 16(s— 1)
Substituting (6) into (4) and simplifying the resulting quadratic in s we get

45(4s — 15)(4s — 345) =0,

and thus, using (6) we get the solutions (s,t) = (12, —2) or (s,t) = (%, 113) . From (3) and the definitions
of s,t we get the only two solutions

(z,y,2) = (=15,5,—4) and (z,y,2) (—15\/3 713, —51/23/961, —4+ 31/529) )
Solution 2 by Theo Koupelis, Clark College, Washington, USA

From the given system of equations we get y > z > x. Let 2 = z+a and y = = + a + b, where a,b are
positive real numbers. Substituting, we get the system of equations

2. b= 2025 (1)
(x+a+b)? a=275 (2)
(x4 a)?- (a+b) = 320 (3)
Adding (1),(2), and (3) we get
(a+0b)-[2(x +a)® + ab] = 2620. (4)

Substituting the expression for (x + a)? from (3) into (4) and simplifying we get

Vb + 79200 — b

ab(a +b) = 1980 = a = 5
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From (1) we get
r=+—. (6)

Vb

Substituting (5) and (6) into (3) and simplifying we get

+
2b +

2
Vb + 79206 + b2 < 45 VETETO206 b7\ L
NG 2b T

Setting b = k2, where k is a positive real number, expanding and simplifying the above equation we get

801v/k6 + 7920 = 119k F 71280. (7)
Squaring and simplifying we get
880(713k3 4+ 27)(k 4 3)(k* + 3k +9) = 0. (8)

Clearly k? + 3k +9 > 0. From (6), (7), and (8) we see that there is no solution for x > 0. For z < 0, we
get k = 3 or k3 = 27/713. From the former we get the solution (z,y,z) = (—15,5, —4). From the latter we
get the solution (z,y,2) = (—15 V713, -5%/23/961, —4 \3/31/529) . Both solutions satisfy the given system
of equations.

Also solved by Anita Tufisi, Romania; G. C. Greubel, Newport News, VA, USA; Gjimnazi i Specializuar
Matematikor Group, Prishtine, Kosovo; Kousik Sett, India; Nicusor Zlota, “Traian Vuia” Technical College,
Focsani, Romania; Aaditya Bhaumik Sahu, AMMOC, India; Madani Harouach, AMMOC; Hoang-Bao Le,
Dublin, Ireland; Keisha Kwok, AMMOC; Prasanna Pawar, AMMOC, Bengaluru, India.
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S704. Let x,y,z > 0 such that 22 + 32 + 22 + zyz = 4. Prove that

18 — 72

< (x+y)(y+2)(z+z)+7V2-9.

(x4+y+z-—2(x+y+2)°2<

Proposed by Marius Stanean, Zalau, Romania

Solution by the author
This condition leads us to the following substitutions

x=2cosA, y=2cosB, z=2cosC

where ABC' is a nonobtuse triangle, including the possibility of having a degenerate triangle.
By the known identity in a triangle:

2(R
x+y+2z=2(cos A+ cosB+cosC) = (R—H“)’
2+ 12 — 4R?
a:y+yz+zx:4ZcosAcosB: — @

cyc
2(s?2 —r? — 4Rr — 4R?)
R2 ’
2r(s? + 2Rr +1?)
R3 ’

xyz = 8cos Acos BcosC =

+y)y+2)(z+2)=(+y+2)(vy +yz+ 2x) —zyz =
the inequality becomes

8r(R + T)2
R3

_ 2 2
(18 — 7v2)r(s +2Rr+r)+7\f2_9.

<
- 4R3

2
If we denote t? =1 — ET € [0,1), then by Blundon’s Inequality, i.e.

s> 2R* + 10Rr —1* — 2\/R(R — 2r)3

becomes ) ( 22 ( \( s
s 1—t 1—-t)(t+3
— >2 11—t — L 3= T 1
On the other hand, we have zyz > 0 which means
52 2 Ar (5 —t2)?
— > =+ —=—+4=—" 2
=2t gt . 2)

In terms of ¢ it suffices to prove that

(1-tH)B -2 < 18 - 7\/?(1 —t) (18; PRI Gl _4t2)2> +7V2 9.

We have two cases: 5 o
1—-t)(t+3 5—t
Case 1. ( )Z(L +3) < ( 1 )

= t+1)2E2+2-1)>0=te[V2-1,1),
so it suffices to prove that

1— %)
1 +1—t2+(4)>+7\f2—9.

(1— 23—y < BTV =) ((5 e

8
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or
[t2 -~ (V2- 1)2} [47754 — 2(125 — 9v/2)¢2 + 106v/2 + 131| > 0,

clearly true for t € [V2 —1,1).
(D43 oy

Case 2. 1 1

= t+1)*t2 42t —-1)<0<=te[0,V2-1),

so it suffices to prove that

(1-t)(B3-1?)2 < (18 - 7\/?(1 =t <(1 - t)ff +3)° PRI Gl _4t2)2> +7V2-0.

or

BV2-1—1) [-4° = (14— 3V2)2 - (6 - 4V2)t + 32— 17v2] > 0

which is true for ¢t € [0,v/2 — 1).
The equality holds when ¢ = 0 which means t =y =2 =1ort =+1/2 — 1 which means t =0, y = z = V2
and its cyclic permutations.

Also solved by Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo; Nicusor Zlota, “Traian Vuia”

Technical College, Focsani, Romania; Theo Koupelis, Clark College, Washington, USA; Aaditya Bhaumik
Sahu, AMMOC, India.
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S705. Prove that there are infinitely many triples (a, b, ¢) of distinct positive integers such that a3+ b3+ ¢3 —
3abc is a perfect square.

Proposed by Titu Andreescu, USA and Marian Tetiva, Romania

Solution 1 by the authors
We choose

1 1
a= §(2m2—2mn—n2+p2), b=a—m?+n*= g(—m2—2mn+2n2+p2),

and

1
c:a—m2+2mn:g(—m2+4mn—n2+p2),

where m, n, p are integers congruent to 1 modulo 3—which ensures that a, b, c are integers, too. Moreover,
if (once m and n are chosen) we consider p to be big enough, a, b, c are, clearly, positive. Also, if we impose
the conditions m? # n?, m? # 2mn and n? # 2mn, then any two of a, b, ¢ are distinct - and we still remain
with infinitely many such triples (a, b, ¢).

We have, for such a, b, c,
2

a+b+c=p
and
>+ 0+ —ab—ac—bc=(a—b)?*—(a—b)(a—c)+ (a—c)* =
— (m? = n2)? — (m2 — n2)(m2 — 2mn) + (m? — 2mn)? = (m® — mn + n2)2.
Consequently,

a® +b% +¢® — 3abe = (a + b+ c)(a® + b* + ¢ — ab — ac — be) = (p(m?* — mn + n?))?

is a perfect square for infinitely many triples (a, b, ¢) of mutually distinct integers, as we intended to show.
Remark. The problem is much easier if we do not ask for a, b, ¢ to be distinct: the triples for which b = ¢
(thus having the form (a,b,b)), and for which a + 2b is a perfect square do have the required property, since,
for any such triple,

a® + b% + ¢ — 3abe = a® + 20> — 3ab® = (a + 2b)(a — b)?

is obviously a perfect square.

Solution 2 by Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam
We use the classical identity

a® +b% + ¢ — 3abc = (a + b+ c)(a® +b* + ¢* — ab — be — ca).
Consider an arithmetic progression
(a,b,c) = (k—d,k, k+d) (k>d>1).

A direct computation gives
a+b+c= 3k,
a? +02+c—ab—bc—ca=(k—d)?+k*+ (k+d)?* - ((k—dk+k(k+d) + (k+d)(k —d)) = 3d°

Hence
a® + b3 + & — 3abe = (3k)(3d?) = 9kd>.

If k is a square, say k = t*> with ¢ > 2, then

9kd® = 9t?d* = (3td)>
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is a perfect square. Since k —d, k, k+ d are positive and pairwise distinct for £ > d > 1, we obtain infinitely
many solutions by taking

(a,b,¢) = (12 —d,t*, 1> +d) with t>2,1<d<t*>—1.

Also solved by Corneliu Manescu-Avram, Ploiesti, Romania; Gjimnazi i Specializuar Matematikor Group,
Prishtine, Kosovo; Sundaresh H. R., Shivamogga, Karnataka, India; Theo Koupelis, Clark College, Wash-
ington, USA; Aaditya Bhaumik Sahu, AMMOC, India; Diar Gashi, University of Primorska, Slovenia;
Keisha Kwok, AMMOC; Medha Shrivastava, AMMOC, India; Prasanna Pawar, AMMOC, Bengaluru, In-

dia; Sergei Makarevich, AMMOC; Taes Padhihary, IIT Guwahati, India; Winston Ra, Chattahoochee High
School in Johns Creek, GA, USA.
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S706. Let ABC be a triangle with incenter I and let w be the center of its nine-point circle. Let wa,wp,wc
be the centers of nine-point circles of triangles IBC, IC'A, I AB, respectively. Prove that

—
Twg + Twp + Twe = 21w

Proposed by Mihaela Berindeanu, Bucharest, Romania

Solution by Theo Koupelis, Clark College, Washington, USA N
Lemma: In a triangle ABC, let H, O be the orthocenter and circumcenter, respectively. Then HA + ﬁﬁ +
HC = 2HO.

Proof: Let D be the point of intersection of the lines from vertices A, B, parallel to the lines BH, AH,
respectively. We have DA 1 AC, because BH 1 AC, and DB 1 BC, because AH | BC. Thus, ADBC is
cyclic, because ZDAC = ZDBC = 90°; therefore, point D is on the circumcircle of the triangle, and DC is

a diameter. We have: .
HA+HB+HC = HD + HC = 2HO,

because O is the midpoint of the side DC of triangle DHC.

It is well-known (see, e.g., Nguyen Thanh Dung, “The Feuerbach Point and the Fuhrmann Triangle,” Fo-
rum Geometricorum, 16, 299-311, 2016) that the centers w4, wp,we are concyclic; the center of the circle
(wawpwce) is w, and the point I is the orthocenter of triangle (wawpwe). According to the lemma above,
the desired equation holds.

Also solved by Buzatu Rares, Romania; Corneliu Manescu-Avram, Ploiesti, Romania; Gjimnazi i Special-
izuar Matematikor Group, Prishtine, Kosovo.
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S707. Prove that

2n+ 1Y\, 2n+1\,, 1 2n+1
(o () e (501

Proposed by Titu Andreescu, Dallas, USA

is fully divisible by 2™.

Solution 1 by Joshua Pité, Cambridge Rindge and Latin School, MA

Let "
o 2n +1 ek
Sn '_Z<2k+1>3 ‘
k=0
Observing that

J = 2k+1

2n+1 n
(V3 4+ 127+ — (3 = 1)20+! — ZJF <2n+ 1) (V3)2mHI (1 = (=1)7) =2 (2n + 1)3nk”
0

j=0

we get,

28, = (V3 + 1)1 — (V3 — 1)L,
Set a =+v3+1and b=+3—1. Then
25, = a® 1 —p?"* = a(a®)" — b(b?)".
Let r = a? =4+ 2v3 and s = b = 4 — 2v/3. Any sequence X,, = ar” + 3s" satisfies
X1 =+ 9)X, —rsX,_1.
Here r + s =8 and rs = 4, so
2S5n+1 = 8(25,) —4(2S,-1) = Sp+1 =85, —4S,-1.

We now prove by strong induction that 2™ | S,, for all n > 0.

1
The base cases are Sy = (1> =1and S| = (?)3 + <§) = 10, divisible by 2.

Assume 2" | S, and 2" | S,_;. Since 85, is divisible by 2"*3 and 4S,,_1 by 2"*!, their difference is
divisible by 27!, Thus 2"*! | S,,41, completing the induction, and this completes the proof.

Solution 2 by Anita Tufisi, Romania
Consider the identity

n
2n+1
2n+1 2n+1 2n—2k
(x+1) (r—1) = 2;0 (2]4: 1)56 .

For z = /3,
29 — (\/§+ 1)2n+1 _ (\/g_ 1)2n+1'

Let a =+v3+1,and b= /3 —1. Then

2n+1 2n+1 2n 2n
_a —b 1 m—jrj _ 2n—jpj
5_2_2(“_1))50“ b]_goa v.
Jj= J=

Note that ab = (v/3 +1)(v/3 — 1) = 2, hence

a®" I = (ab)"a"TIY T = 2 T,
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Thus

2n n
S=2".U, U:Za”*jbj*": Zrk,
§=0 k=—n
b
where 7 = — = 2 — /3. Since r is an algebraic integer (indeed a unit in Z[v/3]), each r* is an algebraic
a
integer. Hence, U is an algebraic integer. Moreover, the conjugation v/3 — —v/3 sends 7 — ' =1, so

n

- Z (T’/)k _ i T_k =U,
k=—n k=—n

i.e. U is fixed by the Galois action and thus U € Q.
Being both a rational number and an algebraic integer, U € Z. Therefore, S = 2"-U, with U € Z, so 2" | S.

Also solved by /fngel Plaza, Universidad de Las Palmas de Gran Canaria, Spain; G. C. Greubel, Newport
News, VA, USA; Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo; Nicusor Zlota, “Tra-
tan Vuia” Technical College, Focsani, Romania; Sundaresh H. R., Shivamogga, Karnataka, India; Theo
Koupelis, Clark College, Washington, USA; Daniel Pascuas, Barcelona, Spain; Diar Gashi, University of
Primorska, Slovenia; Madani Harouach, AMMOC; Sergei Makarevich, AMMOC.
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S708. Let a, b, c be positive real numbers such that at most one of them is less than 1 and a + b+ ¢ = 3.

Prove that
1 1 1 >
-+ 2 + 5 +6(ab + bc + ca) > 21.

Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania

Solution 1 by the author
Without loss of generality, assume that

a>b>1>c
We have 5 b
bt < (a+b+c) _o
3
hence
be < (b +e)? <1,
For fixed a, we may consider that ¢ is a function of b, namely ¢(b) = 3 — a — b. Since ¢/ = —1, writing the

desired inequality as F'(b) > 21, we have

1 —1 —1
7F, - /
5 (b) = = +3a—|—30—|—<03 +3a+3b>c

1 1 b2 + be + 2
:——b—S—B(b—c):(b—c) <b3033)

3

> (b—c) <b2—|—bc—|—02_3> _b-o s,

be be

Therefore, F'(b) is increasing and has the minimum value when b is minimum, hence when b = 1. So, it
suffices to prove the desired inequality for b = 1. We need to show that a + ¢ = 2 involves

1 1
?—1—0—2—1—6(@—}—0—1—@0)220.

Denoting p = ac, the desired inequality becomes as follows:

9
p 3p° —4p* —p+22>0,

(p—1)*(3p+2) >0.

The equality occurs fora =b=c=1.

Solution 2 by Huseyin Yigit Emekci, Tzmir, Turkey
Without loss of generality, let a > b > 1 > ¢. Then

(a—1)(b-1)(1-¢) > 0.

Since
ab+bc+ca— (abc+2) = (a—1)(b—1)(1 —¢),

then ab + be + ca > abe + 2. Note that

11 1 b+b 2 2ab b
— + 0 + 5 +6(ab+bc+ca) = la ot Ca)a2b2c2a datb+o) + 6(ab + bc + ca)
(abc+2)? 6
~— — — + 6ab 12.
- a?b%c? abc +Gabe +
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Hence, it suffices to show
(abc+2)%2 6
——55— — —— +6abc > 9
a2b?c? abe T owe=
that is,
6a3b3c3 4 a?b?c? — 2abc + 4
ab2c? 29
which is equivalent to 2(abc — 1)?(3abc + 2) > 0 which is true for 0 < abc < 1. But by the given condition
and the AM-GM Inequality we have abc < 1. The proof is completed. Equality occurs for a =b=c = 1.

Also solved by Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo; Marin Chirciu, Colegiul Na-
tional Zinca Golescu Pitesti, Romania; Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania;
Theo Koupelis, Clark College, Washington, USA.

MATHEMATICAL REFLECTIONS 4 (2025) 20



Undergraduate problems

N AN >~ 5
U703. Let S, = l;)(—l) <k> o7 "> 1 Bvaluate kzl -

Proposed by Alessandro Ventullo, Milan, Italy

Solution 1 by Daniel Pascuas, Barcelona, Spain
The binomial theorem shows that

n
St(p)E=a-o er)
k=0
and the integration of this identity between 0 and 1 gives that

n

SH:Z(—U’“@) /Oltkdt:/ol(l—t)”dt: [—ugfzﬂﬁznil.

k=0

Therefore Z ?k = Z m and hence

2. S 1 1 1 1
. - =1 —— —— | =1 1-— =1
2% = ng%o2<k k+1> nzﬂgo< n+1)

Solution 2 by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain
1
First we prove that S, = I or equivalently (n + 1)S, = 1. We have
n

n

(n+1)S, = f:(—n'f(;;):i - Z(-M(ZE) - —nf(—nk(";: 1) R

k=0 k=0 k=1

Therefore,

— S — 1
)

k=1 k=1

and we are done.

Editor’s Comments. Kousik Sett observed that the series given by 5, is a particular case of a more general
form given below.

© _ O G n_(n) n!
%_1‘—1}—14_:{}—7—2_“._‘_(_1) r+n z@+)(z+2)---(x+n)
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For z = 1, we get S,,.

Also solved by Anita Tufisi, Romania; Arkady Alt, San Jose, California, USA; Danko Rusan Ramirez
Shareyeva, Drexel University, Philadelphia, PA, USA; Devis Alvarado, UNAH y UPNFM, Tegucigalpa,
Honduras; G. C. Greubel, Newport News, VA, USA; Gjimnazi i Specializuar Matematikor Group, Prishtine,
Kosovo; Henry Ricardo, Westchester Area Math Circle, New York, USA; Joshua Pité, Cambridge Rindge
and Latin School, MA, USA; Kousik Sett, India; Nicusor Zlota, “Traian Vuia” Technical College, Focsani,
Romania; Sedn M. Stewart, King Abdullah University of Science and Technology, Saudi Arabia; Sundaresh
H. R., Shivamogga, Karnataka, India; Theo Koupelis, Clark College, Washington, USA; Ayaan Alam, IIT
Delhi, India; Diar Gashi, University of Primorska, Slovenia; Madani Harouach, AMMOC; Hoang-Bao Le,
Dublin, Ireland; Keisha Kwok, AMMOC; Sergei Makarevich, AMMOC; Taes Padhihary, IIT Guwahati,
India.

MATHEMATICAL REFLECTIONS 4 (2025) 22



U704. Let o > 0. Evaluate

a :L.Zn

li —— dux.
n1—>rgo —a (n—i—l)z—l-l v

Proposed Alessandro Ventullo, Milan, Italy

Solution 1 by the author

1
Let f(z) = 2*" and g(z) = CESCESE Clearly, f is continuous and even and g(x) + g(—z) = 1. Let
z)+g(—x r)—gl—2
RSICES (o N B (2]

It is easy to see that g; is even and gy is odd and g(x) = g1(x) + g2(x). So,

T

a 2n « « «
/ m dr = - f(z)g(x) dx = - f(z)g1(z) dx + i f(z)ga(z) dx.

Since fgs is odd and we are integrating in [—a, «, it follows that the second integral is zero. So,

a iL'Qn «a a a a2n+1
/ ———— dx = f(x)g1(x) de = / —z dr = / 2 dr = .
—a(m+1)T+1 a ) B 2n +1

Thus,

lim —  _dx =
+oo ifa>1.

@ x2n 0 fo<a<l1
n—oo |, (n+ 1) 41

Solution 2 by Henry Ricardo, Westchester Area Math Circle, New York, USA
We have

« x2n 0 x2n «@ x2n
——dx = dac—i—/ ———dx
/_a(n+1)x+1 /_a(n+1)w+1 o (n+1)*+1

x—;—u /oz (n+1)uu2n du+/a x2n e
o (n+1)r+1 o (n+1)F+1

B /O‘ [(n+1)% 4+ 1]2?? e
0

(n+1)7+1
« 2n+1
:/ 22 dy = a .
0 2n + 1
Now we see that
. @ a2 . ot 0 f0<a<l
lim ————dx = lim =
n—oo J_ (n+1)%+1 n—oo 2n + 1 oo if > 1.

Solution 8 by Joshua Pité, Cambridge Rindge and Latin School, MA, USA

a 2n

x
Let [, = —d
et Infa) /_a(n+1)5’3+1 !
Assume 0 < a < 1. For z € [~a,a] we have 0 < 22" <1 and (n+1)* +1 > 1, hence
2n

X
Vi€ [~a,al,¥yneN, 0< ————" <1
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For every = € (—a, ), |z| < 1 so 22" — 0, and at # = 1 (only present when o = 1) we have m — 0.
Thus the integrand converges to 0 almost everywhere on [—«, ], and it is dominated by the integrable

function 1. By the Dominated Convergence Theorem,

lim I,,(«) :/ 0dx = 0.

n—00 —a

Assume o > 1. Set £ := 251 > 0 and consider the subinterval J = [1 +¢, 1+ 2] C (1,a]. For z € J we
have 22" > (14+¢)?" and (n+ 1) +1 < (n+1)® +1 < 2(n + 1)® (for n > 1). Hence

220 (14¢)2 _ (14¢)*
In(Oé) > /](Tbﬂyﬂdx > ’ |'2(n+1)a - 52(n+1)a'

Therefore lim I, (a) = 4o0.
n—oo
We proved that

lim [, (o) =

n—oo

0, O<a<l,
400, a>1.

Solution 4 by Sedn M. Stewart, King Abdullah University of Science and Technology, Saudi Arabia
Denote the limit to be found by L. We start by observing that

1 1
(n+1)*+1  elogntl)z 41"

Now the Euler polynomials E,, (), where n is a non-negative integer, are defined by the generating function

26xt 0 tn
=S En(2)-.
el +1 nz:() n(@) n!

Setting # = 0 and ¢ = log(n + 1)z in this generating function, we find

log n + 1
elog(n+1)z Z Ek ) k’

or

1 log®(n + 1
(n+1)* 4+ 1 5 ZE = +)k’ W

From properties of the Euler polynomials at zero argument [see, for example, Section 20.7 on page 184 of:
K. Oldham, J. Myland, and J. Spanier, An Atlas of Functions, 2nd ed. (Springer, New York, 2009)], one
has

20281 — 1)Byiq
k+1 '

Here k is a positive integer while By, are the Bernoulli numbers. Eq. (1) may therefore be rewritten as

Eo(0)=1 and Eu(0) = —

1 1 oo 2k‘+1 -1 k
1 Z )Brt1log"(n +1) 4
2

(n+1)7 + pot (k+1)k!

Since B = 0 for all odd £ > 1, terms in the sum will be zero when k is even. Reindexing the sum by
k+— 2k — 1, we have

1
(n+1)z+1 2

i (2% — 1) By log* ' (n + 1) k-1
: 2k(2k)! '

k=1
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For the integral that appears in the limit L, this may be written as

« 2n 1 «
/ xd:v:/ 22" dx
TS Y
- (2 = DBy log® (0 + 1) / 22kt g
2k (2k)! o '

k=1

As the integrand in the right most integral is odd between symmetric limits, it evaluates to zero. The
remaining integral is elementary. Thus

/oz x2n a2n+1
————dx = .
o (n+1)r+1 2n + 1

So for the limit L, as a > 0, we immediately see that

2n—+1 <1
L:Iima _ 0, O<a<l,
00, a>1.

Also solved by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain; Anita Tufisi, Romania;
Arkady Alt, San Jose, California, USA; Devis Alvarado, UNAH y UPNFM, Tegucigalpa, Honduras; Sun-
daresh H. R., Shivamogga, Karnataka, India; Theo Koupelis, Clark College, Washington, USA; Ayaan
Alam, IIT Delhi, India; Daniel Pascuas, Barcelona, Spain; Diar Gashi, University of Primorska, Slovenia;
Taes Padhihary, IIT Guwahati, India.
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U705. Let a, b, ¢ be positive real numbers such that at most one of them is less than 1 and a® + b° + ¢® = 3.
Prove that

11 1
(a® + 0% + %) <++> > 9.
a b c

Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania

Solution by the author
Assume that
a>b>1>c¢,

and denote by F' the left hand side of the inequality. For fixed a, we may assume that ¢ and F are functions
of b. By differentiating the equality constraint, we get

b+t =0, d = —ble?,

therefore L1 ' /
_ 2 2 2 - —C
F'(b) =2 (b+cc) <a+b+c> + (a® +b° + ) <b2+62>

=2(b—b*c?) <i+2+1> + (a® + % + ¢*) <;21+b4c—6> :

b
We will show that F’(b) > 0. Denoting = —, we get
c

F'(b) = —2¢ (z* — z) <61L + % + i) +b 2 (@®+ b0+ %) (2% —1).
Since x > 1 and a > b, we have
F'(b) > —2¢ (z* — z) <i + 1) +072(20* + ¢F) (2 - 1)

= 20z — 1) (i+1>+<2+;2> (2% —1)

(@ -1 - —222+1) (28— 1)(z—1)(22* + 223 +2? — 2z — 1) >0
= 22 = 22 =Y

From F'(b) > 0, it follows that F(b) is increasing and has the minimum value when b is minimum, hence
when b = 1. Thus, it suffices to prove the desired inequality for b = 1. We need to show that

1 1
(a2—|—c2—|—1)<—|——|—1>29
a C

a-+c

for a > 1> ¢ > 0 such that a® +¢® = 2. Let S = > — and p = ac. From

2
2=10a’ 4+ = (a® + A)(a® + ) — a®cP(a + ¢) = (45% — 2p)(8S> — 6Sp) — 25p?,

we obtain
455 +1

%

55p? =208%p —16S°+1,  p=25%—

We claim that
- 5582 —1
P = 4 )

that is
4S5+1>352+1
58 T 4
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By squaring, the inequality becomes
16(458° +1) > 55(352 + 1), 1958° — 308% — 55 +16 > 0,

(S —1)%(195 4 3852 4 275 + 16) > 0.

Write now the desired inequality as follows:
28
(45% —2p+1) < + 1) >0,
p

PP+22+85—-5)p—5(45%+1)<0,  5Sp>+105(2+ S5 — SH)p—55%(45% +1) <0,
(208%p — 16S° + 1) + 10S(2 + S — S?)p — 55%(45* +1) < 0,
165° +208* + 552 — 1 > 10S(S% + S + 2)p.
Since p < (552 — 1) /4, we have

55(5% 4+ 5 +2)(552 — 1)
2

TS5 +158 — 4553 41552 +10S —2 (S —1)%(75% +295% 4+ 65 — 2) -0

B 2 B 2 -

So, the proof is completed. The equality occurs when a = b =c=1.

165° +208* + 552 — 1 —10S(S%? + S + 2)p > 165° + 205* + 552 — 1 —

Also solved by Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania; Theo Koupelis, Clark
College, Washington, USA; Keisha Kwok, AMMOC; Madani Harouach, AMMOC Parth Andhare, AM-
MOC.
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U706. Let (F,)n>1 be the Fibonacci sequence defined by F; =1, Fy =1, and Fj42 = Fyq1 + Fy, for n > 1.

Evaluate
/ \/xFl \/:IJF2 V ofsvVats | dx.

Proposed by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain

Solution 1 by Joshua Pité, Cambridge Rindge and Latin School, MA, USA

Set f(z \/a:Fl\/a:FQ\/xF3 xfs. (x >0).

1+\/5

o0
F
. Since ¢ < 2, the series Z 2—: converges. Let S =72, % The factor 2+ sits under k
k=1
suiccessive square roots, contributing exponent Fj /2%, hence f(x) = z5.
Using Fyyo = Fii1 + F) and shifting indices,

Let ¢ =

B Flio
S— o 4 Z Z ok+2
k=3
Firi = Fe _ 1 Fin 1
:Z ok+2 +ng+2 ~ 9 Z okt 1 +ZS
k=1 k=1 k=1

Fy 1
2<5‘2)+4S-
3

1 1 1
With Fy = F; =1 this gives § — % = ZS v hence ZS =3 and S = 2. Therefore f(z) = 22 and

3
/\/mFl\/xFQ\/r Vl‘E‘"'dl':/l‘le‘ng—FC.

Solution 2 by Diar Gashi, University of Primorska, Slovenia

Notice that Vx € R,
\/ \/{L’FQN/IIJ‘F*S .’L'F4 — ka 1 2k:

And on the other hand, if the generating function for F}, is

9)
=D Fi-ab,
k=1

then, by the properties of Fibonacci sequence,

G(z) — zG(x) ZFk T _ZFk 1T —ZFk o - 2

= Pz + R’ — Rz + Z(Fk — Fyy — Fy_y) - a¥

k=3
=z.
Hence,
> x
k _
;Fk.x =¢l) 1—x—a2?’
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and plugging in x = %, we get

Gn__ 43,
k 1 1 -1
=2 1-5-03)r 1

Hence the value of the integral is

3
/xzd:v:g—i-C.

Also solved by Anita Tufisi, Romania; Arkady Alt, San Jose, California, USA; Devis Alvarado, UNAH y UP-
NFM, Tegucigalpa, Honduras; G. C. Greubel, Newport News, VA, USA; Gjimnazi i Specializuar Matematikor
Group, Prishtine, Kosovo; Kousik Sett, India; Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Ro-
mania; Sundaresh H. R., Shivamogga, Karnataka, India; Theo Koupelis, Clark College, Washington, USA;
Ayaan Alam, IIT Delhi, India; Sergei Makarevich, AMMOC; Taes Padhihary, IIT Guwahati, India.
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U707. Let p be a prime. Find all p-groups of order less than 60 and with exactly 4 automorphisms.

Proposed by Alessandro Ventullo, Milan, Italy

Solution by the author

Let G be a finite group such that |Aut(G)| = 4, where Aut(G) is the group of automorphisms of G. First,
if G is abelian, by the Fundamental Theorem of Finite Abelian Groups, then G ~ Zye1 X Zpes X ... X Zpen,
where 1 <e; <ey <...<e,. If n=1, we can easily see that

|Aut(G)| = [Aut(Zyper )| = o(p°) =p ' (p— 1) =4,

so either p =2 and e; = 3 or p = 5 and e; = 1, which gives G ~ Z5 or G ~ Zg.

To compute the size of the automorphism group in the more general case, we can use the Hillar-Rhea formula
1

n

Aut(@)] = [T0% = ot [Ty [T e, (1)
k=1

j=1 i=1
where d, = max{l : ¢, = e} and ¢y = min{l : ¢, = ex}. Since dp > k, then if n > 2 we have that
n

H(pd’“ —p*1) is divisible by p. So, for n > 2 we must have p = 2 and since |G| < 60, then n < 5. If n > 3,

k=1
then H(2dk — 2k=1y is divisible by (292 — 2)(2% — 22) = 8(2%~1 —1)(2%2 —1). So, n = 2 and from (1) we
k=1
get
2 2 9
[Aut(G)| = H(2d’“ —2k=1y H(er)Q—dj H(2€i—1>2—ci+1'
k=1 j=1 i=1

If e; = eg, then d; = 2 and |Aut(G)| would be divisible by 22 — 2% = 3, impossible. So, e; < e and we need
to test (er,e2) € {(1,2),(1,3),(1,4),(2,3)}. We see that

‘Aut(ZQ X Z4)‘ =8, ‘Aut(Zg X Zg)’ = 16,

]Aut(Zg X Z16)| = 32, |Aut(Z4 X Zg)‘ = 128,

so we have no solutions for n = 2.

Now, let Z(G) be the center of G and let Inn(G) be the group of the inner automorphisms of G. If G is not
abelian, G/Z(G) is not cyclic and since G/Z(G) ~ Inn(G), it follows that [Inn(G)| > 4. Since Inn(G) is a
subgroup of Aut(G), it follows that Inn(G) = Aut(G). Since Out(G) = Aut(G)/Inn(G) = {1} and since by
Gaschutz’s Theorem every p-group has nontrivial outer automorphism group, we have no solutions in this
case.

Remark

The problem becomes pretty hard if we are interested in finding all finite groups with exactly 4 automor-
phisms. We can still invoke Gaschutz’s Theorem for the p-groups, but we have to use more complicated
ideas for that. For example, we could use that every prime divisor p of |G| is at most 5 and we could use
a boundary for the order of the derived group G’ (see the article by Benjamin Sambale - On a theorem of
Ledermann and Neumann 2).

'Hillar, C. J. and Rhea, D. L. - Automorphisms of finite abelian groups, The American Mathematical Monthly, 114(10):917-
923 (2007)
https://arxiv.org/abs/1909.13220
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U708. Prove that

. . 4
sinx Ssinx
| (sina)

+— > 2cosx + (cos z)?(sinz)*

x x
forall 0 < x < m/2.

Proposed by Paolo Perfetti, Universita di ”Tor Vergata”, Rome, Italy

Solution by Theo Koupelis, Clark College, Washington, USA
The desired inequality holds as an equality when = = 0 and as a strict inequality when x = 7/2. Let
0<z<m/2

(i) Let 1 < & < /2, where z is in radians. It is well-known (see, for example, the solution to problem U666)
that sinz > z - cosl/3 x, for all 0 < z < 7/2. Setting t = cosl/3 x, where 0 < t < cos% 1 < 0.82, it suffices to
show that t + t* > 23 + (1 — t5)2, or after expanding and dividing by ¢(1 —t) > 0,

10
S(t) =) (" —t") + 1+ t(1—t) > 0.
n=>5
But
S(t) = (1 —)2(t" +3t" + 6t'2 + 106") + (1 — £)*(15¢° + 517 4 113t°) + 51(t) + s2(¢),
where s1(t) = 205t° — 490t8 4 400t” — 114t° +0.75, and so(t) = 0.25 +t — 1% — t°. We get sh(t) = 1 — 2t — 5t
sh(t) = —2—20t3 < 0, s2(0) = 0.25 > 0, and s2(0.82) ~ 0.027 > 0; thus, s(t) > 0 for all 0 < ¢ < 0.82. Also,
st (t) = t9p(t), where p(t) = 1845t3 — 3920t + 2800t — 684. The discriminant of the cubic p(t) is negative,

and thus it has one real root. Using Cardano’s method we find that p(t,) = 0 where ¢, ~ 0.87. Also,
p(0) = —684 < 0 and p(0.82) ~ —6.53 < 0. Thus, s} (t) < 0 for 0 < ¢t < 0.82. We also have s1(0) =0.75 > 0

and s1(0.82) ~ 0.0065 > 0. Thus, s1(¢) > 0. Therefore, S(t) > 0 for all 0 < ¢ < cos3 1 < 0.82.

(ii) Let 0 < = < 1. Using the Taylor series expansion of sinz and cos z it suffices to show that
1 &2 + ﬁ Lﬁ + 11 ‘%j + ﬁ x6 ’ >21(1 ﬁ + ‘7’;4
6 120 5040 6 120 5040/ — 2 24

4 (1 x2+:v42 x3+x54
-+ = T——=+—=1.
2 24 6 120

Expanding and rearranging we get

221 - 2?) [21609:1;24 + 2%(105646397 — 22257272)

+ 216(59213985533 — 304615523522)
+ 2'2(8070520289597 — 81404942041922)

+ 28(291538341058877 — 57685280747203:62)]

1\ 1\2
+ 22 [995575768688323 <:c2 — 2) +1094746191237754(1 — 2?) <x2 - 2)

1
+ I (84060847607681202* — 62739818490983362% + 1508013147000661)] >0,

which is obvious for all 0 < z < 1 as each quantity in parenthesis is nonnegative.

Also solved by Joshua Pité, Cambridge Rindge and Latin School, MA, USA; Nicusor Zlota, “Traian Vuia”
Technical College, Focsani, Romania.

MATHEMATICAL REFLECTIONS 4 (2025) 31



Olympiad problems

0703. Let ABC be an acute triangle. Prove that

cos A cos B cosC 2 9 9 9
>1+= A B ).
cos(B — () + cos(C — A) * cos(A—B) — * 3 (cos” A+ cos” B+ cos™ )

Proposed by Titu Andreescu, USA and Marius Stanean, Romania

Solution 1 by the authors
Denote a = 2cos A, b =2cosC, ¢ = 2cosC, then a,b,c > 0 and a® + b? + ¢® 4+ abc = 4. The inequality can
be rewritten as o 9 o
Z 2a Z 1 + a” + b +c :
be++/(4—b2)(4 — c2) 6

cyc

or considering that

V(4 =02)(4—c2) =1/16 — 4(b2 + ¢2) + b2c2
=v/4a2 + dabe + b2¢2 = 2a + be,

it becomes

5 abe
> ==
-3 6

a n b n c
a+bc b+ca cH+ab

With the substitutions

S S R
(z+y)(z+z) (y+2)(z+y) (z+2)(y+2)

the inequality becomes

y+z z+w z+y >§ dxyz
2r+y+z x+2y+z w+y+2z 3 3x+y)(y+z2)(z+x)

Assuming = + y + z = 3 (due homogeneity of the inequality) and denoting ¢ = zy + yz + zx, r = zyz we

need to show that
336—qg—1r) 5 4r

— >
54+ 3q+r 3 99—3r —

Clearing denominators and expanding, it becomes

3r2 + (27 — q)r + 27q — 12¢° > 0.
Setting ¢ = 3(1 — ¢?) where t € [0,1), we need to show that
24+ (8+tHr4+9(1 —t3)(4t2 —1) > 0.

The inequality is true for 2¢ > 1. If 2¢ < 1 then we notice that » > (1 — 2t)(1 + ), so it suffices to prove
that
(1—202A+0)* 4+ B+t (1 —26)(1+ )2 +9(1 —t})(4> — 1) > 0,

which is
202(1 —2t)(2 — ) (t + 1)(t +4) >0,

clearly true. The equality holds when x = y = z which means A = B = C' = 60°.

Solution 2 by Theo Koupelis, Clark College, Washington, USA
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We have
cos A cos(B+C) tanBtanC —1

cos(B—C)  cos(B—C) tanBtanC +1’

and cyclic expressions. Let (z,y, z) = (tan A, tan B, tan C'), where, for an acute triangle, x,y, z are positive,
real numbers satisfying the well-known expression = + y + z = xyz. The desired inequality is equivalent to

zy—1 yz—1 zx—1 2 1 1 1
—l=7 3 T 3T 2 /-
zy+1 yz+1 zx+1 3\1+z 1+y 1+2

Consolidating we get

2229222 — 2(xy +yz + zx) — 4
22y222 +ayz(z+y+2)+ (2y +yz + 22) + 1

222 + 22?4+ 2%t 4 22 4+ P+ 2%) + 3
22y222 + 222 + 222 + 222 4 2 + 22+ 1

2
> 2.
-3
Let p=x+y+2 q=axy+yz+ 2z, and r = zyz = p. Using AM-GM we get r = p > 3r'/3, and thus
r > 3v/3 and q > 3r2/3 > 9. Substituting into the above equation we get

2% —2¢—4 _ 2 q® —2pr +2(p* —2q) +3 p?—q—2 1
22 +q+1 3 p*4(¢®—2pr)+ (p> —2¢) +1 22 +q+173 ¢g-1

Clearing denominators we get
P2(q+3)—4¢* —q+9>0.
From Schur’s inequality we get
4pq — p’

p=r> s =t >4 -0,

Thus, it suffices to show that
(49— 9)(¢+3) —4¢° —q+9>0<=¢q>09,

which is obvious. Equality occurs for an equilateral triangle.

Also solved by Arkady Alt, San Jose, California, USA; Cao Minh Quang, Nguyen Binh Khiem high school
for the gifted, Vinh Long, Vietnam; Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania;
Hoang-Bao Le, Dublin, Ireland.
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O704. Find all positive integers n such that Vn3+1++/n+2isan integer.

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Solution 1 by Joshua Pité, Cambridge Rindge and Latin School, MA, USA
Observe that n = 2 is a solution. We show this is the only one. Set

k=+vnd+14+vn+2

and assume that k is an integer.
Squaring both sides gives,

E=(n+1+vn+22=n3+n+3+2/(n3+1)(n+2).

For k to be an integer, the expression under the square root must be a perfect square. Thus, (n +1)(n +2)
must be a perfect square.

Let Pn) = (n*+1)(n+2)=n?+3n+2)n? —n+1)=n*+2n+n+2.

For n > 3,

(n*+n—-12%=n*+2n—n?-2n+1, and (n*+n)?=n*+2n3+n?
Compute the differences,

Pn)—(n*4+n—-12=0'+203+n+2)— (" +20> —n®> —2n+ 1) =n’+3n +1

Pn)—(n?4+n)?=n*+2n+n+2)— (n*+ 20 +n?) = —n? +n+2.
Thus, for all n > 3,
(n? +n—1)2 < P(n) < (n*+n)>
Since n? +n and n?+n —1 are consecutive integers, their squares are consecutive perfect squares. Therefore,

P(n) lies strictly between two consecutive perfect squares and cannot itself be a perfect square for n > 3.
This concludes the proof, thus, the only positive integer solution is n = 2.

Solution 2 by Ioan Viorel Codreanu, Satulung, Maramures, Romania
Assume there exists an integer m with

Vnd+1+vVn+2=
Vnd+1l=m—+vn+2.

Then

Squaring gives
nPrl=m?+n+2-2mV/n+2 = 2mvV/n+2=m’>+n+1-necZ.
Hence vn +2 € Q. As n+2 € N, it follows that v/n + 2 € N. Write n + 2 = b? with b € N. Then

vnd+1l=m-beN,

so n3 + 1 = a? for some a € N. Thus

a’>—n3=1.

By the Catalan-Mihailescu theorem, the only consecutive perfect powers greater than 1 are 32 and 23. Hence
a=3and n=2.

Indeed, for n = 2 we have v/23 + 1 + /2 + 2 = 5, which is an integer. Therefore the unique positive integer
n satisfying the condition is n = 2.

Also solved by Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam;
G. C. Greubel, Newport News, VA, USA; Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo;
Sundaresh H. R., Shivamogga, Karnataka, India; Theo Koupelis, Clark College, Washington, USA; Daniel
Pascuas, Barcelona, Spain; Hoang-Bao Le, Dublin, Ireland; Madani Harouach, AMMOC; Prasanna Pawar,
AMMOC, Bengaluru, India; Taes Padhihary, IIT Guwahati, India.
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0705. Let ABC be a triangle with £A = 60°, circumcenter O, orthocenter H, incenter I and such that
BH = OI. The angle bisector BI intersects AC in X and the line through X parallel to BC
intersects AB in Y. Prove that CY is a symmedian in triangle X BC'.

Proposed by Mihaela Berindeanu, Bucharest, Romania

Solution by Kousik Sett, India
Let R and r be the circumradius and inradius of triangle ABC with £ A = 60°. Then £ B + £C = 120°.

Since BH = OI, we have 2R cos B = vV R? — 2Rr. Then

1 T

2
B=-——.
cos 1 R

Since £ A = 60°, the following well-known identity

cos A+ cos B + cosC = 1+%

implies
i B tcosC— -
— = cos cosC — —.
R 2

Therefore,

1 1 1
COSQB:*—g (COSB+COSC—2>,

W

which implies
2cos? B+ cosB=1—cosC =1 — cos(120° — B)

| 3
- 1+ZCosB—\2fsinB,

which gives
(4cos® B + cos B — 2)? = 3(1 — cos® B).

After simplification, we obtain
16 cos* B+ 8cos® B — 12cos’? B —4cos B+ 1 = 0,

which can be written as
(2cos B +1)(8cos® B—6cos B+ 1) =0,

which implies
(2cos B+1)(2cos3B+1) =0.
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The first factor 2cos B+ 1 = 0 gives cos B = —%, i.e., LB = 120°, which is not possible as it implies
£C = 0°. The second factor gives cos 3B = —2, which implies 4B = 2"5” + %’T, where n € Z.

For n =0, 4B = 2F = 40°. For n = 1, LB:%”i%”, ie., 4B = =80° or, {B = & = 160°.

Therefore, the distinct values for 4B within the range [0, 180°] are 40°, 80°, and 160°. But £B < 120°, so
A B = 40°, or 80° and since £C = 120° — B, we have £C = 80°, or 40°.

Without loss of generality, we may assume that £ B > £C. Therefore, we choose £ B = 80° and £C' = 40°.
Since BX is the angle bisector of 4B, we have ZCBX = £B/2 = 40° = Z/BCX. So, Z/ZBXC = 100°. Since
Y X || BC, we have /BXY = ZCBX = 40°. Therefore, ZCXY = Z/BXC + ZBXY = 100° + 40° = 140°.
Since BX is the angle bisector of LB, ZXBY = £B/2 =40° = ZBXY. So, BY = XY. Let CY intersects
BX at Z.

Therefore,

XZ [CXZ) [YXZ] [CXZ|+[vXZ] [CXY] 3 -CX-XY -sinld0°

ZB ~ [CBZ] ~ [YBZ] [CBZ]+[YBZ] [CBY] L.BC-BY -sin80°
Since sin 140° = sin(180° — 40°) = sin40° and XY = BY', we have

XZ B CX sin40°
ZB  BC sin80°°

Since ZAXB = 180° — ZBXC = 180° — 100° = 80°, applying the Law of Sines to triangle ABX and
applying angle bisector theorem to triangle ABC', we obtain

sin 40° B AX B CcX
sin80° AB  BC’

Therefore, by combining the above two relations, we obtain

Xz CX CX COX?
ZB BC BC BC?’

The above relation confirms that C'Y is the symmedian in triangle X BC' and we are done!

Also solved by Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo; Theo Koupelis, Clark College,
Washington, USA; Keisha Kwok, AMMOC; Madani Harouach, AMMOC.
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0O706. Prove that for all nonnegative real numbers a, b, ¢,

1 1
\/a3+b3+c3+4+2abc+2Za—i—b—i—c.

Proposed by An Zhenping, Xianyang Normal University, China

Solution by Theo Koupelis, Clark College, Washington, USA
Let p=a+b+ ¢, ¢ = ab+ bc+ ca, and r = abc. The desired inequality is equivalent to

1 1
\/p3—3pq+3r+42p—2—27", (1)

which is obvious if its right-hand-side is negative. Thus, we only need examine the case

2p—1
<
rs =

where p >

N |

Squaring (1) and simplifying, we get
flr):=4r* —r(4p+1)+p* —p—p° +3pg < 0. (3)

For given appropriate values of p, ¢, we have f'(r) = 8 — (4p 4+ 1) < 0 because of (2), and f”(r) =8 > 0.
Also,

2p—1\  —2p°—3p+1+6
f<p >: p°—3p+1+06pg _ o

4 2

because p > 1/2 and by AM-GM ¢ < p?/3. Thus, f(r) is a decreasing function for all 0 < r < %, and
therefore it suffices to show that (3) holds when r = 0. In this case, at least one of the variables a,b,c
is equal to zero. Without loss of generality, let ¢ = 0. Then p? > 4q, and thus it suffices to show that
q < (p*—p*+p)/(3p) = (p> — p+1)/3, which is obvious, because

2 2
— 1
4 3
Equality occurs when (a,b,c) = (1,1,0) and cyclic permutations.

Also solved by Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo; Nicusor Zlota, “Traian Vuia”
Technical College, Focsani, Romania.
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1
0707. Prove that 3 is the largest positive value of the constant k such that

E‘f‘bfz"‘g"‘ﬁ—é‘:Zk(a +b +c +d —4)

for any positive real numbers a, b, ¢, d satisfying ab + bc + cd + da = 4.

Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania

Solution by the author

2—b
By choosing b = d and ¢ = 1, we have a = 3 where 0 < b < 2, while the inequality becomes

1 2

?+b—2—32k‘(a2+2b2—3),
b? 2 (2 — b)? 9
m—’—bﬁ_ing b2 + 2b —3,
b4
mm-szﬁ >k [(2-b)* + 20" — 3b7] .
1 1
For b — 0, we get the necessary condition k < 3 To show that 3 is the largest positive value of the
constant k, we need to prove that

11 11
200 Z+tptats

b2 >2a2+b2—|—c2—|—d2+4

for (a + ¢)(b+ d) = 4. Write the inequality as

2(a? + ¢?)

2
5 + (0 +d°) <—1> > a? + 2 + 4,
a“c

b2d?
assume that b+ d < a + ¢, hence b + d < 2, and denote

a—+c

;. p=ac z® > p,

b+d
Yy=—F5—

o a=bd  wy=1 q<y’ <1

We will show first that ) A
2 2 2

2 4
2y? ( — 1) > — — 22
q y?

which is equivalent to the obvious inequality

Since b% + d? > 242, this is true if

y'—q* > 0.

To complete the proof, we need to show that

2a*+c%) | 4 29 .2, 2

W‘i‘?—zy ZCL +c +4,
that is s

2 2

MJHM—*Q > 4% — 2p + 4,

P x
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L 4p>2
D2 2 TP
Since a® + ¢ > 2p and z? > p, we have
2 2
a“+c 1 2 1 1
—S— 3 tp=2—-———+p=—-—+p=2
p x p p p

1
For k = 3 the equality occurs when a =b=c=d = 1.

Also solved by Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo; Nicusor Zlota, “Traian Vuia”
Technical College, Focsani, Romania; Theo Koupelis, Clark College, Washington, USA.

MATHEMATICAL REFLECTIONS 4 (2025) 39



0708. Prove that in any triangle ABC, the following inequality holds:

cos4 +cosB  cosZ 4cosS  cosE + cos
2 2 2 2 2 2 V3.
—C A + B >6
Sin 5 Sin 5 sin bl

Proposed by Marius Stanean, Zalau, Romania

Solution 1 by the author
With the substitutions A — 7 —2A4, B — 7 —2, C — 7 —2C, we need to show that in any acute angled
triangle ABC, we have

inA +sin B in B inC inC +sinA
sin A + sin +sm 4+ sin +sm 4+ sin >6\/§.

cos C cos A cos B

After squaring, this inequality becomes

Z sin? A + sin? B + 2sin Asin B

cos2 C
cyc

B Asin B B C Csin A
49 Z sin +smAsinbH 4 s s sinC 4 s Csin > 108,

cosC cos A
cyc

Denote © = 2cos A, y = 2cosC, z = 2cosC, then z,y,z > 0 and 22 + 3% + 22 + xyz = 4. The inequality
can be rewritten as

ZS—x2—y2+2\/(4—x2)(4—y2)

22
cyc

poy A=V VS A + A=A+ I

zT

cyc

But

V(4 —22)(4 —y2) = /16 — 4(22 + y2) + 2292 = /422 + dayz + 22y? = 22 + xy,

and similarly for any other two variables. The inequality becomes

Z4+22+xyz+4z+2xy
2

z
cyc

2 2
+2zx +22tayz+2(x+y+2)+ry+yz+ 2z > 108,

T
cyc

or
Y eyl
+22(;+z>+22x+42xzw+22xy25y2105,
or
2+ 2+ 2_|_ 2
+22(§+§>+22x+42x2@+22xyzw—y2105,
or

2

(5+5) LT
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+2Z(§+§) —|—22x—|—42xley—|—22xyz$ly > 102.

(z+y+2)?

But it is known as x+y+2z < 3 and zyz < 1 so 2y +yz+zx < < x+y+z. Using the AM-GM

2’2 CCQ
2 <a:2+z2> = 6,

4 4 4 12
—+—-4+-2 > 12,

x oy oz Yryz
2:2'y+2£f+2;f2613/zg-i’;-’;:6,
SCA R
42:62:;—}—223:@/2;/2621‘3/2:;/254,

and it remains to show that

Inequality, we have

T z zZx
R N T
z x Y

But

r+y+z=vVai2+y2+ 22+ 2y +yz+ 2x) > \/4—xyz+6\3/a:2y2z2

>+\/4+bxyz > 2+ xyz.

Hence, we prove that

@—l-%—i-ﬁ—i-xyzzél.
z x Yy

x—\/m _\/4wu z—\/ duv u,v,w >0
Nerowrw ' T ol tw) T\ o)t T

and the inequality becomes

2w 2u 2v Suvw
+ + + > 4
utv v+w wHu (utv)(v+w)(w+u)

or
u? +v° + w? + Suvw > wo(u +v) + vw(v +w) + wu(w + u),

which is Schur’s Inequality.
Observation. The inequality is stronger than the inequality J570 from Mathematical Reflections 5-2021:
Let ABC be an acute angled triangle. Prove that

sin A +sin B 2 sin B +sinC 2 sinC 4+ sin A 2
_— | +|— ) + | ——=— ] = 36.
cos C cos A cos B

Solution 2 by Arkady Alt, San Jose, California, USA
By the AM-GM Inequality,

A B
sin & B sin &
2 2
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Summing and applying the AM-GM Inequality again to the three nonnegative terms gives
) A B

cos% + cos g COs 5 COS o
D) ¢
o sin 3 o sin 3
1/3
1
cos é cos g A /3
sin = 2
cyc 2 cyc

A s—a
Recall that cot 3= where s is the semiperimeter and r is the inradius. Hence
r

A s—a)(s—b)(s—c
QC%:( CEDICEE]

By Heron’s formula and K = rs,

2

(s—a)(s=b)(s—c)= K? = r2s,

A
SO H cot e = ; and therefore

cyc
B

A
20055—&—5085 26(§)1/3,
r

cye S1n 5

It remains to show > > 3v/3. By the AM-GM Inequality,
r

(5 —a)(s —b)(s —c) < ((s—a)—k(s;b)—k(s—c))?’: (ﬁ)s'
Since (s — a)(s — b)(s — ¢) = r?s, we get 7?5 < ;i, i.e. s> 3v3r. Hence (i)l/g > /3, and thus

A B
COS 5 + cos &
Y —2 2 >6V3.
sin =
cyc 2

Equality holds for the equilateral triangle.

Solution 8 by Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam
Let

t t B t
T = tan — = tan — z = tan —.
2 Y 2 2
Then
. x A 1
sin — = ——, oS — = ——,
2 V1422 2 V1422
. . A B C . . .
and cyclically for y, z. Since 3 + 5 + 5= the tangent identity gives zy + yz + zx = 1.
V1 + 2 1
With f(t) = + and g(t) = , we have
t V14t

cosgqtcosg \/l—i—zQ( 1 1

= +
sin § z Vita? /142

) = f(2)g9(x) + f(2)9(y)-
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Summing cyclically,

5= [f(2)g(@) + f(2)g(v)]-

cyc

Group symmetric pairs and apply the AM-GM Inequality:

F(E)afa) + 1@)a(e) > 20T @) =2 - = —=.
F(@)g() + F(y)g(x) > }y F)9() + F(2)gly) > 27
Therefore , 1 1

By Titu’s lemma,

1 12 (1+1+1)
Z@_2m2m+¢y7+ﬁ

cyc cyc

and by the Cauchy-Schwarz Inequality,
(Voy + Vyz + \/zac)2 <3(xy +yz + 2x) = 3.

Hence /7y + /yz + /zz < /3 and

1 _ 9
Z;v@yzv§:3¢3

1
Combining with (1) yields S > 2-3v/3 = 6v/3. Equality holds if and only if z = y = 2z = 7 which

corresponds to A= B =C =

wl

Also solved by Gjimnazi i Specializuar Matematikor Group, Prishtine, Kosovo; Ioan Viorel Codreanu, Sat-
ulung, Maramures, Romania; Marin Chirciu, Colegiul National Zinca Golescu Pitesti, Romania; Nicusor
Zlota, “Traian Vuia” Technical College, Focsani, Romania; Theo Koupelis, Clark College, Washington, USA;
Hoang-Bao Le, Dublin, Ireland; Keisha Kwok, AMMOC; Madani Harouach, AMMOC; Medha Shrivastava,
AMMOC, India.
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