A Proof of Chebyshev’s Sum Inequality

Adolf Cusmariu

1. Introduction. Chebyshev’s Sum Inequality states that for two (finite) non-increasing
sequences of real numbers X = (z;)1<;<m and Y = (¥i)1<i<m (that is, sequences for which z; >
o> xyand yp > -0 > yy), we have

% Tl > (%Zf) <%Zy> (CSI)

=1

mzmjﬂfiyi > (Zm:xz) (m Z/i) :
i=1 i=1 i=1

Moreover, the same inequality holds for non-decreasing sequences X and Y (that is, when z; <

- < zpyoand y; < --- < y,), and, in general, it is valid if the sequences are ordered alike. It
holds reversed when one sequence is non-increasing, and the other is non-decreasing (for instance,
if vy > >x, and y; < -+ < y,). These facts are clear if we apply the first inequality to —X
and =Y, or to X and —Y respectively (we may and we will further consider X and Y as column
vectors). This is why we will only deal, in what follows, with the inequality for non-decreasing
sequences. We remark that, in this case, (CSI) can also be expressed as

%(X,Y) > (%Z%) (%Z%) ;

or, equivalently,

where m
i=1

is the dot product of X and Y viewed as vectors from the usual Euclidian space R™.
The inequality (CSI) is a well-known topic in olympiad mathematics, and so is its proof based
on the equivalence of the original form to

Y. @i—a)(y—y;) 2 0. (CST)

1<i<j<m

For instance, when m = 2 we have
2(z1y1 + may2) > (21 4+ 22) (Y1 + y2) & Tay1 + Ty > T1ye + Toyy &

& w1(p1 —y2) — 22(th —y2) > 0 & (21 — 22)(y1 — y2) >0,

which is clear for 1 > x5 and y; > y5. We invite the reader to check that, for m = 3,
3(w1y1 + oy + 3y3) > (01 + 72 +23) (Y1 + Y2 +y3) &

& (21— 22)(y1 — y2) + (71 — 23) (Y1 — y3) + (22 — 23) (Y2 — y3) > 0,
and to see that the general case can be similarly solved. Also note that the equality holds in (CSI)
if and only if it holds in (CSI'), that is if and only if (x; —z;)(y; —y;) =0forall 1 <i < j<m. In
particular, for the equality case, we must have (x1 — 2,,)(y1 — ym) = 0, that is, 21 = x,, Or Y1 = Ypm,-
Due to monotony, this means that we get equality in (CSI) whenever either z; = --- = z,,, or
Y1 = -+ = Yp, (and, indeed, these are both equality cases).
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Nevertheless, the purpose of this article is to provide another proof for Chebyshev’s Sum Inequal-
ity, maybe more intricate, but (we think that) very insightful. This proof relies on the averaging
method described in [2,3,4]. We further show how to get the validity of the inequality for m = 3
by using the case m = 2 (which we already proved). The general situation is absolutely similar.

2. Chebyshev’s Sum Inequality in the case m = 3. Consider X = ( T1 Ty T )T and

Y = ( Y1 Y2 Y3 )T (where M7 indicates the transpose of the matrix M), with 1 > x5 > 3 and
Y1 > Y2 > ys3, and note that we have

1 1 1
11 + Toyo + T3Y3 = 5 (2191 + w2y2) + B (woys + x3y3) + B (x1y1 + z3y3) >

1 1 1 1 1 1
> 5(951 + 1) - 5(3/1 +y2) + 5(1’2 + x3) - 5(2/2 +y3) + §($1 +a3) - §(y1 + ys3)

by applying (CSI) for the case of m = 2. Now let

I =

o O =
S = O
—_ o O

be the identity matrix (in this case of order three), and let

pP=

—_ O O
o O
o = O

be the permutation matrix that cyclically changes the order of the rows, or of the columns of a
matrix M (having order 3) when this is multiplied by P to the left or to the right, respectively.
Finally consider

11
. (110 11
V:§(I+P):§ 01 1])={03 3],
1 1
10 1 1ol
and notice that we have
1 110 T %(ZL’l + (L’g)
VX:§ 011 ) = %(Ig—f-l’g)
101 T3 5 (21 + x3)
and, analogously,
%(yl + 42)
VY = %(?Jz + y3)
%(yl + y3)
This means that the inequality obtained above (by applying the case m = 2) reads

(X,)Y) > (VX,VY).
By iterating this we get
(X,Y) > (VX,VY) > (VX V?Y) > ... >

Z <VnX, Vny> 2 <Vn+1X, Vn+1y> Z .

therefore we have
(X,Y) > (V"X,V"Y) (*)
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for every positive integer n. For instance, when we apply the case m = 2 for the second time to

T T
the vectors ( %(xl -+ .1'2) %(xz + .1'3) %(xl + .1'3) ) and ( %(yl -+ yg) %(yg + y3) %(yl + y3) ) s
we get

1 1 1 1 1 1
S@r+2) - 5 +u2) + (@2 +23) - 52 +y3) + 5 (01 +23) - 51 +y3) >
2 2 2 2 2 2
1 1 1 1
> 1(371 + 229 + x3) - Z(yl +2ys +y3) + Z(Il + z9 + 223) - Z(y1 + ya + 2y3)+

1 1
+Z_l(2$1 + X9 + 1'3) . Z(le + Y2 + y3)7

which is the same as applying V' for the second time in order to obtain (VX,VY) > (V2X, V?Y).
Now, because V' is doubly stochastic (the sum of the entries in each of its rows and columns is 1),
by the fundamental theorem for transition matrices (see [1]) we have

1 1 11
lim V" = §J’ with J. =1 1 1 |,
111

n—oo
therefore, by letting n go to infinity in the inequality (*) we obtain
1 1 1

which is precisely the desired inequality (CSI) for m = 3.
3. Final remarks. 1) In order to prove the general case for 217 > --- >z, and y; > -+ >y,
we proceed analogously, namely we start with

= 1 /1 1
inyi = Z B (Y + Ti1Yinr) = Z (5(% + $i+1)> ' (5(% + yi-l—l))
i=1 i=1 i=1

(a1 = 21 and Y11 = y1). This can be rewritten as

(X)) >(VX,VY),

for
X1 U1
T 1
X — ‘2 Y = ?{2 7V=§(I+P)
L Ym

where I is the identity matrix of order m, and P is the (also m x m) permutation matrix with
all entries equal to 0, except for those in positions (1,2),(2,3)...,(m — 1,m), (m, 1), which are
equal to 1. Then the proof goes on exactly as in the previously examined particular case, since the
aforementioned fundamental theorem for transition matrices now ensures that

1
lim V" = —J,
m

n—o0

where J is the m x m matrix with all entries 1.
2) Note that the inequalities

(X,Y) > (VX,VY) > (VX V?Y) > ...

also imply

1
(X, V) > (VX VY) > (V?X,V?Y) > .- > lim (V"X,V"Y) = w(JX, JY).

n—o0
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Thus equality in (CSI), or, equivalently, in

1
m?

(X,Y) > —(JX,JY)

implies

(X, V) = (VX,VY),
thus yielding all the equalities

1 1 1

5 (z3yi + Ti1yip1) = 5(%’ + Tiy1) | - 5(% + Yit1)
fori =1,2,...,m (Zyms1 = 1, Yme1 = y1). This means that for each i = 1,...,m we must have
either z; = z;,11, or y; = y;+1. In particular, for the equality case, we must have either xy = z,,
(that is &y = -+ = xy,), or y1 = Ym (that is y; = -+ = y,,). Thus the proof by the averaging

method can be used to see when equality holds in Chebyshev’s Sum Inequality (although it involves
a process of passing to the limit).
3) We can show by elementary calculations that

1
lim V" = —J.
m

n—oo
Here we only consider m = 3 (for the general case, see [3]). We have
1 Tl (n
"= (I+P)) == Pt
o) ek ()

(with PY = I) by the binomial expansion, which can be used since I and P are commuting matrices.
Here the powers of P repeat periodically with period 3, because P? = I, thus we have P = I,
P33t = P and P32 = P? for all integers s > 0. Consequently,

.1
V’ziﬂ%1+mp+%ﬁ)

where

o= (5) =) =T (60)

s>0 s>0 s>0

(Of course, each of the sums giving ay, b,, ¢, is finite; for instance the first sum stops at s = | %],
since for all greater s we have 3s > n, and the binomial coefficient (;S ) is 0.) Now let

1 V3

W= —= + i

2 2

be a primitive root of unity of order 3, for which w?® = 1 and 1 + w + w? = 0. Again, the powers of
w repeat periodically with period 3, hence the binomial expansion provides the equalities

Un + by + ¢ = 2", ap +bpw + cuw® = (1 +w)", ap + bpw? + cw = (1 4+ w?)™,
By adding them all side by side (and by using 1 + w + w? = 0) we get
3a, =2"+ (1 +w)"+ (1 +wh)" = 2”—1—2005%,

hence

. ap 1 1 nm 1
lim — = lim = [1+ cos — | = —.
n—oo 2N n—oo 3 2n—1 3 3
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We invite the reader to evaluate in a similar maner b,, and ¢,, in order to obtain

Ch, 1
lim — = lim — = —
Of course, all these lead to the desired result
a b c 1 1
li = 24+ 2P+ 2P ) =—(I+P+PH =
Jim V n:f%o(gn Tl ) gUA PP =35J

The proof of the general case (for matrices of order m, see [3]) is, roughly speaking, the same.
4) There is (at least) one more way to prove

1
lim V"= —J
n—o0 m

in an elementary manner—which we only outline here (also in the case m = 3), leaving the details
to the reader. By a canonical induction we see that

Tn Yn Zn
V"= Zn  Tn Yn = xn] + ynP + ZnP2
Yn “n Tn

for some real numbers ,,,y,, 2, (which actually are z,, = §2, y,, = 12’—:;, and z, = 5 for a,,b,, ¢,

from the previous remark). Then V" = V" yields the recurrence relations

Tn + 2n Yn + Tn Zn + Yn
Tn41 = Ta Yn+1 = Ta Zn+l =

, Vn >0,

with 2o = 1, yo = 0, 20 = 0. By adding the above equations we immediately see that the sequence
(Tp + Yn + 2Zn)n>0 is constant, and hence

Tpn+Yn+2, =1, Yn >0,
while subtracting one from another yields

Ln+1 — yn—l—l — 2 y Yn+1 — Zn—l—l — 2 y Rn+1 — LTnptl = 2 )

for all n > 0. From these we can deduce

Tptl = Ynt1 = _g(ajn—Q - yn—Z)a Vn > 2,

which implies that lim,, (2, —y,) = 0, and we obtain in the same way that lim,, . (z, — 2,) = 0.
But then the sequence (x,,),>0 is convergent, since

o— (xn+yn+zn)+(In_yn)+(xn_zn) _
n — 3 -

and we can calculate

Analogously we have
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and therefore
lim V" =

n—oo

(I+ P+ P? :%J.

W =

Finally, we invite the reader to prove that (z,),>0 satisfies the recurrence relation
4x, — 6,1 + 3xp_o — Tp_3 =0, Vn > 3,

from which x,, can be expressed in terms of n, making again the computation of the limit possible
as in the previous remark (what differs is the method used to calculate z,,). Note that the sequences
(Yn)n>0 and (z,)n>o satisfy the same recurrence (but with different initial terms), so their limits
can be obtained by this approach, too.
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