HiDDEN CONNECTIONS BETWEEN WONDERFUL
ELEMENTS IN THE GEOMETRY OF A TRIANGLE

PART 2: WHY-POINTS

Misha Nyzhnyk

This paper is the second part of the research that investigates properties and relationships between
particular unique objects in the geometry of a triangle. The reader is recommended to familiarise
themselves with the first part [1] about the mixtilinear circles to get acquainted with the notations
and definitions used, which I omit in this paper.

In this part, I will investigate the properties of the so-called why-points, which, allegedly, first
appeared in ISL 2011 G4 and were previously researched in 2021 by Muricaaaaaaa [2]. In addition, I
will show the vague relationship between why-points and mixtilinear incircles. However, I will reveal
stronger links between those in the next two papers through other unique objects, including but not
limited to cuddling circles.

Note: Many problems were taken from the Telegram channel Olympiad Geometry [3]. At the time
of writing, the channel’s owner, Fedor Bakharev, had published an article [4] in the Kvant journal, in
particular about the why-points. Some of the solutions in this paper may overlap with that work but

were derived independently.
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1 Definition

Let the tangent at A to the circumcircle of AABC meet BC at P, and let D be the antipode of
A wrt (ABC). Denote the second intersection point of PD and (ABC) by W, (so that W, and A
are in different half-planes wrt BC'). This point is called the why-point relative to the vertex A, or the
A-whypoint. We will now investigate some properties of the why-points.

2 Angle chasing

Although very basic, this method solves most of the problems involving why-point. However, we
must first prove one substantial fact, and then many other problems will quickly crumble.

2.1 Key observation

Problem. Let GG be the centroid of AABC, and let A; be a foot of the perpendicular from A to
BC'. Prove that points GG, A;, W4 are collinear.
Proof. From our definitions, we have

LAWLP =90° = LAA P,
so APW A, is cyclic. Therefore,
LPAW, = LPAW, = LZADW 4, = LADP,

implying that WA, FD is also cyclic. Now let A’ be the reflection of A over the perpendicular
bisector of BC'. Note that as

LGMA = LGAN md G =} = 441

we infer that AA;GM ~ AA'GA, from which it follows that A;, G, A’ are collinear. Thus, we
may conclude after

LAWND = LZAF A, = LFAA = LZAW,D.
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Figure 1: Why-point and centroid
q.e.d.

Now let us exemplify how the fact above helps in solving the three problems below.

2.2 Corollary 1.

Problem. Prove that AB is tangent to (W4 A;B) at B.
Proof. The desired follows immediately after

LABA; = 180° — LBAA = LZA'W4B.

A \A'

Figure 2: Corollary on tangency
q.e.d.
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2.3 Corollary 2.

Problem. Let AA; intersect (ABC) at E # A. Prove that (W4A; E) touches BC' at A;.
Proof. It suffices to show that EA; is the diameter in (W4 A, E), which is obvious since

LEWA Ay = LZEAA = 90°.

Figure 3: Another tangency

q.e.d.

2.4 Corollary 3.

Problem. Let M be the midpoint of BC, and let AM intersect (ABC) at J # A. Prove that
points Wy, Ay, M, J are concyclic.
Proof. Again, a straightforward angle chase gives us the desired:

LMIW7 = LAIWy = LAAWy = LAA A} = LA'A M.
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Figure 4: Corollary on concyclicity
q.e.d.

3 Three altitudes

Denote the orthocentre of AABC' by H, and define points B; and C; similarly to A;. We will now
investigate interconnections between the introduced points and the why-points.

Let BC and B;C; meet at (). This point has many beautiful properties, but here we look only at
those that have to do with the A-whypoint. Let us begin.
3.1 H-sidepoint

Problem. Points @), H, Ay, W, are concyclic.
Proof. Let AQ intersect (ABC) at R # A. Then

QR-QA=0QB-QC =QC;-QBy,
so RAB;HC(C is cyclic. Hence, we obtain that

/HRA =90° = ZDRA,
so D, H, R are collinear and RH A,( is cyclic. But then

LA1HD = ZHDA = ZRDA' = ZRW A,
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from which the desired follows.
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Figure 5: H-sidepoint concyclicity
q.e.d.

3.2 More radical axes

Problem. Points ), W4, J are collinear.
Proof. By 2.2, W A M J is cyclic. Also M A;C By is cyclic as all four points lie on the nine-point
circle of AABC'. Hence, as from 3.1, points A, R, () are collinear, we have that

QR-QA=QC- QB =QA - QM,

so A{RAM is also cyclic. Then, the desired immediately follows since JW,, BC, AR meet at the
radical centre of (AB1HC1R), (ABC), (W4A1MJ).
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Figure 6: H-sidepoint collinearity

q.e.d.

3.3 Questionable bisector

Problem. Let N be the midpoint of QA;. Prove that points N, E, Wy are collinear.

Proof. Let BC and A’D meet at I. Since ZEW A" = 90°, it suffices to show ZBW A" = 90°,
or A'ITyN is cyclic, which will follow if AyN - Ayl = ATy - AjA", orif AN - Al = A1B-A,C. By
cross-ratio criteria, (@, Ay; B,C) = —1. So,

(') AlNAlj = AlBAlC < (') Al AC < (') AC—A B _ 2A4,C
<~

A1B AN A1B A
(') AC 2A:.C+A.1Q — (') A C _1A10+Qé (') A1Q i Alc-‘rQCl
) A1B T A1Q OB 'ch’413 o A1Q Qc A1B A C
_ AC
(!)ATB_Alc — (!)Ai_B_Q_B’

which is true, so we may conclude
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Figure 7: Questionable bisector

q.e.d.

3.4 The fourth and fifth altitudes

Problem. Let H; be a foot of the perpendicular from A; to B;Cq, and let M; be the midpoint of
A1H,. Also, let Hy be a foot of the perpendicular from H to B;C. Prove that points A, Hy, My, Wy

are collinear.
Proof. Note that since

LQHyH =90° = ZQA1H and LNW A, = LEAA =90° = LN M, Ay,
we have, combining with 3.1, that QHyH AW, and NM; AW, are cyclic. Also, we can see that
LB1CQ = LCAA and £LQB,C = 180° — LABC = LAA'C,
from which AQB,C ~ ACA’A, so £B,QC = LACA'. Points Hy, M,, W4 are collinear because
LMW AL = LM BA, = ZHoQA, = LHW A A;.
We are left to prove that A, Hy, Wy are collinear, which is true as

ZH()WAAl = ZHoQAl - ZACA/ - ZAWAA/ == ZAWAAl
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Figure 8: More altitudes

q.e.d.

4 More questions
Here, we will have a look at two unique constructions, each of which gives substantial insight into
the why-point’s nature. The first one will come very handy in the next part of the research about

cuddling circles.

4.1 Why-homothety (ISL 2011/G4)
Problem. Let K and L be the midpoints of AB and AC, respectively. Prove that (W,KL)

touches (ABC') at Wy.

Proof. Let WK and Wy4L intersect (ABC) again at U and V, respectively. Note that since
AB = A'C, we have ZAW B = ZA'W,4C and, from the isogonality lemma for Z/BW,C and the rays

WaU and WG, we conclude that

10

MATHEMATICAL REFLECTIONS 1 (2026)



Figure 9: Midpoint tangency

points
K=ABNCG and L = BGN AC

are also isogonal wrt ZBWC, so ZKWsB = ZLW,C'. This means B\U = 6’\\/, thus UV || BC,
or UV || KL, yielding that (WKL) and (ABC) are homothetic at Wy, so we may conclude.
q.e.d.

4.2 Why-harmony

Problem. Let the tangents to (ABC') at B and C meet at S4. Prove that W4 ADS 4 is harmonic.

Proof. Note that from harmonic quadrilateral criteria (for harmonic ABT'C'), it follows that PT
is the tangent to (ABC), so PA = PT. Let the tangent at D meet BC at Dy, then clearly DDy || AP
because D is the antipode of A wrt (ABC'). Also let T'D meet BC' and AP at Z and Z,, respectively.
Then, as ZATZ, = 90°, we have PZy, = PA. Now, we are left to project (A,T; Wy, D) from D onto
the line BC' and obtain that

(A,T: Wy, D) = (Ay, Z; P, Dy) = oL, . Z5, _ AP PZy _ _

AoDy -~ ZDy DD, ~ DDy
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Figure 10: Why-harmony

q.e.d.

5 Pester point

Define W and W similarly to W 4. Let us see how the three why-points are interconnected.

5.1 Relation between the why-points

Problem. Prove that the lines AW 4, BWg, CW¢ are concurrent at some point W (the whywhywhy-
point), which we will call the pester point.
Proof. Note that, by the law of sines,

sin/BAWA __ sinZBA'Wa __ ¢  BA

sin /WA AC ~— sinZWAA'C — b A1C”

Similarly,

sin /ACWe __ b X ACq

and sin/CBWp __ a  CB
sin/WeCB =~ a C1B sin/WgBA =~ ¢ B1A’®

Hence, the desired follows after the converse of Ceva’s theorem because

SinZBAWA . SinLACWC . sinACBWB _ BA1 ACl CBl _ 1
sin /WA AC  sin/WeCB  sin/WgBA ~— A1C CiB  BiA —
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Figure 11: The pester point

q.e.d.

5.2 Deeper insights

Problem. Prove that points Wg, Cy, Ay, Wy are concyclic (similarly for Wa, Ay, By, Wy and
Wg, By, C1, W), and that points We, Cy, M, J are also concyclic (similarly for Wg, By, M, J).
Proof. Define C’ similarly to A’. From 2.1, we know that &4+ = 1

GA” — 2
G4 = &8 and thus A,Cy || A'C".

and by analogy gg& = % So,

Figure 12: A few concyclicities

Then

LACCN = LA C'Cy = LZAW AW,
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from which WoC1 A1 W4 is cyclic as desired. By 2.2, WA M J is cyclic, so the cyclicity of points
We, Cq, M, J follows as

GM-GJ =GA,-GW4 = GCy - GWe.
q.e.d.

6 Poles and polars burst

In this subsection, we will look at two wonderful configurations. The first one is directly connected
to cuddling circles, as will be explained later on in the third part of the research, and the second one
allows us to demonstrate the relation between why-points and other well-known lines in AABC'". Poles
and polars will help us out a lot in proofs. Without further ado:

6.1 Stretching the picture

Problem. Let the tangent to (ABC) through A meet the tangents through B and C at S¢ and
Spg, respectively. Let the lines parallel to AB and AC through Sz and S meet at S. Prove that
points S, A, W, are collinear.

Proof. We first prove the following lemma.

Lemma. We are given AABC' with centroid G, circumcentre O, medians BN and CM, and an
altitude AH. Point P is the foot of the perpendicular from O to MN. Then H, GG, P are collinear.

Proof. Let AH and AO intersect (ABC) again at H' and A’, respectively, and let AP and BC
meet at ). Then, as ZAH'A" = 90°, we have A’H’ || BC. Also, since P lies on the midline of AABC,
we have AP = AQ and thus, the line OP is the midline in AA’AQ), so A'Q || OP. Then by symmetry,
CQ = BH. So,

1 _ PN _ PN —
L= LN = PN = 9PN = BH,

from which, as 2GN = GB, we conclude that APGN ~ ABGH, so H, G, P are collinear as
desired.

A
M PN
y
7 G Q
~
7’
’
'
’
B H Q C
H A

Figure 13: Handy lemma
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Now let us get back to the main problem. Let O be the circumcentre of AABC. It is well-known
that AB is the polar of S wrt (ABC'), and K lies on it. Therefore, S¢ lies on the polar of K. Since
OS¢ LScS, we can infer that the line SS¢ is the actual polar of K, and, similarly, the line SSpg is the
polar of L. This, in turn, means that, by the poles and polars reciprocity principle !, K and L lie on
the polar of S, so point S is the pole of the line K L. Consider inversion around (ABC'). Then

S <= Hy where Hy= KLNOS.
We must prove that AHyOW 4 is cyclic. Let Wy be the midpoint of BAC'. Then
LAWAHy = LZAWQAA = LZACA = 2LACWy = LAOWy = LAOH,,

and we may conclude.

Figure 14: The stretched picture

q.e.d.

I This refers to the well-know fact that if X lies on the polar of Y, then Y lies on the polar of X
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6.2 Redefining the why-point

Problem. Let KL meet the tangent through A to (ABC) at Qo. Prove that QoW is tangent to
(ABC).

Proof. Let KL intersect (ABC) at Ky and Ly as shown in the picture below. It is clear that
(AKL) and (ABC) are homothetic around A, thus (AK L) is tangent to the line AQ as well. So we
have:

pow(Qo, (ABC)) = QKo - QLo = QyA* = QK - QL = pow(Qo, (KLWy)).

Hence, Q) lies on the radical axis of (ABC') and (K LW,), which, by 4.1, is the tangent to (ABC)
at Wy, so we may conclude.

Figure 15: Redefining the why-point

q.e.d.

6.3 Immediate consequence (TUYMAADA 2024/J4)

Problem. Let Al be the bisector in AAK L. Prove that points A, Iy, A1, W, are concyclic.

Proof. From the previous problem, we know that QoA = QoW 4. Also, QgA = QyA; by symmetry
over K L. The desired follows because we can easily obtain that QoA = Qyly as the violet angle is
equal to the sum of the green and blue angles, so we conclude.
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Figure 16: Another concyclicity

q.e.d.

6.4 Relation to the Euler line

Problem. Prove that point W lies on the Euler line of AABC.

Proof. We begin by proving the following crucial lemma and claim.

Lemma. Let AD, BE, C'F be the altitudes of AABC' and denote its orthocentre and circumcentre
by H and O, respectively. Let EF and BC, DF and AC, DE and AB meet, respectively, at P, @), R.
Then OH is perpendicular to the line that passes through P, @), R. To put it more simply, the Euler
line of the triangle is perpendicular to its orthic axis, which we will call [.

Proof. Clearly AEDB, BFEC, AFDC are cyclic. Consider (DEF'), which is the nine-point circle

of AABC', and denote its circumcentre by Og. It is well-known that Og lies on the Euler line of AABC,
so it suffices to show that OOg_LL.
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Figure 17: The Euler’s line lemma

Note that
pow(P, (DEF))=PF-PE =PB-PC = pow(P, (ABC))
and

pow(Q, (DEF)) =QD-QF = QC - QA = pow(Q, (ABC)),

thus we conclude that [ is the radical axis of (DEF) and (ABC), from which the desired follows.

Claim. Point W is the pole of the orthic axis [ of AABC wrt (ABC).

Proof. Notice that A;, Ci, K, By, L all lie on the nine-point circle of AABC, and recall that
(AKL) is tangent to (ABC'). Then

pow(Qo, (A1B1Ch)) = QK - QL = QuA* = pow(Qo, (ABC)),

which means that Qg lies on the radical axis of (ABC') and (A;B,C}), thus by lemma, on the line
[. On the other hand, from 6.2, we know that () is the pole of AW 4. We have proved that )y lies on
the orthic axis of AABC'. Then, similarly, the poles of the lines BWg and CWs must as well lie on
the orthic axis. Recall that the lines AW, , BWpg, CW are concurrent at W. Then, by the pole and
polar reciprocity principle, we conclude that the polar of W is the orthic axis as desired.
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Figure 18: Pester the Euler’s line

Now, we can return to the main problem. By claim, we know point W and the orthic axis of
AABC are in pole-polar relationship wrt (ABC). Hence OW LI, which, combined with lemma, yields
the desired.

q.e.d.

6.5 Why X(25)?

Define S, similarly to Sp and Sc. We will prove that the point W actually coincides with X(25)
— this is the point with number 25 in the Encyclopedia of Triangle Centres [5] and is defined as the
homothetic centre of orthic and tangential triangle.

Problem. Prove that the lines S4A;, SpB1, ScC: are also concurrent at V.

Proof. By similarity, it suffices to show that the line S4A; passes through W, which will follow,
by 6.3 lemma, if A; and Sy lie on the polar of @ wrt (ABC'). Let us prove this. It is indeed obvious
that QQA; is the polar of Sy, hence Sy lies on the polar of ), so we are left to show that A; lies on
the polar of @ wrt (ABC), or that S4A4;10OQ, or that point A; is the orthocentre of AQOS4, or
that ZSAAIM = ZQOM, or that AQOM ~ AS,AM, or that %—g = ]\Aﬁ“l‘ Since BOC'Sy is clearly
cyclic, we have MO - MSy, = MB - MC. Therefore,

() QM- A M = MB-MC <= (1) (@B +58)(5¢ — A,B) = 2&
() 9B = 4B (B2 + QB) <= () QB- (AB+ A,C) = A B (QC +QB)

2
() @B-AC = AB-QC « () 8 =42,

which is true since (Q, A;; B,C) = —1.
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Figure 19: The pester X(25)

q.e.d.

7 Relation to a mixtilinear incircle

Let us have a look at an unexpected relation between the A whypoint and the A-mixtilinear incircle.
We will use some points notations from the previous section.

7.1 Mixti-sidepoint and why-point
Problem. Prove that points X, Xg, A;, W4 are concyclic.
Proof. Since ZI1XgA = 90°, we have that Xg, I, D are collinear. Since ZDA’A = 90°, we have
A'D || AAy, so if we let AA; and XgI meet at Y, then
L XsWpA = /XgDA = /XY A,
from which XgY A1 Wy is cyclic. Obviously, since
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/XXgY =90° = /XAY,

we obtain that X XgY A; is also cyclic, and we may conclude.
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Figure 20: Mixti-sharky-why
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