Junior problems

J715. Let a, b, ¢, d be real numbers with a > max(b, ¢, d) such that not all solutions to the equation
(a—b)z*+b—c)a’+(c—dz+d—a=0
are real. Prove that a +c¢ > b+ d.

Proposed by Adrian Andreescu, Dallas, USA

Solution 1 by Corneliu Manescu-Avram, Ploiesti, Romania
Clearly, the equation has the solution & = 1, so the following decomposition holds:

(@a-bad+(b-c)a?+(c—dz+d—a = (:c—1)[(a—b)(x2+x+1)+(b—c)(x+1)+c—d]
= (w—1)[(a—b)m2+(a—c)x+a—d].
Since the quadratic function f(z) = (a — b)2? + (a — ¢)x + a — d has no real roots and a > b, we have
f(-)=a—-b—(a—¢c)+a—d=a—-b+c—d>0,
as desired.

Solution 2 by Kousik Sett, India
Since the sum of the coefficients of the given equation is (a —b)+ (b—c¢)+ (¢c—d)+(d—a) =0,z =11is a
root of the equation. Therefore, the given equation can be written as

(z —1)(Az®> + Bz + C) =0,

where
A=a—-b>0, B=a—c>0, and C=a—d>0 since a > max(b,c,d).

Since not all solutions to the given equation are real, the quadratic equation Az? + Bz + C = 0 must have
non-real roots. Therefore,

4AC>B* = (A+0) -~ (A-C)?*>B? = (A+C+B)(A+C—-B)>(A-C)*>0.
Since A, B,C > 0, we must have A + C > B which givesa —b+a —d > a —c, thatisa+c¢ > b+ d.

Solution 8 by Daniel Pascuas, Barcelona, Spain
By hypothesis, not all the zeros of the cubic polynomial

Px)=(a—ba3+(b-c)2’*+(c—dz+d—a
are real, which means that P has a unique real zero. Since
Pl)=(a=b)+(b—-c)+(c—d)+ (d—a) =0,

x = 1 is the only real zero of P. Then Bolzano’s theorem shows that either P is positive on the interval
(=00, 1) or it is negative on this interval. But P(0) = d —a < 0, since a > max(b, ¢,d) > d, so P is negative
on (—o0,1), and, in particular,

0>P(-1)=(b-a)+(b—c)+(d—c)+(d—a)=2((b+d) — (a+¢)),

which means that a +¢ > b+ d.
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Also solved by Alex Habin Song, Northview High School in Johns Creek, GA, USA; Cao Minh Quang,
Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam; Daniel Vacaru, National Economic
College, Pitesti, Romania; Hannah Yoon, Gwinnett School of Mathematics, Science, and Technology, GA,
USA; Jonathan Lee, Buford High School Buford, GA, USA; Specialized Mathematical Gymnasium, Prishtine,
Kosovo; Sundaresh H. R., Shivamogga, Karnataka, India; The Ring Lords, Baden- Wirttemberg, Germany;
Theo Koupelis, Clark College, Washington, USA; Yao Qian, China; Avyay Singh Chauhan, CMC; Ben-
jamin Cha, Choate Rosemary Hall, Wallingford, C'T, USA; Diar Gashi, University of Primorska, Slovenia;
Ganghun Kim, Fort Lee High School, NJ, USA; Loukya Ghanta, AMMOC California, USA; Parth Andhare,
AMMOC; Polyahedra, Polk State College, FL, USA; Saarang Agarwal, AMMOC; Shaurya Patil, AMMOC;
Taes Padhihary, IIT Guwahati, India; William Han, Horace Mann School, Bronz, NY, USA.
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J716. Solve in real numbers .
4ot + 823 + 322 + 22 = T

Proposed by Alessandro Ventullo, Milan, Italy

Solution 1 by Anita Tufisi, Romania
The given equation can be rewritten as

162* + 3223 + 1222 + 8z + 1 = 0.

Observe that
(42% + 4z + 1)% = 162" + 322° + 242% + 8z + 1.

Therefore, the equation becomes
(422 + 4z 4+ 1) =122 =0 = (42 + 42+ 1)? = (2V3 1),

which gives
42 + 4z +1 = +2/3 2.

If 422 + (4 — 2v/3)x +1 =0, then A = (4 — 2v/3)2 — 16 = 12 — 161/3 < 0, so we have no real solutions.
If 422 + (4 + 2v/3)x + 1 =0, then A = (4 4+ 2v/3)? — 16 = 12 + 161/3 > 0 and the real solutions are

Lo —(A+2V3)+VI2+16v3  —2-V34V3+4V3
B 8 B 4 '

Solution 2 by Specialized Mathematical Gymnasium, Prishtine, Kosovo

1
Adding 1 to both sides and multiplying the resulting equation by 4, we get

162% + 3223 + 1222 + 82 +1 = 0.

Dividing both sides by 422 (observe that x # 0) we obtain

2 1
472 +8r + 34+ =+ —; =0.
x  4z?

This equation can be written in the symmetric form

1\? 1
20 +— | +4(2z2+— ) +1=0.
2z 2

1
Set t =2x + o Then t satisfies the quadratic equation
T

4+4t+1=0.

The roots of this quadratic are t = —2 & /3. We must determine which of these values of ¢ produce real x
via the relation ¢ = 2z + % Put y = 22. Then

1
y+-—=t <+ y2—ty+1:0.
Y

A necessary and sufficient condition for real solutions y is 2 — 4 > 0, i.e. [t| > 2. The two candidates are

t1 = —2+V3~ —0.2679 (so |t1] < 2),
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hence t; yields no real y (and therefore no real x), and
ty = —2—/3~ —3.7321 (so |ta] > 2),

hence t, yields two real values of y.
For t = ty = —2 — /3 the quadratic for y has roots

yti\/m—z—\/gi\/(—z—\/g)Q—‘l—2—\/§im
N 2 N 2 N 2 '

Recalling that y = 2x, the corresponding real solutions for = are

—2—-v3+V3+4V3
1 .

Also solved by Alex Habin Song, Northview High School in Johns Creek, GA, USA; Angel Plaza, Universidad
de Las Palmas de Gran Canaria, Spain; Arkady Alt, San Jose, California, USA; Corneliu Manescu-Avram,
Ploiesti, Romania; Debarun Das, CMC, Hyderabad, India; Hannah Yoon, Gwinnett School of Mathematics,
Science, and Technology, GA, USA; Jinu Kong, Marriotts Ridge High School, Ellicott City, Maryland,
USA; Jonathan Lee, Buford High School Buford, GA, USA; Jose Luis Diaz-Barrero, Barcelona, Spain;
Kalkin Gandhi, AMMOC Bengaluru, India; Kousik Sett, India; Luke Dendis, SUNY Brockport; Madhav
R. Pillai, Delhi Public School, Ranchi, Jharkhand, India; Shrivathsan Krishnan, AMMOC; Sundaresh H.
R., Shivamogga, Karnataka, India; The Ring Lords, Baden-Wuirttemberg, Germany; Theo Koupelis, Clark
College, Washington, USA; Yao Qian, China; Aarnav Siwachandran, AMMOC, USA, CT; Benjamin Cha,
Choate Rosemary Hall, Wallingford, CT, USA; Daniel Pascuas, Barcelona, Spain; Diar Gashi, University
of Primorska, Slovenia; Kristine Lee, Mount Juliet High School, TN, USA; Loukya Ghanta, AMMOC
California, USA; Madani Harouach, AMMOC; Parth Andhare, AMMOC; Polyahedra, Polk State College,
FL, USA; Saarang Agarwal, AMMOC; Shaurya Patil, AMMOC; Taes Padhihary, IIT Guwahati, India;
Thomas McCormick, AMMOC.
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J717. Find the least prime that can be written as

2pq(q — 2p) + 2qr(r — 2q) + 2rp(p — 2r) + Tpgr,
where p, g, r are also primes.

Proposed by Titu Andreescu, Dallas, USA

Solution 1 by Polyahedra, Polk State College, FL, USA

Let P be the given expression, then P = (2p — q)(2¢q — r)(2r — p). We may assume that p < min{q,r}. If
p<r<gq,then 2¢ —r > r and 2r —p > p, so P cannot be a prime. Therefore, p < g < r. Since 2r —p > p,
we must have (2p — ¢)(2¢ — r) = 1. Consider first 2p — ¢ = —1 = 2¢g — r. Then P = 2r — p = 7p + 6, which
yields the smallest P = 41 with p = 5, ¢ = 11 and r = 23. Next, consider 2p — g = 1 = 2¢ — r. Then
P =2r —p = T7p— 6, which cannot yield a prime P for p = 2,3. If p = 5, then ¢ = 9, not a prime. For
p > 7, P> 41. In conclusion, the answer is 41.

Solution 2 by Diar Gashi, University of Primorska, Slovenia
Notice that this expression factors as

(2p — q)(2¢ — ) (2r — p).

Without loss of generality, assume that p is the largest of p, ¢ and r.

So 2p — g > q, which implies that 2p — ¢ is a prime number, which we can denote with s, and the product
of the other two expressions is equal to 1.

So, for a fixed € € {—1, 1}, we have that 2¢g — r = € and 2r — p = . By solving the system we obtain

( r) = 45+ 3 s+ 6 25+ be
p7q7 - 7 b 7 b 7 .

Ife=1= s=1 (mod7) = s€{29,43,...}.

Ife=-1 = s=-1(mod7) = se€{13,41,...}.

Checking manually in order s = 13,29,41, ..., we see that 41 is the smallest prime that gives p, ¢, r primes
and that is achieved for (p,q,7) = (5,11,23). So, the answer is 41.

Also solved by Corneliu Manescu-Avram, Ploiesti, Romania; Kousik Sett, India; Specialized Mathematical
Gymnasium, Prishtine, Kosovo; The Ring Lords, Baden-Wiirttemberg, Germany; Theo Koupelis, Clark
College, Washington, USA; Benjamin Cha, Choate Rosemary Hall, Wallingford, CT, USA; Parth Andhare,
AMMOC; Taes Padhihary, IIT Guwahati, India; William Han, Horace Mann School, Bronz, NY, USA.

MATHEMATICAL REFLECTIONS 6 (2025) 5



J718. Let a, b, c be nonnegative real numbers such that ab + bc + ca + 2abc = 1. Prove that

3
a+b+c> 5

Proposed by Mircea Becheanu, Canada

Solution 1 by Theo Koupelis, Clark College, Washington, USA
Using AM-GM we get
1

1
1 = ab + be 4 ca + 2abe > 4(2a°6 )4 = 2(abe)® < Tl e abe <

| —

Thus, using AM-GM and the given condition we get

(a+b+c)? > 3(ab+be+ca) = 3(1 —2abe) > 9/4 = a+b+c>

| W

N[

Equality occurs when a = b=c =

Solution 2 by Polyahedra, Polk State College, FL, USA
If abc > %, then ab 4+ bc 4+ ca > 3(abc)2/ 3> %, contradicting the given equation. Therefore, abc < % and

ab‘i‘bc-i-caZ%,soa—i-b—l—cZ 3(ab + bc + ca) > %

Solution 8 by Arkady Alt, San Jose, California, USA
Let s ;== a+b+4c Since a2 > Sab < 2 = (Y a)? > 33 ab and by the AM-GM Inequality
s = (3 a)® > 27abe, then

2 23
1:Zab+2abc§%+2—s7 = 288 105 27T = (25— 3) (s +3)2 >0 = s>

N W

Also solved by Alikhan Serik, Astana, Kazakhstan; Corneliuv Manescu-Avram, Ploiesti, Romania; David-
Andrei Zabrautanu, Adjud, Romania; Jamal Dine Chergui, Abdelmalek Essaadi University, Morocco; Kousik
Sett, India; Marin Chirciu, Colegiul National Zinca Golescu Pitesti, Romania; Specialized Mathematical
Gymnasium, Prishtine, Kosovo; The Ring Lords, Baden-Wiirttemberg, Germany; Avyay Singh Chauhan,
CMC; Benjamin Cha, Choate Rosemary Hall, Wallingford, CT, USA; Daniel Pascuas, Barcelona, Spain;
Diar Gashi, University of Primorska, Slovenia; Ganghun Kim, Fort Lee High School, NJ, USA; Kristine Lee,
Mount Juliet High School, TN, USA; Parth Andhare, AMMOC; Saarang Agarwal, AMMOC; Shaurya Patil,
AMMOC; Taes Padhihary, IIT Guwahati, India; Thomas McCormick, AMMOC; William Han, Horace
Mann School, Bronz, NY, USA.
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J719. Let a, b, c be positive real numbers. Prove that

V2(a2 + %) (02 + ¢2)(c2 + a?) + 4abc > (a +b)(b+ ¢)(c + a).

Proposed by Mihai Opincariu, Brad, Romania

Solution 1 by the author
Dividing by abc, the inequality becomes

44+ 2@+ D)2+ 1) (22 4+ 1) > (2 + Dy + 1) (2 + 1),

where

Since zyz = 1, we have
(x+1)(y—|—1)(z+1):xyz+(xy+yz+zx)+(x+y+z)+1:2+Z:cy+2x,

and
2+ D)2+ D2 +1) =1+ Zx2 + Zaz2y2 + 2%y%2% = 2+ Zx2 + Z(my)Q,

because 2%y?2% = (zyz)? = 1. Hence it suffices to prove

\/2(2+Zx2+2(xy)2) >3 w > ay -2

Let
U= Z x, v = Z Y.
Then
Z 2 =u? — 2v,
and also

0 = (ay + gz aw)? = 3 ()P 2ey gz ez s eoy) = 3 (ey) 2ty +2) = 3 (a) + 2

S0
Z(xy)z =% —2u.

Therefore it is enough to prove

V22?02 —2u—20) >utv -2
Squaring both sides gives the equivalent inequality

4+2u2+202—4u—402u2+v2+4+2uv—4u—4v,

i.e.
(u —v)? >0,

which is true.
Equality holds when u = v, that is,

a b e b c a

b a b ’
which is equivalent to

(a—0b)(b—c)(c—a)

=0.
abc
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Hence equality occurs if and only if two of a, b, ¢ are equal.

Solution 2 by Polyahedra, Polk State College, FL, USA
By the Cauchy-Schwarz inequality,

V(202 4 202) - (b2 + ¢2) (2 + a2) = \/[(a +b)2 4 (a—b)?]- |(ab+ 2)? + (a — b)QCZ}

> (a+b) (ab+ c*) + (a —b)*c = (a+b)(b+ c)(c+ a) — 4abe.

Solution 8 by Theo Koupelis, Clark College, Washington, USA
The desired inequality is equivalent to

V2(a2 4 02) (2 + ) (2 + a2) > (a + b)(b+ ¢)(c+ a) — 4abe. ()

Using AM-GM we get that (a + b)(b+ ¢)(c+ a) > 8abe, and thus the right-hand-side of (*) is nonnegative.
Therefore, squaring and simplifying we get

(a —b)*(b—c)*(c —a)* >0,
which is obvious. Equality occurs when at least two of the nonnegative real numbers a, b, ¢ are equal.

Also solved by Alikhan Serik, Astana, Kazakhstan; Angel Plaza, Universidad de Las Palmas de Gran Ca-
naria, Spain; Arkady Alt, San Jose, California, USA; Cao Minh Quang, Nguyen Binh Khiem high school for
the gifted, Vinh Long, Vietnam; Marin Chirciu, Colegiul National Zinca Golescu Pitesti, Romania; Special-
ized Mathematical Gymnasium, Prishtine, Kosovo; The Ring Lords, Baden-Wiirttemberg, Germany; Xiao
Jiang, Shanghai, China; Benjamin Cha, Choate Rosemary Hall, Wallingford, CT, USA; Parth Andhare,
AMMOC.

MATHEMATICAL REFLECTIONS 6 (2025) 8



J720. Let a,b,c be positive real numbers such that at most one of them is less than 1 and a + b + ¢ = 3.

Prove that
l n 1 n 1 S 2025
a b ¢~ 1+968abc’

Proposed by Titu Andreescu, Dallas, USA and Marius Stanean, Zaldu, Romania

Solution 1 by the authors
The inequality can be rewritten as

bt be+ ca > 2025abc
4O = T 068abe
Without loss of generality assume ¢ > b > 1 > ¢. Then
(a—1)(b—1)(c—1) <0 <= ab+ bc+ ca > 2+ abc.

Therefore it suffices to prove that

(24 abe) > 2025abc 2(1 — 22abc)?
aoc <
— 1+ 968abc 1+ 968abc ~

which is clearly true.

The equality holds when abc = %, b=1, a+ b+ c=3 which means

Sl b=1 e=1-4/o
“= 22" T T 22

Solution 2 by Daniel Pascuas, Barcelona, Spain

Since
1 1 1 ab+bc+ca
a b ¢ abc ’
the inequality to be proved is
ab + bc+ ca
e + 968(ab + bc + ca) > 2025. (%)
abc

Without loss of generality we may assume that a >b>12> ¢ > 0, so
0<(a—1)(b—-1)(1—-¢c)=1—(a+b+c)+ (ab+ bc+ ca) — abc = ab+ bc + ca — (abc + 2),
and therefore ab + bc + ca > abc 4 2. Hence this inequality and the AM-GM inequality imply (x):

ab + bc + ca

2
+968(ab + bc + ca) > — + 968abc 4+ 1937 > 88 + 1937 = 2025.
abe abe

Also solved by Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam;
Specialized Mathematical Gymmnasium, Prishtine, Kosovo; The Ring Lords, Baden-Wiirttemberg, Germany;
Theo Koupelis, Clark College, Washington, USA; Yao Qian, China; Benjamin Cha, Choate Rosemary
Hall, Wallingford, CT, USA; Ganghun Kim, Fort Lee High School, NJ, USA; Parth Andhare, AMMOC;
Polyahedra, Polk State College, FL, USA; William Han, Horace Mann School, Bronz, NY, USA.
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Senior problems

S715. Let z,y, z be positive real numbers and

z Y z

a = ) 7C: )
Y+ z z+x Tty

Prove that

a b
+ + >a+b+c.
b+c c+a a+bd

Proposed by An Zhenping, Xianyang Normal University, China

Solution 1 by Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam
By the Cauchy-Schwarz Inequality in Engel form, we obtain

Z a _Z a? S (a+b+c)®  (a+b+c)?
b+c_cyc CL(b—l—c) _Z ca(b+0)_2(ab—|—bc+ca)'

cyc cy

Therefore, it suffices to show

(a+b+c)?
_— > b
2(ab—i—bc—|—ca)_a+ to

which is equivalent to
a+b+c>2(ab+ bc+ ca).

Using the definitions we have
T Y Ty
ab = . = .
y+z z+z (y+2)(z2+2x)

We will show that

Ty 1 T Y
<z + :
(y+2)(z+z) " 2\y+z z+uz
Multiplying both sides by 2(y + z)(z + ) > 0, this inequality is equivalent to
2ey < x(z+x)+yly+2) =22 + > + 2(z +v),
that is, (x — y)? + 2(z + y) > 0, which is true. Adding the cyclic inequalities, we obtain

a+b+ec

ab—l—bc—i—cag%[(a+b)+(b+0)+(c+aﬂ: 5

Hence

a (a+b+c)?
> > b+ c.
Zb+c_2(ab+bc+ca)_a+ e

cyc

This completes the proof.

Solution 2 by Theo Koupelis, Clark College, Washington, USA

Let
a b c

= + )
b+c c+a + a+b
Using the Cauchy-Schwarz inequality we get

S

[a(b+c) +blc+a)+cla+b)] -S> (a+b+c)
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Thus, it suffices to show that

a+b+c>2(ab+bc+ ca) <=
Y ww+y)wt2)>2) wy(e+y) <

C &
Z$3 + 3zyz > ZI‘Q(y + 2),
& &

which is Schur’s inequality. Equality occurs when z =y = z and thusa =b=c=1/2.

Also solved by Arkady Alt, San Jose, California, USA; Specialized Mathematical Gymnasium, Prishtine,
Kosovo; The Ring Lords, Baden-Wiirttemberg, Germany; Yao Qian, China; Daniel Pascuas, Barcelona,
Spain; Ganghun Kim, Fort Lee High School, NJ, USA; Saarang Agarwal, AMMOC.
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S716. Let a,b, ¢ be positive real numbers such that a® + b 4+ ¢ + abc = 4. Prove that

a b, e\t (atbto)
b ¢ a) T abc(abc+2)

Proposed by Marin Chirciu, Pitesti, Romania

Solution by Theo Koupelis, Clark College, Washington, USA

From the given conditions we get a,b, ¢ € (0,2] and the three variables cannot all be greater or all less than
1. Thus, at most two of the variables will be > 1 or < 1. Without loss of generality, let (1 —b)(1 —¢) > 0.
Using AM-GM, we get

4—a2:b2—|—02—|—abcz2bc+abc:bc(a+2):>2—a2bc.

Thus,
ab+bc+ca—abc<ab+2—a+ac(l—0b)=2—-a(l—-0)(1—-c) <2,

and therefore,
abc 4+ 2 > ab + bc + ca.

It now suffices to show that
(a®c + b%a + ¢2b)*(ab + be + ca) > (abe)(a +b+¢)®. (1)
The above holds true for any nonnegative real numbers a, b, c. Indeed, expanding and rearranging we get
4ab*c® (a® — b%¢)? + 4a®b5c(c® — a®b)? + 4a°b (b2 — ac?)? + 2a*? A (b3 — a’c)?
+ 20202 (a3 — bc?)? + 2a%6 P (3 — ab®)? + ab33(a — ¢)?
+ a9 (b —a)? + a3 (c—b)2 + A1+ Ay + A3 >0, (2)
where
Ay = b2 (a4 a3 + ab3c + aPbiet + P3P + b T + 20307 ¢ + 4aPb° + 6a°bc® — 18a°b3cP),
Ay = a’c(a®® 4 a8 + ab’c + ab3ct + aPb3cE + aTet + 2ab3cT + 465 4 6a°bOc — 184300 ¢P),
Az = ab? (b2 + 03B + a®be” + a'vi P + aP6° + a'd” + 2a7beP + 4aPcS 4 6ab®c® — 18a3H3 ).

Clearly Aj, Ag, A3 > 0 by AM-GM. Thus, every term in (2) is nonnegative and therefore (1) holds. Equality
occurs when a =b=c=1.

Also solved by Specialized Mathematical Gymnasium, Prishtine, Kosovo; Parth Andhare, AMMOC.
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S717. Let ABC be a triangle. Prove that

amg + bmy + eme > s(hg + hy + he — 37).

Proposed by Dan-Stefan Marinescu, Hunedoara, Romania

Solution 1 by Arkady Alt, San Jose, California, USA

. . . . b+ c?
First, we prove Tereshin’s Inequality, that is, m, >

Let R and d, be the circumradius and distance from the circumcenter to side a, respectively. Then by

2 2
the triangle inequality |m, — R| < d, and, since d, = {/ R? — az, we obtain |m, — R| < 1/ R? — QZ =
m2—2meR+R? < 2L = 4m? —8m,R+a*> <0 — fma +a” < g = ( ) —a’ta <
2 2 4 SR S8R

My < te < Myg.

4R b
Back to the solution, since h, = é, we have

a(®*+c)  Sa-Yab—3abc 25> ab—3-4Rrs be

> = et — _— e — .

D ama =) —im AR AR ° (Z °R 37«) y (Z fa 37")

Solution 2 by Kousik Sett, India

Consider the following figure. m,, my, and m, are the lengths of the medians AD, BE, and C'F, respectively.
Centroid G = AD N BENCF. hg, hy, he are the heights of triangle ABC with respect to bases BC, C'A,
and AB, respectively. Let h, = AK. GX, GY, and GZ are the perpendiculars from G to BC, C'A, and
AB, respectively. Let GX =z, GY =y, GZ = z. Assume 2/, y/, and 2’ are the perpendiculars from G to
YZ, ZX, and XY, respectively. Let a = BC, b = CA, ¢ = AB. Let the area, semi-perimeter, and inradius
of triangle ABC be denoted by S, s and r.

A

We have

1 1
iahazi(ax—i-by—i-cz)zé’ =  ahg =azr + by + cz =28 = 2sr.

From triangle inequality, we have

he —axr by +cz

GA+GX >AX>AK = GA+z>h, = GA>Z
a a

Since GZ | BZ and GX 1 BX, quadrilateral BXGZ is cyclic. Then ZX = GBsin B. We also have

1 1
§ZX-y/:§Z$SiH(1800_B) = y’-GBsinB:Z:L‘SinB = y’:%-
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Similarly, we obtain

2 = % and 2’ = %
Applying the inequality (1) to triangle XY Z, we obtain
ZX -y +XY -2 zxsinB+ aysinC bz + cy
> = = GA> .
v= YZ GAsin A S
Similarly, we obtain
az +cx br 4 ay

GB >

and GC > .
b c

Therefore,
aGA+bGB+cGC >bz+cy+az+cr+br+ay=(a+b+c)(z+y+2)— (ax+ by + c2),

which implies

2
g(ama + bmy + cme) > 2s(x +y + z2) — 2sr.

Since GX || AK, we have AGX D ~ AAK D, which implies x/h, = GD/AD = 1/3. So, © = h,/3. Similarly,
y = hy/3 and z = h./3. Then the above inequality becomes

amg + bmp + eme > s(hg + hy + he — 31),
and we are done!

Solution 8 by Theo Koupelis, Clark College, Washington, USA
Let a = BC,b = AC,c = AB, and let E, R,r,s be the area, circumradius, inradius, and semiperimeter of
the triangle, respectively. Using the well-known expression for the length of a median, we get

2(b% + c) — a® = b* 4+ ¢* + 2bccos A
beos B — ccos C)% 4 (bsin B + ¢sin C)?

2
dmy,

= (
> (bsin B + ¢sinC)

2 (b2 4 02)2
- 4R?2
and thus 2 )
+c E 9 9
> = —.(b

Me = 4R abe (6" + ),
and similar expressions for my and m.. Thus,
E

amq + bmy, + cme > Ja(®® + ) +b(? + a?) + c(a® + b?)]

abe

E
= [(a+ b+ c)(ab+ be + ca) — 3abc]|
2F E
=s (-(ab+bc+ca) — 3)
abc 5

= s(hq + hp + he — 37),

2F 2F 2F
because (hq, hy, he) = (, ———

5 ) and F = rs. Equality occurs when the triangle is equilateral.
a c

Also solved by Marin Chirciu, Colegiul National Zinca Golescu Pitesti, Romania; Specialized Mathematical
Gymnasium, Prishtine, Kosovo.
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S718. Let ABC be a triangle with incenter I and center of gravity G. Prove that if I # G, there is no
triangle for which the conditions cos A + cos B =1 and IG || BC' simultaneously hold.

Proposed by Mihaela Berindeanu, Bucharest, Romania

Solution 1 by Kousik Sett, India

It suffices to prove if both the conditions cos A+ cos B =1 and IG || BC simultaneously hold, then [ = G
or, equivalently, triangle ABC' is equilateral. We assume BC = a, CA =b, and AB = c.

A

B E D C

Let AG and AI intersect BC' at D and E, respectively. Since IG || BC implies IG || ED, we have
Al AG 2

IE GD 1
Since AFE is the angle bisector of Z/BAC, by angle bisector theorem, we have BE : EC = ¢ : b. Then

ca

BE = )
c+b

Again, since BI is the angle bisector of ZABFE, by angle bisector theorem, we have
Al AB c c+b

IE ~ BE ca/(c+b) a

Thus, we obtain

= a=

c+b 2 b+c
a 1 '
The condition 9 . 9 9 2 2 39
cosA+cosB=1 = bre —a +c tam b =1
2bc 2ca

Substituting a = (b+ ¢)/2, we obtain

A0* +¢*) = (b+c)* | 4 =0+ (b+c)

=1
8bc 4e(b+ ¢)
3b% + 3c¢% — 2bc n 8b(c —b) +2b(b+c) )
8be 8be B

= 3b% + 3c® — 2bc + 8be — 8b2 + 2b% + 2bc = 8be
= 32=30 = c¢=0b.

Now, from a = (b+ ¢)/2, we obtain a = b. Thus a = b = ¢, that is, triangle ABC must be equilateral and
we are done!
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Solution 2 by Daniel Pascuas, Barcelona, Spain
As usual, let a, b, ¢ denote the length of the sides opposite to vertices A, B, C of triangle ABC| respectively.

Assuming that I # G, condition I | G means that the distances from the points I and G to the line BC
coincide.

Recall that the distance from I to the line BC' is equal to the inradius r of the triangle ABC, which is given
by r = A/s, where A and s are the area and the semiperimeter of the triangle ABC respectively.

Let h be the distance from the point G to the line BC. Then h is the altitude of the triangle BC'G from
vertex G, so the area of BCG equals to ah/2. On the other hand, since G is the center of gravity of triangle
ABC, the area of BCG is equal to $A. It follows that h = 2A/(3a).

Therefore, assuming that I # G, condition I || G means that a = 2s/3 = p/3, where p is the perimeter of
triangle ABC, or equivalently b+ ¢ = 2a.

We are going to show that conditions b + ¢ = 2a and cos A + cos B = 1 imply that the triangle ABC' is
equilateral. That will solve the problem because the incenter and the center of gravity of an equilateral
triangle coincide.

The law of cosines and the identity b + ¢ = 2a show that

V+c?2—a? a?+c2-1? (b+c)2—a2—2bc+a2+(c—b)(c+b)

A B p— p—
cos A+ cos 2bc + 2ac 2bc 2ac
B 3c12—2bc+ a® +2a(c—b) 3a2—2bc+ a+2(c—0b) 3a®+ab— 2b*
- 2be 2ac - 2be 2¢ - 2bc '

Therefore condition cos A + cos B = 1 gives that 3a? + ab — 2b®> = 2bc, which can be written as 3a® 4+ ab =
2b(b + ¢) = 4ab, that is, 3a% = 3ab, or equivalently a = b. Then the identity b + ¢ = 2a implies that ¢ = a.
Therefore ABC is an equilateral triangle, and we are done.

Also solved by Corneliv Manescu-Avram, Ploiesti, Romania; Miquel Amengual Covas, Cala Figuera, Mal-
lorca, Spain; Specialized Mathematical Gymnasium, Prishtine, Kosovo; Theo Koupelis, Clark College, Wash-
ington, USA; Ganghun Kim, Fort Lee High School, NJ, USA; William Han, Horace Mann School, Bronz,
NY, USA.
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S719. Let = > y > z > 0 be real numbers such that 22 + y? + 22 + 2yz = 4. Prove that
6 +xy+yz+ze+(3V2—4)(x—2)? >3 +y+2).
When does equality hold?

Proposed by Marius Stanean, Zaldu, Romania

Solution by the author
The equality holds when 2 =y = 2z =1, or x = y = v/2, 2 = 0 and its cyclic permutations. The inequality
can be rewritten as

6+ay+yz+z2e+ (3V2—4) (22 + 2% — 222) > 3(z +y + 2).
But (z —y)(y — 2) > 0 <= —y? — 2z > —xy — yz, so it suffices to prove that
6+xy+yz+ze+ BV2—4)(a?+92 +22 —ay—yz—22) >3+ y+2),

or
6+xy+yz+ze+ 3V2—4)4—ayz —ay—yz —zx) > 3(x+y+ 2), (1)

If we set © +y + 2z = 3 — u?, where u € [0,1], and zyz = 1 — 92, where t € [O, %], then we have
2ay +yz+zz)=(x+y+2)2 -2 -y -2 =(r+y+2)?—4+ayz
=3 —u?)?-3—-9t2 =6 — 6u® 4+ u* — 9%

The inequality becomes

1246 — 6u? +u' — 92 + (3v2 — 4)(8 — 2 4 18t% — 6 + 6u* — u + 9t?) > 6(3 — u?),
or
9(13 — 9v2)t% < (5 — 3v2)ut + 6(3v2 — 4)u>.
But, according to Theorem 8 from [1], we have

3t < min{u(2 +u), 1}.

We have two cases:
1. If u(24+u) > 1 = u > /2 — 1, then we only need to prove

(5 —3v2)u* +6(3v2 — 4)u* — 134+ 9vV2 >=0,

or equivalently,

(u—vV2+1D)(u+vV2-1) <u2+4ﬂ7+9> >0,

which is clearly true. The equality holds when u = v/2 — 1 which means (z, ¥, z) = (v/2,v/2,0) and its cyclic
permutations.
2. If u(24u) <1 = u < v/2 — 1, then we only need to prove

u?(2 +u)?(13 — 9v2) < (5 — 3vV2)u' + 6(3V2 — 4)u?,
that is after expanding and factoring
w(u— V24 1)(u—2v2+1) >0,

obviously true.
The equality holds when z =y =2 = 1.

References
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[1] Titu Andreescu, Marius Stanean, NEW, NEWER, AND NEWEST INEQUALITIES, 2021.

Editor’s Comment. You may ask “Why can we set  +y + 2z = 3 — u? and xyz = 1 — 9t?? First, since
x,y,2 > 0, clearly xyz > 0. We show that zyz < 1. By the AM-GM Inequality,

72 _|_y2 + 22 > 3(m2y222)1/3 — 3(1’?]2)2/3.
Let s = (zyz)'/3 > 0. Using the condition 22 + y? + 22 + zyz = 4, we get
4:x2+y2+22+33 2332—1—33.

The function f(s) = s3 + 3s? is increasing for s > 0, and f(1) = 4, hence s < 1. Therefore ryz = 53 < 1
and so zyz € [0,1]. Thus we may define

1 1
t:§\/1—xyz€ [0,3},

which is exactly equivalent to
ryz =1— 9¢2.

(The factor 9 is chosen so that later estimates naturally involve 3t.)
Finally, we prove that t +y+ 2 € [2,3]. Let p=2x 4+ y + 2z, ¢ = 2y + yz + zx, r = zyz. Then

=+t 422 4+2q=04-7r)+2¢

So it suffices to show 2q > 7.
First, from 22 + 2 + 22 < 4 we get z,y,z < 2, hence r = zyz < 8 and r1/3 < 2. Also by the AM-GM
Inequality
3
qg=1xy+yz+zx > 3(xy-yz-zx)1/3 = 3(myz)2/3 = 3-%/3 > ?T
r
Therefore 2¢ > 3r > r, and hence

P=@A-r+2q=>@4-r+r=4 = p>2

Finally, the set {(z,y,2) € R?: 2,y,2z > 0,22 + y? 4+ 22 + zyz = 4} is compact, so p = = + y + z attains a
maximum. If we look at the boundary, say z = 0, then 22 + 3% =4, so  + y < 2v/2 < 3.
Now, for the interior, if zyz > 0, apply Lagrange multipliers to maximize p subject to 22 +y% + 22 + xyz = 4.
We obtain

20 +yz =2y +xz = 22 + xy.

Subtracting the first two gives (x—y)(2—2z) = 0. Since z # 2 (otherwise we get x = y = 0, which contradicts
the condition z > y > z > 0), it follows that x = y. Similarly y = z, and so z = y = z. Substituting into
the constraint gives

32+ 18 =4 = =1,

so the maximum is ppax = 3. Thus x4+ y + 2 <3 and so 2 < z + y + z < 3. Therefore we may define

u=+3-(z+y+2) €[0,1],
which is equivalent to x +y + 2z = 3 — u?.

Also solved by Theo Koupelis, Clark College, Washington, USA;
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S720. Given a triangle ABC with the centroid G. M is an arbitrary point inside the triangle. The lines passing
through M and parallel to the median lines intersect the sides BC,CA, AB at X,Y, Z respectively.

Prove that 9
;mﬂ+Y%+ZX%=%Mxﬂwﬂﬂ+MZ%—1M¢.

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Solution 1 by the author
Draw a line pass through M and parallel to BC, it intersects AB, AC at H, K respectively. Points L, N
and P, (Q are defined similarly. It’s easy to see that the triangle M QX is similar to the triangle ABD and
triangle M X L is similar to triangle ADC. Therefore

XQ MX XL

DB AD DC’
From here and since DB = DC' we deduce that XQ = XL, i.e. X is the midpoint of QL. This yields

OMX = MG+ ML,

Similarly

OMY = MK + MP,
2MZ = MN + MH.

Summing up these relations we get

o(MX + MY + MZ) = (MH + MO) + (ML + ME) + (MP + MN).

Now we notice that the equilaterals M HBQ, MLCK and M PAN are parallelograms. Therefore

MH +MQ = MB,

ML+ ME = MC,

MP + MN = MA.

Thus, we obtain

2QMX +MY + MZ)=MA+MB+ MC = 3MG.

Squaring the both sides we obtain

IMG? = 4(MX + MY + MZ)?
— 4(MX* + MY2 4+ MZ2) + S 8MY - M7

cyc

=4(MX? + MY? + MZ*) + ) _4MY? + MZ* - Y Z?)
cyc

=12(MX%+ MY? 4+ MZ?) - AXY? +YZ% + ZX?).

This leads us to 9
;mﬂ+Yﬁ+ZX%:aMXHwﬂﬂ+MZ%—ZM@.

The proof is completed.
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Solution 2 by Kousik Sett, India

Let D, E, and F be the midpoints of the sides BC, C A, and AB, respectively, and let G’ be the midpoint of
MG. In the accompanying figure, the position vector of a point (e.g., A) is represented by the corresponding

bold lowercase letter (e.g., a).
Then

b+c c+a ¢ a+b a+b+c , m+g
— e = — = .

d =
2 ) 2 ) 2 ) g 3 ) g 2

B
D X ¢

Since DA || XM, for some non-zero scalar ¢, we have

x—m:t(d—a):t(b;rc—a>.

Since X € BC, we have
x = (1 —s)b+ sc,

where s is a non-zero scalar. Also, since M lies in the plane of A, B, and C, we have

m = aa + b + ~c,
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where a + 8 + v = 1. Therefore,

(1—s)b—|—5c—(aa—|—ﬁb+7c):t<b—2i_c—a).

Equating the coefficient of a, we obtain ¢ = «, which yields

(b—i—c )
X=m-+ « 9 —a.

Similarly, we obtain

Therefore,

b+c c+a a+b
X+y+z=3m+« 5~ 2 + 3 5 —b|+y 5 — ¢

s (o G ) (5o b (53 0):

2
—3m + (1_23a> a+ <1_23ﬁ) b+ <1_237> c

at+b+c  3(ea+pfb+nc)

=3
m+ 2
a+b+c 3m 3m+3g
:3m+7—7:7,
2 2 2

sincea+f8+v=1, aa+fb+vc=m, and a+b+c=3g.
Again, the position vector of the centroid of triangle XY Z is given by:
X+y+z m+g

3 2

This is exactly the position vector g’ of midpoint of the segment MG. It follows that G’ is the centroid of
triangle XY Z and MG’ = $ MG.

Applying Leibniz’s theorem to triangle XY Z, we obtain
XY24+YZ2+ZX? =3(MX?+ MY? + MZ*) —9MG"

9
=3(MX*+ MY? + MZ?) — ZMG?

Also solved by Specialized Mathematical Gymmnasium, Prishtine, Kosovo; Theo Koupelis, Clark College,
Washington, USA.
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Undergraduate problems

U715. Let a and § be real numbers. Define the function f : R? — R by

QR 1 (1 y)?
Fay) =4 (2] + y)o (22 + 42)°
0 if (z,y) = (0,0).

if (z,y) # (0,0),

Determine for which real parameters a and § the function f is continuous at the origin.

Proposed by Alessandro Ventullo, Milan, Italy

Solution 1 by the author
We will show that

lim f(z,y)=0
(2,y)—(0,0) (z.9)
if and only if o + 28 < 4. Let u = (z +y)? > 0. As u — 0, the Taylor expansion of e at 0 gives
U2
et = 1+u+7+0(u3),

hence
2

e“—l—u:%+0(u3):O(u2) (u — 0).
Therefore, there exist 6 > 0 and Cy > 0 such that whenever 0 < u < §,
le¥ — 1 — u| < Cou?.

Taking u = (z + y)?, for all (x,y) sufficiently close to (0,0) we obtain

|ET0* 1 — (2 +)?| < Co(x +y)* = Colz + g
Let 7 = /22 + ¢2 and s = |z| + |y|. Note the standard inequalities

|z +y| <s, r<s<V2r for all (z,y) € R2.
Using the estimate we have seen before and |z + y| < s, for (x,y) near (0,0) and (z,y) # (0,0) we have

‘x +y‘4 84 41—«

S
= C .
sop2B = 0ca,28 07,28

4—

Since r < s < \/ir, we can compare s*~ % with 4= for all real a:

517 < max{1, 2477&} = = Oy (a) 1t

Hence
|f (@, y)| < CoCr(a)rt—2.

If o +28 <4, then4 —a —28 >0, so r*=*2% — 0 as r — 0. Therefore,

lim z,y) =0
(x7y)—>(070)f( v)

and the function f is continuous at (0, 0).
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Now, consider the path y = x = ¢ with ¢ — 0. Then |x| + |y| = 2|t| and 22 + y? = 2t2, so for t # 0,

e(D? 1 — (2¢)2
(2]t])(2t2)P

f(t7t) =

Using again ¢2)” — 1 — (2t)2 ~ $(2t)t as t — 0, we get

3(2t)*

2 — 93—a—f |;j4—(a+28
f(tyt)Nw—z OB jp|t- (et

If «+28 >4, then 4 — (« +28) < 0 and |f(t,t)] = 0.
If a +28 = 4, then f(t,t) — 237278 £0.

In both cases, lim  f(x,y) # 0, so f is not continuous at (0,0). Hence f is continuous if and only if

(z,y)—(0,0)
a+ 28 < 4.

Solution 2 by Daniel Pascuas, Barcelona, Spain
We want to find for which real numbers o and 5 we have that

lim  f(z,y) =0. *
(z,y)—(0,0) (=.9) )
oo
tTL
Since ¢! — 1 —t = Z —» we get that
n!
n=2
t2 > tn—Q
5 ge'f—l—t:t?z:7 <et?  (t>0).
n=2 ’

Moreover, (22 + y2)% <zl +|y| <2(2® + y2)%, for any (z,y) € R?, so

2
P Ch ) P Ch ) 4e?
1= (:c2+y2)%+5 - (x2+y2)%+5_2

—_— 0<z?+4%<1),
A S O<a®+y2<1), (%)

where the last inequality follows from the trivial inequality (z + y)? < 2(2? + y?) and the fact that the
exponential function is increasing. Now it is clear that

1
li .
(r:0)(0,0) (22 + y2)5 TP 2

=0, whenever §+ 3 <2,

and therefore (x) implies that () holds if § 4+ 8 < 2. On the other hand, if § + 3 > 2 then (x) gives that

2—a—1

< oy < @0 (0<al <),

2—a—1
o] X

and hence (x) does not hold in this case.
Summarizing, f is continuous at the origin if and only if § + 3 < 2.
Also solved by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain; Anita Tufisi, Romania;

Joshua Pité, Cambridge Rindge and Latin School, MA, USA; The Ring Lords, Baden-Wiirttemberg, Ger-
many; Theo Koupelis, Clark College, Washington, USA.
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UT716. Let A and B be two n X n real matrices such that rank(A +iB) = 1 and Tr(A? + B?) = 0. Prove that
AB = BA.

Proposed by Mihai Opincariu, Brad, Romania

Solution 1 by Specialized Mathematical Gymnasium, Prishtine, Kosovo
Let M := A+ iB. By hypothesis,

rank(M) =1 and Tr(A% + B?) = 0.

Since rank(M) = 1, all columns of M are scalar multiples of a single nonzero vector. Hence there exist
nonzero vectors u,v € C" such that M = uv”. Observe that the complex conjugate of M is M = A — iB.
Then
Taking the trace, we obtain

Tr(MM) = Tr(u(vTﬂ)@T) = (v'7) Tr(uv?) = (W) (T u) = 77> > 0.
On the other hand,

Tr(MM) = Tr((A+iB)(A — iB)) = Tr(A? + B?) +i Tr(BA — AB).
Since the trace of a commutator is zero, Tr(BA — AB) = 0, hence
Tr(MM) = Tr(A? 4+ B?).
By hypothesis Tr(A4% + B?) = 0, therefore
Te(MM) = [v"a)? =0,
which implies
Consequently,
MM = (vTa)uwr! =0, MM = (@ w) ! = 0.

Now compute

MM — MM = (A+iB)(A—iB) — (A—iB)(A+iB) = 2i(BA — AB).
Since both MM and M M are zero, we obtain 2i(BA— AB) = 0. Thus BA— AB = 0, and hence AB = BA.

Solution 2 by Joshua Pité, Cambridge Rindge and Latin School, MA, USA
Set C = A+iB € M,(C). Since rank(C) = 1, there exist nonzero vectors u,v € C" such that C = uv'.
Let x,y,p,q € R™ such that u = x + iy and v = p + iq, then

w! = (z+iy)(p+iq) "
=(z+iy)(p" +iq")
=azp' —yq +i(zq +yp).
Hence A=ap' —yq',and B=zq" +yp'.

Define the real scalars a=p'z, b=p'y, c=q'z, and d

-
=qYy.
Note that for any real vectors u,v, s,t we have (uv')(st') =

u(v'8)tT and Tr(uv') = v u.
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First,
A% = (zp" —yq")(zp" —yq")
=ap ap’ —ap'yq' —yq ap +yq yq"

=z(p'x)p" —2(p"y)g" —ylg')p" +ula"y)q"
=zap' —xbg — ycpT =+ yqu.
Therefore
Tr(A%) = Tr(zap") — Tr(zbg") — Tr(yep") + Tr(ydg ")
—ap'z—bqg' z—cp'y+dq'y
= a® + d* — 2bc.
Similarly,
Tr(B?) = b* + ¢ + 2ad.
Thus

Tr(A? + B?) = (a® 4 d® — 2bc) + (b% + ¢ + 2ad)
=a®+b* +c* +d* +2(ad — be)
=(a+d)*+ (b—c)
By assumption, Tr(A% + B?) =0, s0 (a+d)?+ (b—c)?>=0hencea+d=0and b—c = 0.
We compute AB and BA using the rank-one product rule again:
AB = (zp" —yq")(zq" +yp")
=ap'aq’ +ap'yp’ —yq'aq" —yq yp'

=a(p )" +2(p yp" —yld 2)e" —ylq"y)p"
=xaq' +abp’ —yeq' —ydp",
and
BA=(zq" +yp")(xp" —yq")
=aq'ap’ —2q yq" +yp ap’ —ypyq"
=a(q¢ 2)p" — (¢ y)a" +y@ )" —y )"
= xcp—r — xqu + yapT — yqu.
Therefore

AB — BA = (vaq" +xbp" —yeq" —ydp") — (zep” —xdg" +yap' —ybq")
(b—c)ap’ +(a+d)zq" —(a+d)yp’ +(b—c)yq"
0

This completes the proof.

Also solved by Anita Tufisi, Romania; Joshua Pité, Cambridge Rindge and Latin School, MA, USA; Moubi-
nool Omarjee, Lycée Henri IV, Paris, France; Theo Koupelis, Clark College, Washington, USA; Daniel
Pascuas, Barcelona, Spain.
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U717. Find all positive real constant k£ such that
9a* + k) D>+ k) (P + k) > (1 +k)>*(a+b+c)?
for all nonnegative real numbers a, b, ¢ with ab + bc + ca = 3.

Proposed by Vasile Cirtoaje, Oil-Gas University, Ploiesti, Romania

Solution by the author
For a > b = ¢ := x, when 2az + 2% = 3 and z € (0, 1], the inequality becomes

[(3 —2%)% + 4ka?)(2® + k)? > (1 + k)>(2® + 1)%

For x — 0, we get
9k? > (1 + k)3,

that is k € [kq, k2], where k1 ~ 0.81521 and kg & 5.41141 are the positive roots of the equation
k3 — 6k +3k+1=0.

To show that the range of k is [k1, k2], we need to prove the original inequality for k € [k1, k2]. To do this,
assume that
a>b>c,

and denote p = a+b+c and r = abe. From (a+b+c¢)? > 3(ab+bc+ca) = 9 and 3 = ab+be+ca > 3(abe)?/3,
we obtain p > 3 and r < 1, respectively. For fixed p, we write the required inequality as f(r) > 0, where

f(r)y =7 =2kpr + C(p) = (kp —r)* + C(p) — k*p”.

Since kp —r > 3k — 1 > 0, f(r) has the minimum value when r is maximum. It is known that for fixed
a+ b+ c and ab + be + ca, the product abc has the maximum value when b = ¢. So, it suffices to prove the
original inequality for b = ¢ := x, when it becomes

(3 — %)% 4+ 4ka?](z® + k)2 > (1 + k)3 (22 4+ 1),
2% 4+ 6(k — 1)2® — (K — 6k% + 15k — 8)at 4 2(k3 — 6k® + 6k — 1)2% — k* + 6k* —3k —1 >0,
(2% — 1)%[z* + (6k — 4)2® + 9k* — (1 +k)%] > 0.

Since 6k —4 > 0 and 9k% — (14 k)3 > 0, the last inequality is clearly true. For any k € [ky, ks, the equality
occurs when a =b=c=1.

Also solved by Arkady Alt, San Jose, California, USA; Theo Koupelis, Clark College, Washington, USA;
Zon Zon, Kweilin, China.
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U718.

(a) Find all nonnegative integers = such that 5% + (x + 10)? is a perfect square.

(b) Let p be a prime, and let f be a polynomial with integer coefficients. Prove that p* + f2(x) is a
perfect square for at most finitely many nonnegative integers x.

Proposed by Titu Andreescu, USA and Marian Tetiva, Romania

Solution by the authors

(a) Let 5% + (x + 10)? = y? for integers # > 0 and y > x + 10. We then have (y —z — 10)(y + = + 10) = 5%,

((b)

hence
y—x—10=5° and y+x+10=5"""*

for some integer z satisfying 0 < z < z. Because y —x — 10 < y + x + 10, it follows that z < x — 2z, so
r—2z>2z+1 and g<x—z.

Now we have

2(z +10) =577 =57 > 57T 52 = 4.5% = 57 < —(z + 10),

N | =

and

. 25
52 <577 =5"+2(z +10) < S(z+10) = 5" < (z+ 10)%.

DN | Ot

However, the reverse inequality

25
5 > (et 10)?

holds for all integers x > 5, as an immediate induction shows, yielding that for a solution of the
problem we must have x < 4. Direct checking shows that 2 = 2 is the only solution (for which we
have 52 + 122 = 132).

The idea is the same as in part (a). If we have p* 4+ f2(z) = y? for some nonnegative integer = and
some positive integer y > |f(z)| (thus y > f(x) and y > —f(z)), then (y — f(z)(y+ f(x)) = p® implies

y— flz)=p" and y+ f(z) =p""
for some integer ¢ with 0 <t < z. Assume first that f(z) > 0; then we have

z—t>t+1 and g<x—t,

which implies

Qf(.%') :pa:—t _pt > pt-i-l _pt — <p _ l)pt

and
Pt =g 2f(w) £ ) + 26 (@) = -2 f(),

Similarly, if f(x) < 0, then we get
Thus we have, anyway,

for all o such that p” + f2(z) is a square. Nevertheless, this inequality holds for at most finitely many

values of x, because
x
. p2
lim ——— = oo,

oo [ f(x)]

hence we get the desired conclusion.

Also solved by Specialized Mathematical Gymnasium, Prishtine, Kosovo; Theo Koupelis, Clark College,
Washington, USA.
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U719. Find all continuous functions f : R — R such that f(x2*71) and f(2?¥) are periodic functions, for
some positive integer k.

Proposed by Dan-Stefan Marinescu, Hunedoara, Romania
Solution by the author
Let k € N* be such that the functions

g(l’) — f(l’2k_1), h(IE) — f(l‘Qk)

are periodic on R.
Since 2k — 1 is odd, the map z — 22*~! is a bijection of R onto R. Hence, for every z € R we have

fla)=g(*Va). (2)

In particular, for every x € R,

h(z) = f(z**) = 9( %7\1/@) =glel), vi= zlﬁ b

Therefore, for every ¢t > 0,
g(t) = h(1'/"). (3)

We prove that g is constant. Let T" > 0 be a period of ¢g. Fix a,b € R with a # b, and define
an = a+nT, b, =b+nT (n € N).

Then g(ay) = g(a) and g(b,) = g(b) for all n. For n large enough we have a,, > 0 and b,, > 0, so by (3),

l9(a) — 9(8)] = lg(an) — a(ba)] = [n(ar*) —n(b}")|.

(4)

Next we show that
lim (a}/” - b}/") = 0. (5)
n—oo
Indeed, consider o(t) = t'/ on (0,00). By the Mean Value Theorem, for each n there exists ¢, between a,
and b,, such that

v v 1 v—
arlz/ - b711/ = p(an) — @(by) = go'(cn) (an —bn) = > Cé/ ! (a —b).

Since ¢, — o0 and 1/v —1 < 0 (because v > 1), we get el o 0, which proves (5).
Because h is periodic and continuous, it is uniformly continuous on R. Hence, for every € > 0 there exists
0 > 0 such that

[t —y| <d = |h(z)-h(y)l<e  (z,yeR) (6)

By (5), choose n large enough so that ’a}/y - bi/y| < 0. Then by (4) and (6) we get |g(a) — g(b)| < e. Since

e > 0 is arbitrary, it follows that g(a) = g(b). As a # b were arbitrary, g is constant on R.
Finally, by (2), f(x) = g( **+/x) is constant on R as well. Conversely, every constant function f clearly
makes both f(z?~1) and f(x?*) periodic.

Also solved by Theo Koupelis, Clark College, Washington, USA.
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U720. Evaluate

S[1_ 1,1y ap
2n—1 2n+1 2n+3 in|

n=1

Proposed by Paolo Perfetti, Universita di Tor Vergata, Rome, Italy

Solution by the author

The result is

7 7 7wln2 C >
4+ —In2+4 —, C = kzo 2k: " 1 (Catalan constant)

24 8 8 2

We need four integrals

Yn(1 —2) e s 1 " /1 2
— gt =— dt=- —— =i g =
/0 2 Z/O k Zk(%—l) ninéozl<k 2k—1>

k=1 k=1 k=
= lim (H, —2H9y,—1 + Hp—1) = lim (Inn —2In(2n+ 1) + Inn) = —2In2.
n—oo

n—o0

™

In(1 - B
/ 11(73261;8 / In(1 — tant)dt = /4 In(cost — sint)dt — /4 In costdt =
o 1+=z — 0 0

Bl

r=tant
= /4 ln(sin(ﬁ —z))dz + /4 Inv/2dz — /4 In(cost)dt =
0 4 0 0
1 In2 (7% In2 (1
= /4 In(sin x)dx + TR /4 In(cost)dt = e /4 In(tan x)dz
0 0 0
min2 1 nt 7Tln2 ke a2k 7Tln2 Nt
— 8 +/0 T Z/ . Z 2k+ 12
tan =t k:l
min2
= - C.
8

) In(cost + sint)dt — /4 In costdt =
0

S—

In(1 + z)d
/n( +a)d / In(1 + tant)dt =
0 ].+IE2 v

x=tant
1 7T T I
= / In(cos(— — z))dx +/ Inv2dx — / In(cost)dt =
0 4 0 0
i In2 [i In2
= /4 In(cos #)da + - — /4 In(cost)dt = W; :
0 0

/1 t 11+tdt /1—:1: (14 z)? —21nggd /lx—llnxd:p
x€r = _—
o 1+827 1t v 1+22(1+22) (14 )2 0 z+1(1+2?)
1+t

o0 2 2 2

[ (o e =3 (s + ) =R+ B =T

k=0
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1 1 i _i kJrTL_ Z/ k_tQk l)dt
m—1 2n+1 2n+3 — 2k~ N

0 (_1)net 2tn oo ,3t—2tn 3t 2nt )
— (A) (—1)”/ e dt—/ __dt= ‘ +
0 0

1+e 2 et +1 (—2n)(1+€2)lo

+i ooe_znt3e3t+e5t B i B €—2nt 3e3t+e5t ‘oo

2n Jo (14e2)27"  4n An?(1+e?)%lo
L / T om0 £ 2 e 11 9%+ 267 T N

an? Jo (1+e2t)3 dn  4n? 8n3(1+e?t)3 o
+i /oo 6—2nt27€3t _ 17€5t +5€7t +69tdt _ i N i N 3 N

8n3 Jo (14 e2t)4 dn  4n?  16n3

T[> 273 —17e% + 5e™ + e it
+W 0 © (1 + €2t)4
and moreover
‘ /°° Cong 2763 — 17eP 4 5 4 9 dt‘ ‘ / o—2nt 50e” 25
e =
8n3(1 + e2t)4 8n3edt 4n3(1 + 2n)

(A). After converting / (—1)ke*t(2k*1)dt into the integral / (—1)*y?*~Ldy through y = e, the change
0 0

between the series and the integral is justified by the Dominated Convergence Theorem since Z (—1)ky2k 2=
(_1)ny2n—2 h=n
~————— is dominated on [0, 1] by the function 1.
1+y?
The series is clearly
2
1)kt+n 1 o _1)ktn 1
SIS - n i S e ®
2k —1 2n 2k —1 16n
n=1 _n k:n
and we apply Abel “summation by parts” to the first two terms. The third is 72/96.
o 1 OO )k+n
Let’s start with Z o 2k‘ —T
n=1 k=
e 0 k+n 0 n 1
1 (—1) -1 o\ dt
AR =
Say G =X Gy =2 G0y [eerg
n=1 k=n n=1 n=1 =n
B i —1)" /1 (—t2)ndt 1/ In(1—¢3)dt
oy 2141 2 )y 201+t
; Un(1 — t)dt / In(1 + t)dt /1 In(1—t2)dt]
2 0 1+ t2 o 1+ 0 t2 N
1[ 7mln In2 In2 C
2[( ”;1 —(—21112)] = Ta +ln2— o (S1)
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Let’s continue with

.
eon|(2S95) (S5 |-
s[5 E8Y - (55
ey 3 s 5 (s
I e DW=
> e U e Y]

(2n—3)2 2 N3 T N2 g

e T O G L DR G L A L A LNy G DL
__Z o — 3 [2;2k—1]__2(_1)ZQk—l_ZQn—?)];LQk—l

n=2 n=2 k=n n=2

By Abel “summation by parts”

—Z Z (D% 14(- Ni (—1)’f_§:1+(—1)"—1 (—n)nt
2k — 1 2k — 1 2 o2n —3
k=N n=2
—0
N
(-1 1 1 1 1
=N~ _Hyny.s+-Hyo=——-Hon_5+-Hy_ 1
722(2713) sHaN—s+ 7 HN-2 = ¢ — 5Hans+ 1Hy-2+0(1)
N ( 1)n [e's)
— - Yo =2t =
S X o
oy / ()" dt__NZW—np / (1 o _
w3, P+) =p-1J L+e27
N-1

1 L2 ¢ 1+t —?
= dt — 1 dt = 1.
;2;9—1/0 1+ 22 /0 21+142) 11—t 32

We have got

N o) 2
(—1)ktn 1 7 o7
AV H f,H .
;(g%_l AN VA
Ly +1H 7T2+ (1) 7r2+7r+ (1) (S2)
—= 3+ -Hy o—-z+o0(1) == 0
g ENZ3 T g HN=2 T g 328
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and finally the result is

2 72 7 7ln2 C 72 g2 min?2 C
(S)—(SQ)*(81)+%—372+§* 3 *1H2+§+7 + 71n2+§.

96 24

il
8 8

The problem is inspired by num.4903, Crux Mathematicorum, vol.50-1 asking to prove that

i Lo 11 N _1]_ 7 2
2n—1 2n+1 2n+3 An| 8 2

n=1

Also solved by Anita Tufisi, Romania; The Ring Lords, Baden-Wiirttemberg, Germany; Madani Harouach,
AMMOC; Parth Andhare, AMMOC.

MATHEMATICAL REFLECTIONS 6 (2025)

32



Olympiad problems

O715. Prove that there are infinitely many triples (a, b, ¢) of distinct positive integers such that a3+ b3 4¢3 —
3abc is a perfect square but a + b + ¢ is not.

Proposed by Gabriel Dospinescu, Ecole normale supérieure, Lyon, France

Solution 1 by the author

It is well-known that, for a prime p congruent to 1 modulo 3, one can find integers z and y such that
p = x242y+1y%. Moreover, there are such = and y for which z—y = 1 mod 3. Indeed, since p = (z—y)?+3zy,
we get that x —y = +1mod 3. If x+ — y = 1 mod 3 we are done; otherwise, when z — y = —1 mod 3,
we can replace x and y with —x and —y respectively, for which p = (—2)? + (—z)(—y) + (—y)?, and
(—z) — (—y) = —(z —y) = 1 mod 3.

Now let p = 1 mod 3 be a prime, and let z,y be integers with p = 22 + zy + y? and 2 —y = 1 mod 3. Let z
be any integer not divisible by 3 (for which we have 22 = 1 mod 3), and define

2 2
— 2
_pP oty PPNy

_pzz—x—2y
3 3 B '

3

b

Clearly, all of a, b, ¢ are integers (since pz? =1 = x — y mod 3), and they are also positive if we choose z to
be big enough. For these a, b, c we have

a+b+c=3b+z—y=pz°

and
a2+b2+02—ab—ac—bc:(a—b)2+(a—b)(b—c)+(b—0)2:x2+xy+y2:p,

therefore
a® + 03+ —3abe = (a+ b+ c)(a® + b* + 2 — ab — ac — be) = (pz)2.

Thus, for any such a, b, ¢, we have that a® + b3 + ¢ — 3abc is a perfect square, while a + b + ¢ is not (being
a prime multiplied by a square). Moreover, it is clear that the above construction leads to infinitely many
such triples (there are infinitely many primes p = 1 mod 3, and for each of these primes p we can choose z
in infinitely many ways)—and thus the proof is complete.

Solution 2 by Daniel Pascuas, Barcelona, Spain
Assume that the positive integers a < b < c¢ are in arithmetic progression, that is, b = a +d and ¢ = a + 2d,
for some positive integers a and d. Then a + b+ ¢ = 3(a + d) and

(a—0)2+(b—c)?+ (c—a)?

a® + 0%+ —3abe = (a+b+c) 5

= (3d)? (a + d).

It follows that a®+b3+4c®—3abc is a perfect square if and only if so is a+d, and, in this case, a+b+c = 3(a+d)
is not a perfect square.

Since there are infinitely many pairs (a, d) of positive integers such that a+d is a perfect square (for example,
consider the pairs (a,,d,) = (n, (n+1)%—n), for all positive integers n), we conclude that there are infinitely
many triples (a, b, ¢) of distinct positive integers such that a4+ b+ ¢ — 3abc is a perfect square but a+b+c
is not.

Solution 8 by David-Andrei Zabrautanu, Adjud, Romania
We use the identity

(a—b)2+(b—c)2+(c—a)2'

a®+ b +c* —3abec = (a+b+c)(a® +b* +c* —ab—bc—ca) = (a+b+c) 5

MATHEMATICAL REFLECTIONS 6 (2025) 33



Fix integers m,n € N* with n < m?, and define
a=m?—n, b=m?, c=m?+n.

Then a, b, ¢ are distinct positive integers. We compute

a+b+c=3m?

and
(a—b)2+(b—-c)?+(c—a)*=n*>+n+(2n)? = 6n°
Hence,
2
a® + b + & — 3abe = (3m?) - 6% = 9m*n? = (3mn)?,

which is a perfect square.

Since a + b+ ¢ = 3m? and 3 is not a perfect square, the sum a + b + ¢ is not a perfect square.

As there are infinitely many choices of (m,n), the conclusion follows.

Solution 4 by The Ring Lords, Baden-Wiirttemberg, Germany
Leta=n+1,b=n,and c=n—1. Then

a® + b+ — 3abe = 9In

and
a+b+c=3n.

If we choose n = k2, then 9n = (3k)? is a perfect square, whereas 3n = 3k? is not.
Hence there exist infinitely many triples (a, b, ¢) of distinct positive integers such that

a’® + b + ¢ — 3abe

is a perfect square, while a + b + ¢ is not.

Also solved by Anita Tufisi, Romania; Cao Minh Quang, Nguyen Binh Khiem high school for the gifted,
Vinh Long, Vietnam; Corneliv Manescu-Avram, Ploiesti, Romania; Jose Luis Diaz-Barrero, Barcelona,

Spain; Specialized Mathematical Gymnasium, Prishtine, Kosovo; Sundaresh H. R., Shivamogga, Karnataka,
India; Theo Koupelis, Clark College, Washington, USA; Vishal Bansal, India; Diar Gashi, University of

Primorska, Slovenia; Ganghun Kim, Fort Lee High School, NJ, USA; Taes Padhihary, IIT Guwahati, India;

William Han, Horace Mann School, Bronz, NY, USA.
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O716. Let ay,...,a, be positive integers such that any two of them are relatively prime, and let by,...,b,
be positive integers. Prove that there are infinitely many positive integers N such that, for every

N
i€{1,...,n}, the number o is a power (of a positive integer) with exponent a;.
(2

Proposed by Titu Andreescu, USA and Marian Tetiva, Romania

Solution by the authors
We search for N in the form N = btl1 .-+ blr . for some positive integers t1, .. .,t,. Because we want each

N t;—1 t;
5 b I v
je{l,..,n}, j#i
to be a power with exponent a;, it would be enough to have (for any 1)
a; | t; —1, and a; | t; forall i€ {1,...,n}\{j}.

So, an IV of this form satisfies the conditions required in the statement of the problem whenever every t;
verifies the system of congruences

ti=1 (moda;), t; =0 (mod a;) forall je{1,...,n}\ {i}.

Because ay, . .., a, are two by two relatively prime, by the Chinese remainder theorem, each of these systems
of congruences has infinitely many solutions in positive integers, so we can choose the exponents t1,...,t,
(and, consequently, we can choose N) in infinitely many ways in order to have that — is a perfect power
i
with exponent a; for any 7 € {1,...,n}, and the proof ends here.
Remark. For any i € {1,...,n} let
a’l ... an
Ci = ——.
a;

Because any two among aq,...,a, are relatively prime, for any ¢ we also have that a; and ¢; are relatively
prime, therefore ¢; has a multiplicative inverse d; modulo a;. That is, for any ¢ € {1,...,n}, we can find a

positive integer d; satisfying ¢;d; =1 (mod a;). Then, for any i, we can choose
ti =cidi + kiay - - ay
(for some positive integer k;), which satisfies the congruences
ti=1 (moda;), t; =0 (mod a;) forall je{1,...,n}\ {i}.

Thus, infinitely many solutions N to our problem are given by

n
N = H peiditkiar-an
7
i=1

with positive integers k; and d; satisfying ¢;d; = 1 (mod a;) (for the above defined ¢;; the numbers k; can
be arbitrarily chosen).

Also solved by Specialized Mathematical Gymnasium, Prishtine, Kosovo; Daniel Pascuas, Barcelona, Spain.
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O717. Let a1, as,...,a, be positive real numbers such that at most one of them is less than 1 and
a1 +as + -+ a, = n. Prove that

S+t 5+ -tz =2aFay+-+ay.
ay as an

Proposed by Vasile Cirtoaje, Oil-Gas University, Ploiesti, Romania

Solution 1 by the author
Without loss of generality, assume that

ay > az > > ap-1 > 12 ay.
From
l—aiap=(a1—1)(1—-ap)+2—a1—a,>2—a; —ap=(az+-+ap-1)— (n—2) >0,

we get aja, < 1, hence

Let

The inequality is equivalent to

— —a,zlaj—— ) +--+|ap_1— )
gz (dg) o (g

a‘;’ —1 a
Z I ttTag
(1 - an)f(an) > (al - 1)f(a1) + -+ (an—l - ]-)f(an—l)a
[((ar = 1)+ -+ (ap—1 — 1)]f(an) > (a1 — 1) f(a1) + -+ (an-1 — 1) f(@n—1),
(a1 = 1)[f(an) = fla)] + -+ + (an—1 — D[f(an) — f(an-1)] > 0.

It is true if f(an) — f(a;) >0 for i =1,2,...,n — 1. Indeed, we have

f(an)—f(ai):<an+1—ai—1>+<ai+;—a?—12>

_ (@i —an)(1 — aian) n (af —an)(1 = afa3) 0
a;an, a?a% -
The equality occurs for a1 =ag =+ =a, = 1.

Solution 2 by Daniel Pascuas, Barcelona, Spain

Ifay,...,ap >1,thena; =as=---=a, =1 (since a1 + az +--- + a, =n), so
1 1 1 3 3 3
3+f2+~--+7:nzal—i-ag—i—---—i-an.
aij a3 a2

Otherwise, only one of the a;’s is less than 1. Thus, without loss of generality, we may assume that
0 <a <1and ag,...,a, > 1. Write a;j = 1+ xj, where x; > 0, for j = 2,...,n. It follows that
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ap=n—(ag+---+ap) =1—x1, where x; = 29+ --- + x, € (0,1). Therefore we only have to prove the
following assertion:

If zo, ..., 2z, > 0 satisfy that x1 =z + -+ x, € (0,1), then
1 1 1

(1—x1)2 + (1 + z)2 +"‘+m > 1=z’ + (1422 + -+ (1 +a,) (1)
First we show the assertion for n = 2, that is,
1 1 5 )
(1—96)2+(1+x)2>(1_$) +(1+4x) (0<z<1), (2)
The well-known identity N
U—Z)szzo(wrl)xk (-1<z<1)

allow us to prove (2) easily:

1 1
-2 142

= 2%(2k+ Da** >2(1+32) =1 -2+ (1+2)®  (0<z<1).
k=0

Now we show the assertion for n > 2. Write (1) as

1

J— ;UZ PN xn _.:U137
A H @) e ) > (1) (3)

where 1
= —(1+2)? >0).
f@) = = (0 @20)
Note that f'(z) = —=2(1+2) % -3(1+x)? and f"(z) =6((1+a)"*—(1+x)) <0, for z > 0, so f is concave
on [0,00). Since f is concave on [0,00) and f(0) =0, f is subadditive, that is, f(z) + f(y) > f(z +y), for
any x,y > 0. It follows that
1 1 1

2+f(l'2)+"'+f(1‘n)2 2+f($2—|—---+xn):

(1 —x1) (1 —a1) 2 )

(1 — a:l)

By applying (2) to x = x; = 29 + -+ - + z,, we get that

T @) > (=),

which completes the proof of (3).

Note that we have also proved that the inequality at the statement becomes an equality if and only if
a1:a2:---:an:1.

Also solved by Specialized Mathematical Gymnasium, Prishtine, Kosovo; Theo Koupelis, Clark College,
Washington, USA.
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0718. Find all strictly monotonic functions f : R — R such that

et o -2 e-2) -
b c a
for all real numbers a, b, ¢ satisfying abc = 1.

Proposed by Titu Andreescu, Dallas, USA and Gabriel Dospinescu, Lyon, France

Solution by the authors
Clearly f is a solution if and only if —f is one. Call f: R — R good if

f<a—>+f<b—)+f<c—i>+f<a—Df(b—i)f(c—i) o 1)

for all a, b, ¢ satisfying abc = 1, or equivalently

() () (2 (50

for all nonzero real numbers z,y, z.

Lemma 1. If f is good and injective, then f is odd and f(1) € {—1,1}.

Proof. Taking a = b = ¢ =1 1n (1) yields f(0) = 0. For b # 0, taking ¢ = 1 and a = 1/b in (1) yields
f(b—=1)+ f(1 —0b) =0, thus f(—x) = —f(x) for x # —1. For y # 0,—1 choosing z =1, x =y + 1 in (2)
yields

-y,
SO+ =D+ 0+ f(1)f(—1))f(m) =0
The injectivity of f gives f(1)f(—1) = —1 and f(1) + f(—1) = 0, which finishes the proof. O

Let S = R\ {1}. Say a pair (z,y) € S? is good if 2y + 1 # 0, in which case set z *y = . Note that

rxy € S.

Lemma 2. Suppose that f is odd, f(1) =1 and f is injective (thus f(S) C S). Then f is good if and only
if (f(z), f(y)) is a good pair and f(z *y) = f(x) * f(y) for all good pairs (z,y) € S2.

Proof. Suppose that f is good and take a good pair (z,y) € S?. Setting u = %, v = }”_Ly,w =1, we have

u—w

W=, =y, U = —x*y. Using relation (2) (with u,v,w instead of z,y,2) and the fact that f is
odd, we obtam

f@) + fly) = A+ fl2)f(y)f(z*y).

If 1+ f(z)f(y) =0 then f(z)+ f(y) =0, thus f(z) =1 or f(y) = 1, contradicting the fact that f(S) C S.
Thus (f(2), £(y)) is a good pair and £(z) * f(y) = f(x ).

Conversely, suppose that (f(x), f(y)) is a good pair and f(x * y) f(x)* f(y) for all good pairs (z,y) € S?
and let us prove relation (2) for all nonzero z,y, z. Letting u = = 2 w = =¥, asimple computation
shows that u+v+w+uvw = 0. We want to prove that f(u)+ f(v )+f( )+f( )f(v)f(w) = 0. Suppose first
that u,v € S. Then (u,v) is a good pair, for otherwise the equality uv+1 = 0 forces u+v = —w(uv+1) =0,
so one of u,v equals 1, a contradiction. Then w = —u *x v, so f(w) = —f(u*xv) = —f(u) * f(v) and
the relation f(u)+ f(v) + f(w) + f(u)f(v)f(w) = 0 follows immediately. Now suppose that u ¢ S, i.e.
u =1, then (v + 1)(w + 1) = 0 and we want to check that (1 + f(v))(1 4+ f(w)) = 0, which is clear since

f(=1) = —f(1) = —1. By symmetry we have the same result if v ¢ S, finishing the proof. O
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The above discussion reduces the problem to finding the odd, increasing functions f such that f(1) = 1
and f(x *y) = f(x) * f(y) for all good pairs (x,%) € S? (in particular (f(x), f(y)) is also a good pair). Let
S"=R\{-1}andlet u: S — S, u(z) = £. Then u is a bijection, with inverse v(z) = 7=1- Decomposing
S=S5,US8_and S =5 US" with

—_

Sp=(1,00),5- = (—00,1),5 = (-1,00),58. = (—o00,—1)

we see that v induces increasing bijections u : S4 — S’ and u : S_ — S’.. Moreover, a simple calculation
shows that u(z x y) = u(x)u(y) for a good pair (z,y) € S, thus v(zy) = v(x) * v(y) whenever zy # —1 and
xz,y €S
Let now f be a solution and let

F:8 58 F=uofou L

By the above discussion (and the fact that f is increasing and f(1) = 1) F restricts to increasing maps
F:8 =8, F:58 =5 and F(zy) = F(x)F(y) for z,y € ' with zy # —1. Conversely, any such F
gives rise to a function f = u=to fou : S — S, which extended by f(1) = 1 gives a solution (which is
indeed odd, since F(z)F(1/z) =1 for z € ).

Thus we need to classify maps F' : S" — S’ which restrict to increasing maps S/, — S/ and S” — S’
and satisfy F(xy) = F(z)F(y) for z,y € S" with zy # —1. Clearly F(0) = 0, thus F restricts to an
increasing multiplicative map F' : (0,00) — (0,00). The function G : R — R defined by G(x) = In F'(e*)
is additive and increasing, thus G(x) = rz for some constant r > 0, hence F(z) = 2" for x > 0. If
x,y € (—1,0) then F(z)F(y) = F(xy) = (zy)" = (—x)"(—y)", and using that F' is increasing on (—1,0) we
obtain F(z) = —(—xz)" for x € (—1,0). Similarly, if x < —1 then F(z) = —(—x)". Conversely, one easily
checks that these are solutions, and by the discussion in the previous paragraph we obtain all solutions of
the problem.

Also solved by Anita Tufisi, Romania; Theo Koupelis, Clark College, Washington, USA.
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0719. Let z,y, z be nonnegative real numbers such that 2% + y? 4+ 22 + 2yz = 4. Prove that

(9 + 3V3)zyz
4+ (54 3V3)wyz

z+y+z>2+

When does the equality hold?

Proposed by Marius Stanean, Zalau, Romania

Solution by the author
This condition leads us to the following substitutions

x=2cosA, y=2cosB, z=2cosC

where ABC' is a nonobtuse triangle, including the possibility of having a degenerate triangle.
By the known identity in a triangle:

2(R
x+y+z=2(cos A+ cosB+cosC) = (R—Hﬂ)’
s2 4+ 71?2 — 4R?
my+yz+21‘:4ZCOSACOSB: —

cyc
2(s? —r? —4Rr — 4R?)
R? ’

xyz = 8cos Acos BeosC =
the inequality becomes
(94 3v3)(s®> — r? — 4Rr — 4R?)

> )
4R2 4 2(5 + 3v/3)(s2 — 2 — 4Rr — 4R?)

r
R
or after expanding

(9+3\f—(5+3\/§)~i;>;22§g+(9+3\/§) (2+%)2—(5+3\/§) (2+%)2~%

2
If we denote by t2 =1 — ET € [0,1], then by Blundon’s Inequality, i.e.

s> <2R* + 10Rr — * + 2\/R(R — 2r)3

the above inequality becomes

2

s (1
ﬁ§2+5(1—t2)—

In terms of ¢ it suffices to prove that

— t2)? (3=t +1)
— T 23 = — (1)

(3—1)3(1+1)

[4 +(5+ 3\/3)752} : .

2 2
<2(1—t*) +(9+3V3) <2+1_2t2> — (5+3V3) (2+1_2t2> (1 —t3).

Clearing denominators and expanding, it becomes

) ) 13+ 7V3
(t— D2t +V3-2) (t—m) >0

which is clearly true.
The equality holds when ¢ = 0 which implies x =y = z = 1 or when £ = 1 which impliesz =2,y =2 =10
or when t =2 —v3s0x=2(v/3—-1), y=2=1+/3—1 and its cyclic permutations.

Also solved by Arkady Alt, San Jose, California, USA; Marin Chirciu, Colegiul National Zinca Golescu
Pitesti, Romania; Theo Koupelis, Clark College, Washington, USA.
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0720. Find all pairs (a,b) of positive integers such that for all sufficiently large positive integers n, each of
the numbers (a™ +1)(b" 4+ 1) and ((a 4+ b)" + 1)((a — b)™ + 1) can be written as the sum of squares of
two integers.

Proposed by Titu Andreescu, Dallas, USA and Gabriel Dospinescu, Lyon, France

Solution by the authors
Let S be the set of integers that can be written as the sum of squares of two integers. Say a pair (¢, d) of
integers is good if (¢" 4+ 1)(d" + 1) € S for all n large enough. The key lemma is the following:

Lemma 1. Suppose that (¢, d) is good and ¢,d > 0. Then cd is a perfect square. Moreover, if d = 0 then ¢
is a perfect square.

Assume this lemma for the moment and let a,b > 1 be such that (a,b) and (a + b,a — b) are good. Clearly
a—b > —1, otherwise ((a + b)" + 1)((a — b)™ + 1) is negative for n odd. Suppose first that a — b > 1.
By the lemma ab and (a — b)(a + b) = a®? — b? are perfect squares. Writing a = dz,b = dy with d,z,y
positive integers and ged(z,y) = 1, we deduce that x,y are perfect squares and 22 — y? is a square as well,
and moreover it is nonzero. This yields a nontrivial solution to the equation u* — v* = 22, a contradiction.
Hence a —b=0o0ra—b= —1. If a — b = 0 then by the lemma a = 2k? = b for some positive integer k, and
obviously all such pairs give solutions. If a —b = —1, then the lemma forces ab being a perfect square, which
is impossible. Thus the only solutions of the problem are the pairs (22, 2k?) with k a positive integer.

Let us prove the lemma. Suppose first that ¢,d > 0 and that cd is not a perfect square. We will prove

below that there are infinitely many primes p = 3 (mod 4) such that <%d) = —1. Since (1%) . (%) = —1, by

symmetry we may assume that (g) = —1and (%) = 1. Thus p | ey +1 and p does not divide d'= +1. By
assumption, if p is big enough we have (c% + 1)(d% +1) € S, in particular vp((cj%l + 1)(d1%l +1)) is even,
or equivalently vp(cp%1 +1) is even (and positive). But then vp((cp(p;) + 1)(dp(p;1) +1) =1+ vp(c]l%1 +1)
(ifx = T and y = de_l, then y?» +1 =y +1 (mod p), and p does not divide y + 1, so v,(y? + 1) = 0; also
vp(aP + 1) = vp(z + 1) + 1 by a standard argument). Thus (cp(p;D + 1)(dp(p;1) +1) ¢ S, a contradiction.
Suppose now that d = 0 and ¢ > 0. If ¢ is not a perfect square, by the lemma below there are infinitely

many primes p = 3 (mod 4) such that (%) = —1, and then we can redo the previous argument and deduce
p(p—1)

that ¢ 2 +1¢S.
To finish the proof, we will prove the following (relatively standard)

Lemma 2.
If a is a positive integer which is not a perfect square, then there are infinitely many primes p =3 (mod 4)

such that <%> = —1.

Proof. We may assume that a is squarefree. Suppose first that a is odd, with prime factors py, ..., pg.
i—1

Let » € {1,...,p1 — 1} be such that <IJL1> = (—1)1+Z§:1 “2~. Consider the system of congruences p = 3

(mod 4),p = 1 (mod ps...px),p = r (mod p1). The Chinese remainder theorem combined with Dirichlet’s

theorem yield infinitely many solutions, and the quadratic reciprocity law ensures that any such prime

satisfies )
<a> [y (p) _ ()T () )
p P Di P

Suppose that a is even, and let py, ..., px be its odd prime factors (if any). We argue as above, by replacing
the congruence p =3 (mod 4) with the congruence p =7 (mod 8) (in order to force <%) =1). O

Also solved by Specialized Mathematical Gymnasium, Prishtine, Kosovo; Theo Koupelis, Clark College,
Washington, USA.
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