Junior problems

J727. Find all real numbers « and y such that

(y +22)% + (z + 2y)> — 9(2® + v*) = 9(2® + zy + y) = 18.

Proposed by Alessandro Ventullo, Milan, Italy

Solution 1 by Theo Koupelis, Clark College, Washington, USA
Using the identity
(y +22)% + (z + 2y)® — 9(2® + °) = 18zy(x + y),

and setting z(z + y) = z, the given system of equations is now equivalent to
zy =1,
z+y=2.

Thus, z,y are solutions of the quadratic t* — 2t +1 = 0, and therefore y = z = 1. From z(x + 1) = 1 we get
x = (=1 ++/5)/2. Thus, the solutions of the given system of equations are

(l’,y) = <_1:5\/g71) .

Solution 2 by Daniel Pascuas, Barcelona, Spain
Since (y+ 2x)3 + (z+ 2y)? — 9(23 + ) = 18zy(x +y), we have to find all real numbers = and y that satisfy
the following two equations:

ey(r ) =1 1)
x(z+y)+y=2. (2)

Multiplying (2) by % and taking into account (1) we get that 0 = 32 —2y+1 = (y —1)?, so y = 1. Therefore
z(z+1) =1, that is, x> + 2 — 1 =0, and so ¥ = %‘/‘% Hence the solutions to equations (1) and (2) are

(x,y):<_1;*/5,1> and (x,y):<_1;‘/5,1).

Solution 3 by Ervin Ramirez, Richland Center, Wisconsin, USA
Expanding the first equation gives 1822y + 18zy? = 18, hence

zy(z +y) =1

In particular, z,y # 0, so

1
:r:+y:x—y.

From z2 + 2y + y = 2, we obtain
r(zx+y) +y=2
Substituting z(z + y) = i yields i +y =2, thus (y — 1)? = 0, and therefore y = 1.

Returning to zy(z 4+ y) = 1, we get z(x 4+ 1) = 1, that is, 22 + 2 — 1 = 0. Hence x = %‘/‘F’
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Therefore,
1 1
(l’,y) = <—g\/571) ) (2\/571> .

Also solved by Aarnav Siva, AMMOC, USA; Adela Llapashtica, Specialized Mathematical Gymnasium, Pr-
ishtine, Kosovo; Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain; Anita Tufisi, Romania;
Arkady Alt, San Jose, California, USA; Cao Minh Quang, Nguyen Binh Khiem high school for the gifted,
Vinh Long, Vietnam; Debarun Das, CMC, Hyderabad, India; G. C. Greubel, Newport News, VA, USA;
José Luis Diaz-Barrero, Barcelona, Spain; Kalkin Gandhi, AMMOC Bengaluru, India; Kousik Sett, In-
dia; Luke Paluso, Blinn College, Brenham, TX, USA; Nguyen Viet Hung, Hanoi University of Science,
Vietnam; Sahel Koley, Tarakeswar, West Bengal, India; Sundaresh H. R., Shivamogga, Karnataka, India;
The Ring Lords, Baden-Wiirttemberg, Germany; Aaditya Bhaumik Sahu, AMMOC, India; Benjamin Cha,
Choate Rosemary Hall, Wallingford, CT, USA; Diar Gashi, University of Primorska, Slovenia; Ganghun
Kim, Fort Lee High School, NJ, USA; Kristine Lee, Mount Juliet High School, TN, USA; Loukya Ghanta,
AMMOC; Parth Andhare, AMMOC; Polyahedra, Polk State College, FL, USA; Shaurya Patil, AMMOC;
Shilong Zhuang, California, USA; Vibhu Konduru, AMMOC; Vidur Konduru, AMMOC; William Han, Ho-
race Mann School, Bronxz, New York, USA; Yeonwoo Amelia Tae, Northfield Mount Hermon School, Gill,
Massachusetts, USA.
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J728. Let a, b, c be positive real numbers such that abc = 1. Prove that

1 1
< 3.
1—a—|—a2+1—b+b2+1—c—|—c2 -

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Solution 1 by the author
Since abc = 1, there exist positive real numbers z,y, z such that

Yy z x
a=>,b=—,c=—.
x Y z
Then the inequality becomes
2 2 2
x z
2 3T 3 i 2 2 7 =3
T4 =Y +Yy Y- —yz+z 24— 2T+ T

It’s easy to see that
[4 .4
2 —azy+y? > %

x? 2z

< .
2 —ay+y? — \ 2t + oyt

Hence

Establishing two similar inequalities and adding them up we get

z? 24 2y4 224
Z 2 7 S 4 1T 4 1T 4 4"
T4 —xy+vy 5ty y*+z s

cyc

Now we use Cauchy-Schwarz inequality as follows

224 224
_ 44 4
) Al >+ )(x4+y4)(x4+24)

cyc cyc

< 4(x4+y4+z4)z(

o [8(xt + yt + 2t (atyt 4yt + 2tad)
R RGE ey
<3,

where the last inequality is equivalent to

9(:64 + y4)(y4 + z4)(z4 + x4) > 8(1:4 +yt + 24)(x4y4 + y4z4 + 2;43:4)
= 9((*+y* + 2@ty +ytet + 2ht) — atyte?t) > 8(at + yt + ) (@Yt + ytet + 2t
= (ac4 + y4 + 24)(a:4y4 + y4z4 + 24374) > 9x4y4z4,

which follows from the AM-GM Inequality.

Solution 2 by Polyahedra, Polk State College, FL, USA
If z,y,2 > 0 and xyz = 1, then

(1+x+x2)(1+y+y2)(1+z+22)—Z(1+x+x2)(l+y+y2):xy+yz+zx—$2—y2—22§0,

cyc
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and thus ) Cycﬁ > 1 (which is also known and can be found in T. Andreescu & A. Ganesh, 109
Inequalities from AMSP, XYZ Press, 2015, p. 9). Since z = 1/a?, y = 1/b% and z = 1/c? also satisfy

xyz = 1, we have
1<Z¥_Z“74
- 1+x+x2_cycl+a2—|—a4'

cyc

Using (1 — a +a?)(1+a+a?) =1+ a® + a* we have

1 at 1—a+a®+2d*
3>6-y ——— -2y — = 2—
- Zl+a+a2 Zl+a2+a4 Z( 1+a2+a4

cyc cyc cyc

1+a+a? 1
_Zl+a2+a4 zyc:l—a—ka?‘

Solution 8 by Marin Chirciu, Colegiul National Zinca Golescu Pitesti, Romania

We have . A )
— <3 &= - —— | >1
Zl—a+a2_ Z<3 1—&—1—&2)_
cyc cyc
But
4 1 41l -a+a*) -3 (2a—1)?

3 l1-a+a® 3(1-a+a?)  3(1-a+a?)

(2a —1)?
>3
21 ara >

cyc

Thus it is enough to prove

By Titu’s lemma, we get

(2a _ 1)2 (chc(2a — 1))2
Z 1—a+ a2 = Yyl —a+a?)

cyc

Let p=a+b+c, ¢ =ab+ bc+ ca, abc = 1. Then

d (2a-1)=2p-3

cyc

and
Z(l—a+a2):3—p+2a2:3—p+p2—2q.

cyc cyc

Therefore,

G R,
l—a+a? = p2—2¢—p+3

cyc

It remains to prove that

_ )2
2p—-3)° 4
p*—2¢—p+3 "~

This is equivalent to

(2p—3)2>3(p* —2¢—p+3) < p*>—9p+6¢>0.
Now, since

¢ = (ab+ be + ca)? > 3abe(a + b+ ¢) = 3p,

we have, by AM-GM,

p® + 6g = p® + 3¢ + 3¢ > 33/9p2¢% > 3/27p3 = 9p.

Hence p? — 9p + 6¢ > 0. Equality holds when a = b= ¢ = 1.

MATHEMATICAL REFLECTIONS 2 (2026) 4



Solution 4 by Theo Koupelis, Clark College, Washington, USA
Substituting ¢ = 1/(ab), and setting p = a + b and r = ab, the desired inequality becomes equivalent to
2 2
—2r — 2
P r—p-+ n T <3
pP4+r2—pr—p—r+1 r2—r+1

Clearing denominators we get the following quadratic in p:

PP —2r+2) — (2r* =2 +r + 2)p+2r* =373 +4r? —2r +1 > 0.
The discriminant of the above quadratic is A = —4r% + 20r° — 48r* + 6813 — 5912 4 28 — 4. We have
r? —2r+2=(r—1)2+1>0, and using AM-GM we get p > v/4r. Thus, it suffices to show that

2r3 —2r2 4 r + 2+ VA

4r >
"= 2(r2 = 2r +2)

Squaring and simplifying we get
16(r — 1)%(r? = 2r + 2)2(r* + 7+ 1)[(2r% — 2r + 1) +7(r +1)] > 0,
which is obvious for r > 0. Equality occurs when (p,r) = (2,1), and thus when a =b=c=1.

Solution 5 by Ervin Ramirez, Richland Center, Wisconsin, USA
By the wvw principle, it suffices to consider the case

b=c=t, a=—.

Then

1 o 2
Zl—a+a2_t4—t2+1+t2—t+1‘
Let
ot 2
TH 241 i+l

We compute S — 3:

2 —t+ D) +2(t =2+ 1) =3t =2+ (2 —t + 1)
=24+t —t+1) '

Expanding the numerator and factoring, we get

—2t8 pot® 3¢t — 33 — 22 4+ 3t — 1= —(t — 122t 263 2 —t +1).

S—3=

Hence
(t—1)22t 4262 -2 —t + 1)

(=2 +1)(t2—t+1)
Since (t1 =2 +1)(t2 —t+1) > 0 and 2t1+ 263 — 2 —t +1 = 2(¢2 — 1/4)? +2t(t — 1/2)> + (161> — 12t +7) /8 > 0
for all ¢ > 0, it follows that S — 3 < 0.
Therefore,

S—3=—

1 1
< 3.
1—a—|—a2+1—b—|—62+1—c—|—02 -

Equality holds when t = 1, that is, a =b=c=1.

Editor’s Comment. Daniel Pascuas observed that this problem appeared as Problem 1.46 (with two dif-
ferent solutions) in Vasile Cirtoaje’s book Mathematical Inequalities, Volume 2 - Symmetric Rational and
Nonrational Inequalities, published by LAP LAMBERT Academic Publishing in 2021.

Also solved by Adela Llapashtica, Specialized Mathematical Gymmnasium, Prishtine, Kosovo; Arkady Alt, San
Jose, California, USA; Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Viet-
nam; José Luis Diaz-Barrero, Barcelona, Spain; Prodromos Fotiadis, University of Crete, Greece; Saarang
Agarwal, AMMOC; Sahel Koley, Tarakeswar, West Bengal, India; The Ring Lords, Baden-Wiirttemberg,
Germany; Aaditya Bhaumik Sahu, AMMOC, India; Daniel Pascuas, Barcelona, Spain; Parth Andhare,
AMMOC; Shilong Zhuang, California, USA.
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J729. Solve in integers the equation

7
zt — §xy + y* = 2026.

Proposed by Adrian Andreescu, Dallas, USA

Solution 1 by Benjamin Cha, Choate Rosemary Hall, Wallingford, CT, USA
Let p = |zy|. By the AM-GM Inequality, z* + y* > 222y = 2p?. Hence

7 7
2026 = z* — 57U+ yt > 2p? — 5P
It follows that p < 32, and therefore

<32 =112.

[NCREEN|

Thus,
1914 = 2026 — 112 < z* + y4 = 2026 + ;my <2026 + 112 = 2138.

Therefore, z* + y* € [1914,2138]. Since 7* = 2401 > 2138, we must have max(|z|,|y|) < 6. The possible
fourth powers are 0, 1, 16, 81, 256, 625, 1296. The only way for the sum of two such fourth powers to lie in
the interval [1914,2138] is z* + y* = 625 + 1296 = 1921. Thus, {|z|, |y|} = {5,6}.

Substituting z* + y* = 1921 into the original equation gives

7
1921 — Sy = 2026 = xy = —30.

Therefore  and y have opposite signs, and the integer solutions are

(1’, y) € {(_67 5)7 (_57 6)7 (57 _6)7 (6, _5)}'

Solution 2 by Polyahedra, Polk State College, FL, USA
Let f(x,y) be the polynomial on the left side of the equation. If |z| > 7, or |y| > 7, or |z| = |y| = 6, then

7
flz,y) >zt — Z(mQ + %) +yt > 222 — 2) + 12 (y> — 2) > 2026.
If |z|, ly| <5, then

flz,y) <5 +4-5%+ 5 < 2026.

If |z| = 6 but |y| <4, then
flx,y) < 6*+21 -4+ 4% < 2026.

Therefore, we must have {|z|, |y|} = {5,6}.
It is then easy to check that the solutions are (z,y) = (5, —6), (—5,6), (6,—5), and (—6,5).

Solution 8 by The Ring Lords, Baden-Wiirttemberg, Germany

First, observe that at least one of x,y must be even, otherwise %:By is not an integer.

Furthermore, note that if n is even, then n* = 0 (mod 16) and if n is odd, then n* =1 (mod 16). Assume
that x is even and consider the equation modulo 16.

1. If y is odd then —Zzy + 1 = 2026 (mod 16), which implies $zy =1 (mod 16).

2. If y is even then —%:Uy = 2026 (mod 16), which implies %zy =10 (mod 16).
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We next derive a bound for zy. By the AM-GM Inequality,
zt 4yt > 202
Substituting into the original equation yields
20 1
2z°y” — §xy < 2026.
Let t = xy. Then
7
2t — 5t — 2026 <0.

The roots of this quadratic are approximately —30.965 and 32.715, hence —30 < zy < 32. From the modular
constraints %xy =1 (mod 16) or %xy = 10 (mod 16), we obtain xy € {—30,—12,2,20}.
Since 2% + y* = (2% + y?)? — 22%y?, we rewrite the equation as

7
(2% + y*)? = 2026 + 22y + 3%Y-
Let .
f(t) = 2026 4 2t* + gt t=ay,

Evaluate:
f(=30) =3721 = 612, f(=12) = 2272, f(2) =2041, f(20) = 2896.

Only t = —30 yields a perfect square. Thus,
ry=-30, 2?+4y* =6l

We compute

2

(z —y)® = 2% — 22y + y? = 121, (x4y)? =2+ 2zy+1° = 1.

Thus

r—y = =11
z+y = =1

Solving gives the integer pairs (z,y) € {(5,—6), (6, —5), (—5,6),(—6,5)}.
We verify that these are all solutions to the given equation.

Solution 4 by Theo Koupelis, Clark College, Washington, USA
Solution #1

For solutions in the integers we must have 2 | (zy) and thus at least one of the variables is even. Clearly
if (z,y) is a solution then (y,z), (—z,—y), and (—y, —z) are also solutions. Also, (z,y) = 1 and zy # 0
because the number 2026 = 2 - 1013 does not have a square factor. Without loss of generality, let x = 2z be
a positive, even integer. Substituting into the given equation we get

162% — 7zy + y* = 2026.

Using AM-GM, from the above equation we get

(422 + y2)? N 7(42% 4+ y?)
2

(42% + %) = 2026 + 82%y? + Tzy < 2026 + 1 :

and thus
422 + % <65 = 2 € {1,2,3,4}.

(i) For z = 1 we get y?> < 61 and y* — 7y = 2010. Working modulo 7 we get y = +1mod 7, and thus
y € {£1,£6}. None of these values satisfies the given equation.
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(i) For z = 2 we get y? < 49 and y* — 14y = 1770. Working modulo 7 we get no integer solutions to this
equation.

(iii) For z = 3 we get y? < 29 and y* — 21y = 730. Working modulo 7 we get y = £2mod 7, and thus
y € {£2,£5}. Only the value y = —5 satisfies the given equation, and thus (z,y) = (6, —5) is an acceptable
solution.

(iv) For z = 4 we get y*> < 1 (and thus y = 1) and y* — 28y = —2070, which is not possible.
Therefore, the integer solutions of the given equation are (z,y) = (6, —5), (—5,6), (—6,5), and (5, —6).

Solution #2

Let p =z + y and r = xy. The given equation is equivalent to
4r% — (8p* 4+ T)r + 2p* — 4052 = 0,

whose solutions are

 8p? + 7 /32p" + 112p? + 64881
+ = 3 .
From AM-GM we get r < p?/4, and thus only r_ is acceptable and

32pt + 112p% + 64881 > (6p° + 7)? <= p' — Tp*> — 16208 <0 — —11 < p < 11.

Because r_ is a function of p?, it suffices to examine only the values p € {0,1,...,11}. By substitution we
get that only for p = 1 the quantity 32p* 4 112p? + 64881 is a square. Thus, the acceptable solutions over the
integers are p = +1 and r = —30. Therefore, the integer solutions of the given equation are (x,y) = (6, —5),
(=5,6), (—=6,5), and (5,—6).

Also solved by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo; Anita Tufisi,
Romania; Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam; G. C.
Greubel, Newport News, VA, USA; José Luis Diaz-Barrero, Barcelona, Spain; Sundaresh H. R., Shivamogga,
Karnataka, India; Aaditya Bhaumik Sahu, AMMOC, India; Daniel Pascuas, Barcelona, Spain; Diar Gashi,
University of Primorska, Slovenia; Ervin Ramirez, Richland Center, Wisconsin, USA; Loukya Ghanta,
AMMOC; Parth Andhare, AMMOC; Shaurya Patil, AMMOC; Shilong Zhuang, California, USA; Vibhu
Konduru, AMMOC; Vidur Konduru, AMMOC; William Han, Horace Mann School, Bronz, New York,
USA; Yeonwoo Amelia Tae, Northfield Mount Hermon School, Gill, Massachusetts, USA.
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J730. Let x,y, z be nonnegative real numbers such that 4z 4+ 3y + z = 1. Find the minimum and maximum

of
x4+ x?+y?+ 22

Proposed by An Zhenping, Xianyang Normal University, China

Solution 1 by Polyahedra, Polk State College, FL, USA

First, x + /22 + 4> + 22 <z + /(3x + 3y + 2)? = 4o + 3y + z = 1, with equality when (z,y, z) = (0,0,1),

so the maximum is 1. Next, by the Cauchy-Schwarz inequality,

32 4122 + 42)(x2 2 2 12 4 4
x+ x2+y2+22:x—|—\/( + —|—13)(:v +Y +Z>Zw+3x+13y+ Z:ﬁ,

3 3 1 4
with equality when (x,y,2) = (52 3 13), so the minimum is 3

Solution 2 by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo
Denote

F=xz+ 22 +y2+ 22
Since x,y, z > 0, we have \/a2 4+ y2 + 22 < x + y + 2. Therefore,
F<z+(x4+y+z)=22+y+z=H4xr+3y+2)—2x—-2y=1—-22x—-2y <1

Hence, F' <1 and equality holds for (z,y, z) = (0,0, 1). Thus, the maximum value is 1.
From 4z 4+ 3y + z = 1 we get 3y + z = 1 — 4z. By Cauchy-Schwarz,

By +2)? < (32 +1%)(y* + 2%) = 10(y* + 27).

Hence ( )2
1—4x
2 2
>
Y+ 27> 10
Thus

1 —4x)?
F:I+‘/$2+y2+222$+ 1-2+Q

10

We now compare the expression under the square root with (14—3 — :c)Q. Indeed,

2+(1—49;)2_ 4 2_(52x—3)2>0
10 13 1690 T

ettt Oz (o) = 4
13

So, F' > 13. Equality occurs when 52z — 3 = 0, that is, z = 53—2 Equality must also hold in Cauchy-Schwarz,
SOy : z—3 1. Since

x

Therefore

12 10
3 =1—-4z=1——=—
yre=lmrElT s T
we get y = 13—3 and z = 1—13 Thus the minimum value is %.
Solution 8 by Daniel Pascuas, Barcelona, Spain
We have to find the the minimum and maximum values of the function

flz,y,2) =a+ Va2 +y>+ 22

MATHEMATICAL REFLECTIONS 2 (2026) 9



on the set T := {(z,y, 2) € R3:z,y,2>0,dc+3y+2z = 1}, which is the triangle with vertices at the points
p1 = (%,0,0), p2 = (0,,0), and p3 = (0,0, 1).

Note that f = g + h, where g(x,y, z) = /2% + y? + 22 is the Euclidean norm and h(z,y,2) = z. Since g is
a strictly convex function while A is a linear function, f is also a strictly convex function. Therefore

max f(p) = max{(p1), f(p2). f(ps)} = max{3, 5, 1} =1,

and this maximum value is only assumed on T" at ps = (0,0, 1).

In order to find the minimum value of f on T, we write

T = U I,, where I,:={(z,y,2)€T: x=a}.
0<a<i

Note that, for 0 < a < %, I, is the closed line segment with endpoints P, = (a,0,1—4a) and Q, = (a, 1_34‘1 ,0),
that is,

Io={P,+tP,Qq: 0 <t <1},
Then the plane %y + (4a — 1)z = 0 passes through the origin and is orthogonal to the straight line

containing I, (because P,Q, = (O, 134“, 4a — 1)) Since this plane cuts I, at the point

Py = (a,3(1 — 4a), (1 — 4a)),

ﬁa is the closest point on I, to the origin, so

min f(p) = g(a), where g(a) = f(F) = a+y/a>+ (1 —4a)”.

Since T: = {p1}, the above formula also holds for a = %. It follows that

min f(p) = min g(a).

peT 0<a<%
Since )
—2(1—-4 13a — 2
g(a) =1+ —— sU—da) ¢
\/(12—|—1—10(1—4a)2 5\/a2+11—0(1—4a)2

the critical points of g are the solutions of the equation

5\/a2 + +(1—4a)?2 =2 —13a.

Any solution to that equation must satisfy that 2 — 13a > 0, i.e. a < 1—23 For those a’s, by squaring we get
the equivalent equation

25(a® + & (1 — 4a)?) = (2 — 13a)?,
which can be written as 208a? — 64a + 3 = 0, after simplifying terms. The solutions to this quadratic
equation are a = i and a = % Since % < % = % < %, a= 5—3’2 is the only critical point of g, and it lies in
the interval (0, ;). Therefore

win /() = min, o) = min{g(0), 9(3), f(35)} = min{ 75, 3, 55} = 13,

4 1 1
because 5 < 7T <3

Hence we have just proved that the maximum and minimum values of

x + xQ—}—y?—{—zz (x,y72’20,4x—|—3y—|-z:1)
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are 1 and %, respectively. They are only assumed at the points ps = (0,0,1) and ]Bi = (%,%, %),

. 52
respectively.

Also solved by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain; Anita Tufisi, Romania;
Arkady Alt, San Jose, California, USA; Cao Minh Quang, Nguyen Binh Khiem high school for the gifted,
Vinh Long, Vietnam; Theo Koupelis, Clark College, Washington, USA; Aaditya Bhaumik Sahu, AMMOC,
India; Benjamin Cha, Choate Rosemary Hall, Wallingford, CT, USA; Ervin Ramirez, Richland Center,
Wisconsin, USA; Ganghun Kim, Fort Lee High School, NJ, USA; Loukya Ghanta, AMMOC; Parth Andhare,
AMMOC; Shilong Zhuang, California, USA; Teodor Cristian Petrescu, Romania; Yeonwoo Amelia Tae,
Northfield Mount Hermon School, Gill, Massachusetts, USA.
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J731. Let a,b, c be nonnegative real numbers such that a® 4+ b? + ¢> = a + b + c. Prove that

2
ab—i—bc—l—cagabc—i-g(a—i-b—i-c).

Proposed by Titu Andreescu, USA and Marius Stanean, Romania

Solution 1 by Polyahedra, Polk State College, FL, USA
Since (a — 1)(b—1)(c — 1) = abc — (ab+ bc + ca) + a® + b + ¢ — 1 > abc — 1 > —1, we have

abe — (ab+betca) + 2(a+bte) = (a— Db 1)(e—1)+1- T2E
= (a—l)(b—l)(c—1)+(a_1)2+(b—31)2+(6—1)2

v

Y la—1)2(b - 1)%(c — 1) ({’/(a "D —1)(c—1)+ 1)

> 0,
where the penultimate inequality follows by the AM-GM Inequality.

Solution 2 by Nguyen Viet Hung, Hanoi University of Science, Vietnam
The inequality can be rewritten in homogeneous form as follows
b b 2 b2 2 2 2 bQ 2\2
(ab+ bc + ca)(a® + +C)§abc+ (a® +b" +¢)
a+b+c 3(a+b+c)

This is equivalent to each of the following
3(ab + be + ca)(a® + b* 4 ¢?) < 3abe(a + b+ ¢) + 2(a® + b + %)%,
Z 3ab(a® + %) < 2(a* 4+ b* + ) + 4(a?* + b2 + Fa?),

Z3ab(a —b)? < 2(612 — %),

cyc cyc

0<> (a®—ab+b%)(a—b)>

cyc

The last inequality is true because

1 3
a? —ab+b* = Z(a—i—b)Q—i—Z(a—b)Q > 0.
The proof is complete.

Solution 3 by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo
Let p=a+b+c, q=ab+bc+ca, r=abc. Since a? +b>+c? =a+ b+ c = p, we also have

pP=(a+b+c)? =a’+ 0%+ +2(ab+be+ca) = p+ 2.

Hence

By Schur’s inequality, p3 4+ 97 > 4pq. Substituting g = I’QT_”, we get

P-p 4

9r > dp - —p* =2p(p® —p) — p* = p* — 2p”.
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Therefore,

2
p*(p—2)
> 7
"=y
Now 2( ) )
2 p(p—2) 2 p°—p
Sp—qg> T Sp— .
R e A LA

Multiplying by 18, we obtain 18 (r + %p — q) > 2p%(p—2) +12p — 9(p? — p). Thus

2
18 (r +3p- q) > 2p* — 13p? + 21p = p(3 — p)(7 — 2p).
It remains to note that 0 < p < 3. Indeed, by Cauchy-Schwarz,
P’ = (a+b+c)? <3(a*+b*+ %) = 3p.

Since p > 0, this gives p < 3. Hence p(3 — p)(7 — 2p) > 0. Therefore,
2
Zp—q>0
T+ P42
and we are done. Equality holds when p = 0 or p = 3, that is, when (a,b,c) = (0,0,0) or (1,1,1).

Also solved by Andrea Fanchini, Cantu, Italy; Arkady Alt, San Jose, California, USA; Cao Minh Quang,
Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam; Debarun Das, CMC, Hyderabad,
India; José Luis Diaz-Barrero, Barcelona, Spain; Kousik Sett, India; Prodromos Fotiadis, University of
Crete, Greece; The Ring Lords, Baden-Wiirttemberg, Germany; Theo Koupelis, Clark College, Washington,
USA; Aaditya Bhaumik Sahu, AMMOC, India; Daniel Pascuas, Barcelona, Spain; Ervin Ramirez, Richland
Center, Wisconsin, USA; Ganghun Kim, Fort Lee High School, NJ, USA; Kristine Lee, Mount Juliet High
School, TN, USA; Parth Andhare, AMMOC; Polyahedra, Polk State College, FL, USA; Shilong Zhuang,
California, USA; Teodor Cristian Petrescu, Romania.

MATHEMATICAL REFLECTIONS 2 (2026) 13



J732. Let ABC be an acute triangle, with AB # AC, M be the midpoint of BC and D, E, F the feet of
altitudes from A, B, and C, respectively. A line parallel to EF passes through D and cuts the line
AC in X and the line AB in Y. The circumcircle of AM XY cuts the line BC' in Z # M. Show that
points E, F, Z are collinear.

Proposed by Mihaela Berindeanu, Bucharest, Romania

Solution 1 by Polyahedra, Polk State College, FL, USA
Since AAXY ~ AAEF ~ AABC, the points B, X,C,Y lie on a circle. By the power of D, MD - DZ =
YD -DX = BD - DC. Therefore,
MD-MZ=MD(MD + DZ)= MD?+ BD - DC
= MD?+4 (BM + MD)(MC — MD) = MC?,
so Z = f(D), where f is the inversion centered at M with radius M C. Since f maps the nine-point circle
through M, D, E, F to the line EF, Z is on EF.

Solution 2 by Kousik Sett, India

Assume without loss of generality that AB < AC. Since D, E, F the feet of altitudes from A, B, and C,
respectively, we have quadrilateral BCEF is cyclic. So ZAEF = /FBC and ZAFE = /BCE = /BCX.
Since EF' || XY, we have ZAFE = /FYX = ZBY X. Thus, /BCX = ZBY X. Therefore, quadrilateral
CXBY is cyclic. Also, since the circumcircle of AM XY cuts the line BC' in Z # M, we have quadrilateral
XMY Z is cyclic.

Therefore, by the intersecting chords theorem, we obtain
YD-DX =BD -DC=27ZD-DM.
Now,

BD-DC = ZD - DM = (ZB + BD)(DC — BC/?2)
BD - BC BD - BC BD - BC

= 2B = 6= BC = ABC-BD)-BC ~ BC—2BD’
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and
BC(BC — BD) BC - DC

20=2B+BU="pr 55D ~ BC—2BD"
Hence, we obtain
ZB BD
ZC ~ DC
Since, AD, BE, and CF are concurrent, Ceva’s theorem yields
CE AF BD | CE AF 7B _
EFA FB DC EFA FB ZC

Therefore, by the converse of Menelaus’ theorem, we conclude that E, F', and Z are collinear.

Also solved by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo; Andrea Fan-
chini, Cantu, Italy; Theo Koupelis, Clark College, Washington, USA.
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Senior problems

S727. Let a, b, c be positive real numbers such that a + b + ¢ = 1. Prove that

5 5 5 5 5 5 4 4 cd
(52 s 0

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Solution 1 by the author
We apply Holder’s inequality to obtain

5 5
Z5/CL +b Z\/a—l—b —a3b—|—a2b2—ab3—|—b4)

cyc
b 4 43 g2
i “; ~b-b-b(a—a—|—a—a+b>

b b2 b
cyc
< (a+b+ o) +b4+c4 ad b3 c3+a2+b2+02
a |l =+ =+——-——=——= — —+—4+—+—].
- b b2 2 a2 b c a
It suffices to show that
a2+b2+02 a3+b3+c3
b — b2 2 q?

Indeed, using the AM-GM inequality we have
ad o3 a2 b2 2\?
<b2+ + )(a+b+c)2<+—|—> ,

and
a2 v A2
‘B* + — 4‘ —>a+b+ec

Multiplying these two inequalities we get the desmed result and the proof is completed.

Solution 2 by Alessandro Ventullo, Milan, Italy

Let
ad + bP i/b5+c5 \5/c5+a5
L=y .
\/ 5 Tt 5 T 2

Since a® + b° = (a + b)(a* — a®b + a?b? — ab® + b*), we have

[ D 5 a2
5/Q '+'b a'+'b b b b ( _ —-a«+~b>,

b3 b2 b
Applying Hélder’s inequality to the three cyclic terms, we obtain
a+b ’ a* a3 a?
oy ><§;b> Z<>
4
Z3 o + Z

cyc cyc cyc

=~
IN

I
w
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because a+b+c =1, and )
It remains to show that

—a+0b)=0.

3 2
Yoy

cyc cyc

cyc(

Indeed, by Titu’s Lemma,

a? (%)2 (Zc C%)Q a2\’ (a+b+c)?\°
PO D DR a+yb+c :<Zb> Z( a+b+c> =1

cyc cyc yC
Therefore,
2
3 2 2
a a a
Doz (Z b) >>
cyc cyc cyc
Hence,
4 3 2 4
a a a a
Tty S
cyc cyc cyc cyc
and so

L< szzg

cyc

Editor’s Comment. Theo Koupelis noticed that for both solutions the final step can be considered the direct
result of using the weighted power mean in the form

ba—s—i-cg—i-aé 1/3> baj—i—cg—i-aé 1/2> bg—i-cé—i-aE 1/1—1
b3 c? a’ - 2 c2 a? —\Ub c a -

Also solved by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo; The Ring Lords,
Baden- Wiirttemberg, Germany; Theo Koupelis, Clark College, Washington, USA; Aaditya Bhaumik Sahu,
AMMOC, India; Ganghun Kim, Fort Lee High School, NJ, USA; Parth Andhare, AMMOC.
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S728. Let p,q,r be primes such that p=¢=1 (mod r) and p* — ¢ > 3pgr + r3. Prove that
P’ =¢

2 > 3pgr + 4r3.

Proposed by Alessandro Ventullo, Milan, Italy

Solution 1 by the author
Clearly, p > q, so p —r > q. It must be p — r # ¢, otherwise we would have

p = =p*—(p—1)=3p*r = 3pr? + 1% = 3pr(p — r) + r* = 3pgr + 1%,
which contradicts the given inequality. So p — 2r > ¢ and
pd =3 >pd— (p— 27‘)3 = 6p’r — 12pr? + 813 = 6pr(p — 2r) + 83 > 6pgr + 83,
which gives the desired conclusion.
Remark
If r = 2, we have Probem S241 of Mathematical Reflections 5/2012, proposed by Titu Andreescu.

Solution 2 by Benjamin Cha, Choate Rosemary Hall, Wallingford, CT, USA
The inequality p® — ¢® > 3pgr + 2 can be rewritten as p® — ¢ — r3 — 3pgr > 0. Using the identity

a® + 03+ —3abe = (a+ b+ c)(a® + b* + ¢* — ab — be — ca)
with (a,b,c) = (p, —q, —7r), we obtain
P =’ —r° =3pgr = (p—q—r)(0* + ¢+ +pg+pr—qr).
Hence,
(p—aq—7)p" + 4" +7° +pg+pr—qr) > 0.

The second factor is positive, since g2 — gr 4+ 72 > 0. Therefore p — ¢ — r > 0, that is, p > ¢ +r.
On the other hand, from p = ¢ (mod r) and p — g > r it follows that p — ¢ = nr for some integer n > 1,
that is, p > ¢ + 2r. Now we use the same identity again, this time with (a,b,c) = (p, —¢q, —2r). Then

P> —¢® — 83 — 6pgr = (p—q— 27“)(102 + ¢% + 41 4 pq + 2pr — 2qr).

The first factor is nonnegative because p > g + 2r. The second factor is positive, since ¢> — 2gr + 4r? > 0.

Thus,

P’ -
p3—q3—8r3—6pqr20 = 23pq7"+4r3,

and the proof is complete.

Solution 8 by Theo Koupelis, Clark College, Washington, USA
Let p=ar+1 and g = br 4+ 1, where a, b are integers. It is given that p > ¢ and thus a > b > 0 because p, g
are primes. Substituting we get

PP — ¢ =r3a® - b3) 4+ 3r?(a® — b%) + 3r(a - b)

and
3pqr + 3 = r3(3ab + 1) + 3(a + b)r? + 3r.

It is given that p® — ¢3 > 3pgr + r3, and thus

r3(a® —b* —3ab—1)+3(a®* —b* —a—b)r* +3(a—b—1)r >0,
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rla—b—1)[r*(a® +a(b+1)+ (b* —b+1)) + 3(a+b)r + 3] > 0.

Therefore, a > b+ 2. The desired inequality is now equivalent to
r3(a® — b® — 6ab — 8) + 3(a® — b* — 2a — 2b)r® + 3(a — b — 2)r > 0,

r(a—b—2)[r*(a® +a(b+2) + (b* —2b+4)) + 3(a+b)r + 3] >0,

which is obvious. Equality occurs when ¢ = b + 2. From the above we get that it suffices that p, q,r are
positive integers that satisfy the given conditions; equality occurs when p = ¢ + 2r.

Also solved by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo; Aaditya Bhau-
mik Sahu, AMMOC, India; Ervin Ramirez, Richland Center, Wisconsin, USA; Ganghun Kim, Fort Lee
High School, NJ, USA; Shilong Zhuang, California, USA; Vibhu Konduru, AMMOC.
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S729. Let ABC be an acute triangle with circumcircle I'(O, R). The perpendicular bisector of side BC' meets
I' at X, on the minor arc BC, and let Y be the intersection point of AX and the segment BC'. Let D
and F be the feet of the perpendiculars from Y and C' to line AB, respectively, and let Z be the foot
of the perpendicular from C' to line AX. Let T be the intersection point of lines DZ and BC, K be
the intersection point of lines AT and C'E and S be the circumcenter of ABKC'. Prove that

A8 — AK + AO.

Proposed by Mihaela Berindeanu, Bucharest, Romania

Solution 1 by Kousik Sett, India
Since OX is the perpendicular bisector of BC, it follows that AX is the angle bisector of /BAC. So,
LXBC =/XAC = /BAX = ZA/2. Also, ZAXC = ZABC = ZB. Then we get,

AD_AYCOS% d AZ_ACCOS%
DB BYcosB ™ ZX T CXcosB

Since ZBAY = /XAC and ZABY = ZABC = LZAXC, we obtain AABY ~ ANAXC. Thus,

AY  AC AD AZ
—_— = = ly, £ h —_— = — DZ || BX.
BY = OX and consequently, from the above, we get DB = 7% = I
Therefore,
LZTC =/ZTY = ZXBY = ZXBC = ZA)2.
Also,

/ZAC = /XAC = /A)2.

So, quadrilateral ZC AT is cyclic and ZATC = ZAZC = 90°. Thus, AT is perpendicular to BC. Therefore,
K = CE N AT is the orthocenter of triangle ABC'.

It is well-known that the circumradius of AABC and ABKC are equal. Therefore, CO = CS. Again,
since ZCMO = ZCMS = 90° and CM is the common side, we have ACMO = ACMS. So, OM = MS.
It is also well-known that AK = 20M. Thus AK = 20M = OM + MS = OS. Also, OS and AK are
perpendicular to BC, so AK || OS. Hence, we infer that AK.SO is a parallelogram. Thus,

AS$ = A0 + 08 = 40 + AK.

Solution 2 by Theo Koupelis, Clark College, Washington, USA
Without loss of generality, let AB < AC. The quadrilateral AEZC is cyclic because LZAEC = LAZC = 90°.
Let T" be the point of intersection of the circle (AEZC') and the line BC. Then AT” 1 BC. The quadrilateral
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ADT'Y is cyclic because ZADY = ZAT'Y = 90°, and thus Z/T'DY = /T'AY = /BAY — /BAT' =
LAJ2 — (90° — /B) = (/B — ZC)/2. Therefore, ZI'DB = 90° — (/B — £C)/2 = ZAJ2 + ZC and
/ZBT'D =180° — /B — (LA)2+ £C) = LA/2 = ZZT'C. Thus, D, T', Z are collinear and therefore T = T"
and K is the orthocenter of the triangle. If R’ is the radius of the circle (S) then BC = 2R'sin Z(180° —
/BKC) = 2R'sin ZA = 2Rsin ZA, and thus R’ = R. With OS being the perpendicular bisector of BC
we get AE = AKsinB = bcos A and thus AK = 2Rcos A = OS. Thus, AKSO is a parallelogram and
therefore B = F( + @

Also solved by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo; Andrea Fan-
chini, Cantu, Italy; William Han, Horace Mann School, Bronz, New York, USA.
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S730. Let a, b, ¢ be nonnegative real numbers. Prove that

3v/ (a2 + b2 + ¢2)(a2b? + b2c2 + c2a?) + 9abe > 2(a + b+ ¢)(ab + be + ca).

Proposed by Titu Andreescu, USA and Marius Stanean, Romania

Solution 1 by the authors
If one of the numbers a, b, ¢ is 0, say ¢, the inequality is true because

b b
3abva? + b > SQ(CL\/;) > 2ab(a +b).

We consider that abc > 0. The inequality can be rewritten as

3v/(a% 4 b2) (b2 + c2)(c® + a2) + a2b2c® + 9abe > 2(a + b) (b + ¢)(c + a) + 2abe.

Dividing by abc, this becomes

3V@2 )2+ D22+ 1)+ 14722+ D)y + 1) (2 + 1),

_a _ b _z
where x = ¢,y =, c= 2.

After expanding, given that zyz = 1, this becomes

3VB3+ a2y + 4222 + 2222 + a2 + 2 + 22 > 2Axy 4+ yz + 2x) + 2w+ y + 2) — 3.

Settinqu =+ y+ z and v = xy + yz + zz, we get

3v/3 4+ u? — 20+ v2 — 2u > 2u + 2v — 3.
After squaring both sides, the inequality reduces to
9(3 +u? — 2v +v* — 2u) > (2u + 2v — 3)?,

or
5u? + 5v° — 8uv — 6u — 6v + 18 > 0.

Since A, = —36(v — 3)? write the inequality as

8v+6\> 36(v—3)2
— >
g <“ 10 > T =20

or
(5u —4v —3)%2  9(v — 3)?

5 + 5
which is clearly true. The equality holds when v = v = 3 which means t =y=z2soa=b=c.

>0

Solution 2 by Yeonwoo Amelia Tae, Northfield Mount Hermon School, Gill, Massachusetts, USA
We start with the identity

9(a® +b* + ) (a®b? + b*c® + c*a®) — (2(a + b+ c)(ab + be + ca) — 9abc)2
=ad?(b—c)t + b c—a)t + Aa—b)* +4(a —b)%(b—c)*(c — a)’.

The right-hand side is clearly nonnegative, hence

9(a? + b + *)(a®b* + b*? + 2a?) > (2(a+ b+ c)(ab+ b+ ca) — 9abc)2.
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Also, by AM-GM, ‘
(a+ b+ c)(ab+ be+ ca) > 3Vabe - 3V a2b2c® = 9abe.

Therefore
2(a+ b+ c)(ab+ be + ca) — 9abe > 0.

Taking square roots, we get

3/ (a2 + b2 + 2)(a2b? + b2c2 + c2a2) > 2(a + b+ ¢)(ab + be + ca) — abe.

Thus

3v/(a2 4 b2 + 2)(a2b? + b2c2 + c2a2) 4 9abe > 2(a + b + ¢)(ab + be + ca),

as desired.

Solution 8 by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo
Consider

F(a,b,¢) = 3v/(a2 + b2 + ¢2)(a2b? + b2c2 + c2a?) + 9abe — 2(a + b+ c)(ab + be + ca).

The inequality is symmetric and homogeneous, so by the uvw principle it is enough to check the case

where z,t > 0.
If t = 0, the inequality is trivial. Hence assume ¢ > 0. Substituting a = zt, b = ¢ = t, we obtain

a2+ 0+ =322 +2),  d®® + 0+ P =122 +1).

Thus

V(a2 + b2 + 2)(a2b? + b2c2 + c2a2) = t3\/(22 + 2)(222 + 1).

Also, abe = xt3, and
(a+b+c)(ab+be+ca) =tz +2) - 22z +1) =3 (x +2)(2z + 1).

Therefore the desired inequality becomes

363/ (22 + 2)(222 + 1) + 92t > 263 (z + 2) (22 + 1).

Dividing by 3 > 0, it remains to prove

3v/ (22 + 2) (222 + 1) + 9z > 2(z + 2) (22 + 1).

Equivalently,

3vV(2242)(222 +1) > 42 + 2 + 4.
Both sides are nonnegative, so we may square. We need to prove
9(z® +2)(22% + 1) > (4a* + 2 +4)%

But
9(x? +2)(222 + 1) — (42® +z +4)* = 2(x — 1)* > 0.

Hence

3v/(22 +2) (222 + 1) > 4a® + x + 4,

and the desired inequality follows.
Equality holds when z = 1, that is, when a = b = c.

Solution 4 by Prodromos Fotiadis, University of Crete, Greece
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Moving 9abc to the other side and squaring we get

2
9(a® 4 b* 4 *)(a®b® + b*c® + 2a?) > |2(a+ b+ ¢)(ab + be + ca) — Yabe| . (1)

Using the AM-GM inequality we find
2(a+ b+ c)(ab+ be + ca) > 18V abeVa2b?c? = 18abe > 9abe
so Equation (1) is equivalent to the original statement. Now, we set
p=a+b+c, q=ab+bc+ca, r=abc
It is straightforward to rewrite Equation (1) as

9(p? = 2q)(¢* — 2pr) > (2pq — 9r)? = 4p*q® — 36pqr + 81r>
— 5p?¢® + T2pqr > 18p>r + 18¢> + 8112

To prove this, we invoke the following well-known result
p2q® + 18pqr > 4p3r + 4¢3 + 2712, (2)
which is obtained by expanding (a — b)2(b — ¢)?(c — a)? > 0. According to Equation (2):

p2q2 + 18pqr — 27r2
4 )

Pir+q¢® <
Therefore, it suffices to show that

pzq2 + 18pqr — 2712
2
<= 102q2 + 8112 > 18pqr

5p2¢% + T2pgr > 9 + 8172

But this is obvious by the AM-GM inequality: p2q? + 8172 > 2./81p2¢?r2 = 18pqr. This completes the
proof.

Also solved by Andrea Fanchini, Cantu, Italy; Arkady Alt, San Jose, California, USA; Cao Minh Quang,
Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam; José Luis Diaz-Barrero, Barcelona,
Spain; Kevin Soto Palacios, National University of Callao (UNAC), Peru; The Ring Lords, Baden- Wiirttemberg,
Germany; Theo Koupelis, Clark College, Washington, USA; Aaditya Bhaumik Sahu, AMMOC, India; Ervin
Ramirez, Richland Center, Wisconsin, USA; Loukya Ghanta, AMMOC; Parth Andhare, AMMOC; Shaurya
Patil, AMMOC; Shilong Zhuang, California, USA; Teodor Cristian Petrescu, Romania.

MATHEMATICAL REFLECTIONS 2 (2026) 24



S731. Let a,b,c,d, e, f be real numbers such that a+ b+ c+d+ e+ f = 0. Prove that

A+ 0+ +d?+ e+ f2>2(ab+be+cd+de+ef + fa).

Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania

Solution 1 by the author
Replacing f with —(a + b+ ¢+ d + e), the inequality becomes as follows:

2a® + (b+ 2c + 2d + 3e)a + b* + ¢ + d* + 2¢* + bd + 2be + 2ce + de > 0,

>0
8 — )

2 2 2 N2 i .
2<a+b+2c—22d+36> +7(b +e2) + 10be + 4(c — d)? — 4(b — €)(c — d)

It suffices to show that
7(b? + €2) 4 10be + 4(c — d)? — 4(b — e)(c — d) > 0.

Since
7(b? + €?) 4 10be = (b —e)? +6(b+¢e)? > (b —¢)?,

we have
(0 +€?) +10be + 4(c — d)?> —4(b—e)(c—d) > (b—e)* + 4(c — d)*> — 4(b — e)(c — d)
=[(b—e)—2(c—d)*>0.
The equality occurs when
a+b+c+d+e+ f=0, da+b+2c+2d+ 3e =0, b+e=0, b—e=2(c—d),
i.e. when

bd€R, a=—-d, c=b+td, e=—b, f=—b—d.

Solution 2 by William Han, Horace Mann School, Bronz, New York, USA
Consider the following three quantities:

X = (a=bte—dte—fP+(a—btd—e)+3(c+[),
Y = &+ +F+d+ e+ 2 —2(ab+be+ed + de + ef + fa),
Z = (c+flatb+c+d+e+f).

A direct calculation gives the identity
X =2Y +2Z7

By the hypothesis, a +b+c+d+e+ f =0,s0 Z =0. Hence X = 2Y. But X > 0, since it is a sum of
squares. Therefore Y > 0, that is,

a2+b2+cz+d2+€2+f222(a6+bc+0d+d€+€f+fa)>
as desired.

Solution 8 by Benjamin Cha, Choate Rosemary Hall, Wallingford, CT, USA
Introduce the following six new variables:

2u=a+d, 20 =">b+e, 2w =c+ f,

and
2r = a — d, 2y =1"0—¢, 2z =c— f.
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Then
a=u+z, b=v+y, c=w+z d=u—x, e=v—-y, f=w-—z

From the hypothesisa+b+c+d+e+ f =0 we get u+ v+ w = 0. A direct computation gives
A+ AP+ =20 40 w2yt 2,

and
ab+bc+cd+de+ef + fa=2(uv+ vw + wu + xy + yz — zx).

Therefore

a?+ 02+ P+ d* e+ f2—2(abt-bet-cd+detef+ fa) = 2 (u2+v2+w2+m2+y2+z2—2uv—2vw—2wu—2xy—2yz—i—2zx) :
Now

w02+ w4 2% + 9% + 2% — 2uv — 20w — 2wu — 2xy — 2yz+ 22 = (u—v)2 + (z — y + 2)? + w? — 2(u+v)w.

Since u + v = —w, this becomes
(u—v)*+ (x — y + 2)* + 3w

Hence
2 2 2 2 2 2 _ 2 2 2
@+ +c+d et + [P =2 ab+be+cd+de+ef + fa) =2((u—v)* + (z —y+ 2)° + 3w”) >0,
and the conclusion follows.

Solution 4 by Kousik Sett, India
Let
S=a?+0*++d>+e+ % and P =2(ab+bc+cd+de+ef + fa).

So, it suffice to prove
S>P.

Consider the following identity:
(a—b+c)+(c—d+e)’+(e—f+a)?’=5S—P+(a+c+e)

After rearranging, we obtain
S—P=(a-b+cP+(c—d+e)’+(e—f+a)?—(atc+e)

Assume
r=a—-b+c, y=c—d+e, z=e¢— f+a.

Since a+b+c+d+e+ f =0, we have
r+y+z=2(a+c+e)—(b+d+e)=3(a+c+e).

The following inequality:
32 +y” +2%) 2 (w+y+2)

holds for real x, y, z.
Substituting z, y, z, and x 4+ y 4+ z into the above inequality, we obtain

[la—b+c)+(c—d+e)+(e—f+a))] >9a+c+e)
Dividing by 3, we obtain

(a—b+e)+(c—d+e)’+(e— f+a)>3(a+c+e)
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Therefore,
S—P>3(a+ct+e)—(atcte)?=2a+c+e)?>0.
Thus, we conclude that

S—P>0= S>P.
This completes the proof.

Also solved by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo; Cao Minh
Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam; Hayoon Kwon, Korean Minjok
Leadership Academy, South Korea; Kevin Soto Palacios, National University of Callao (UNAC), Peru; Theo
Koupelis, Clark College, Washington, USA; Zon Zon, Kweilin, China; Aaditya Bhaumik Sahu, AMMOC,
India; Parth Andhare, AMMOC; Shilong Zhuang, California, USA.
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S732. Find all positive integers n with the following property: there is a positive integer k and 3-variable
polynomials fi, ..., fir with real coefficients such that for all real numbers a, b, ¢

ala+b)" +bb+ )" + c(c+a)" = fi(a,b,0)* + ...+ fula,b,c)>.

Proposed by Titu Andreescu, Dallas, USA and Gabriel Dospinescu, Lyon, France

Solution by the authors

We will prove that the solutions are n = 1,3,5. Assume first that n is a solution of the problem and let
P(X,Y,Z)=X(X+Y)"+Y(Y + 2Z)"+ Z(Z + X)". By assumption P takes nonnegative values on R3. If
n is even, then P, is odd and since P, is obviously not zero, it cannot take only nonnegative values. Thus
n must be odd. Next, taking a = —1,¢ = —2 yields b(b — 2)" > (b —1)" — 2 - 3" for all b. Choosing b =5
gives 73" > 4" which forces n < 7. Thus we must have n € {1,3,5}.

Next, we show that 1,3,5 are solutions. We have

(@a+0)2+ (b+c)?+ (c+a)?
5 .

Pi(a,b,¢) = a® +b* 4+ ¢ + ab+bc+ ca =

To treat the cases n = 3,5 it is convenient to make the change of variables a+b = 2z,b+c = 2y,c+a = 2z.
Then a direct computation shows that

Pu(a,b,c) = 2Ma™ T 4yt 4 2T gy g™ g™ — "2 + 22 — 2.

It suffices therefore to show that the polynomial expression Qy(x,y, z) under the bracket is a sum of squares
of polynomials with real coefficients. For this, it suffices to see that L;b”“ +ab™ — a™b is a sum of squares
of polynomials. By homogeneity, it suffices to show that % 4+ X — X" is a sum of squares. Using that

h— (a+b)2—a?—b>
- 2

a we obtain

X441 (X 4+1-X22-X2-(1-X2)?2 X?24H(X+1-X?%?
2 AT T T 2 - 2 ’

dealing with the case n = 3. As for n = 5, we have

X641 X2+ 1)(X* - X2 +1
; +X—X5:( + 1) 5 + )+X(1—X2)(X2+1):
Xt - X241 1
(X2 +1)] 5 + X—X3]:§(X2+1)(X2—X—1)2.
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Undergraduate problems

U727. Let {a,}n>1 be a sequence defined by a; = 2 and a,, = a%_l — ap—1 + 1 for n > 2. Evaluate

: (1 1 1)
lm ( —4+—+---4+— .
al as A,

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Solution 1 by the author
From a,, = a%_l —ap—1 + 1 we get
anp —1=ap_1(ap_1 —1).

This implies

1 _ 1 _ 1 1
anp — 1 an—l(an—l - 1) ap-1 — 1 an—l’

or

1 1 _ 1

an—1 an1—1  ap_1

Similarly

1 1 _ 1

ap—1—1 ap—2 —1 an—2’
1 1 _ 1
ag — 1 ayp — 1 N aj '

Summing up these relations we obtain
1 1 1 1 1
- =—(—4+—+...+ :
anp—1 a1 —1 ai  as Ap—1

1 1 1 1
S =l
ar  a an apy1 — 1

Consequently

It’s easy to check that a,, > 1 for all n. Furthermore
an —ap-1=(an_1—1)2>0 VYn.

Hence {a,} is a increasing sequence. Now if {a,} is upper bounded, then there exits £ = lim a, where

n—o0
¢ is finite. Since a, > a1 = 2 for all n, then ¢ > 2. From a,, = a%,l — ap—1 + 1 we take n — oo to get

¢ = (> — ¢+ 1. This yields (¢ — 1)2 = 0 or £ = 1 which is a contradiction. So, li_)m a, = 00. From here we
n oo

. 1 1 1 . 1
lm {—4+—+...+—)=Ilm (11— — | =1.
n—oo \ aj as an n—o00 an+1 — 1

Solution 2 by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Italy
Let b, = a,, — 1. Then

obtain

bptl=a,=0p1+1)°?=(bp1+1)+1 = by =021 +by1, by = 1.

Clearly b, is strictly increasing b,, = b%,l + b,_1 > by,_1 and unbounded because by > 0. Moreover
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thus telescoping

b b
n=1 " n=1 n+1 N+1

L N o 1 1 1 1
Zazzlwn:;(bn_ >:>b1_ :;an’

whence

N N
1 1 1 1 1
lim — = lim E = lim ( — ) =—=1.
N—o0 “= an N—voo £~ 1+b, N—ooco\bi byt by

n—=

Solution 8 by Prodromos Fotiadis, University of Crete, Greece
It is easy to see that (an)n>1 is a strictly increasing sequence of positive integers. We define

We now observe that

and thus,

o wm—1 2 73-1

. 1 1 1 . 1
lim | —+—+...+— ) =1Ilm (- ——) =1
n—o0 \ a1 ag [07%% n—o0 an+1—1

Solution 4 by G. C. Greubel, Newport News, VA, USA
The sequence defined by a; = 2 and a,, = a?_; — a,_1 + 1 is known as Sylvester’s sequence and is sequence

It follows that

n—1

n
1
A000058 in the Online Encyclopedia of Integer Sequences (OEIS). The series g — is the greedy Egyptian
ay
k=1

fractions representation of 1.
For the purpose of this problem note that
an € {2,3,7,43,1807, 3263443, 10650056950807, - - - }£>1

and

ay =ai +1
az = ajas + 1

a4 = ajasasz + 1

n—1
ap = H aj +1,
j=1

"1
and when S, = Z —,

1

11
Slz—zf

al

1 1 5 1 1
2=51T35%5% 6 az — 1
R O S S 1
57973 T T T2 T a1

MATHEMATICAL REFLECTIONS 2 (2026) 30



Supposing that

is true, then

Sn-l—l = Sn +

1
Sp=1-—
" an+1 — 1

1 1 1

An41 ant1 —1  app1
_an+1_(an+1_1):1_ 1

an+1 (ant1 — 1) a721+1 — Gn41

1

an+4+2 — 1,
n—1

which shows that the formula holds for all n > 1. Since a,, = H a; + 1, then

Now, taking the desired we obtain that

Also solved by Adela Llapashtica, Specialized Mathematical Gymmnasium, Prishtine, Kosovo; Angel Plaza,
Universidad de Las Palmas de Gran Canaria, Spain; Anita Tufisi, Romania; Arkady Alt, San Jose, Cali-

"1 1
Su=Y —=1—
kza Hnl

J=1

k

1 j=1%j

n

. 1
dm ) o =t

fornia, USA; Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam; Devis

Alvarado, UNAH y UPNFM, Tegucigalpa, Honduras; Hayoon Kwon, Korean Minjok Leadership Academy,

South Korea; Kousik Sett, India; Luke Paluso, Blinn College, Brenham, TX, USA; Prakash Pant, The

University of Vermont, Bardiya, Nepal; Sein M. Stewart, King Abdullah University of Science and Technol-
ogy, Saudi Arabia; The Ring Lords, Baden-Wiirttemberg, Germany; Theo Koupelis, Clark College, Wash-
ington, USA; Aaditya Bhaumik Sahu, AMMOC, India; Diar Gashi, University of Primorska, Slovenia;
Ervin Ramirez, Richland Center, Wisconsin, USA; Ganghun Kim, Fort Lee High School, NJ, USA; Shilong
Zhuang, California, USA; Yeonwoo Amelia Tae, Northfield Mount Hermon School, Gill, Massachusetts,

USA.
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UT728. Let f: R — R be a function such that f(z)f(—z) =4 for all x € R. Evaluate

ENE]

| wrswres ¢
(14 3sin®z)(2 + f(x)) v

™

4
Proposed by Mihaela Berindeanu, Bucharest, Romania
Solution 1 by Daniel Pascuas, Barcelona, Spain

We assume that the integral I in the statement is well defined as either a Riemann or Lebesgue integral.
The substitution y = —z and the hypothesis f(z)f(—z) =4, for all z € R, yield that

1 dy 1 dx
I‘/g<+3wﬂw@+ﬂ>> /g<+3mﬂm@+f<>>
:/1 f(@) do 1/ f(x) dx
z (14 3sin®z)(2f(x) +4) 2 x (14 3sin®z)(2 + f(z))
Therefore i f)
4 x)dx
2f= /_Z (1+3sin’2)(2 + f(z))’

INE]

~

Il
>~ =
INE]

Lkl M=\

f(x)dx +1/ 2dx
(1+3sin?z)(2+ f(z)) 4 = (14 3sin®z)(2 + f(x))
1 dz 1 [ dx
:4/_21+3sin2:n:2/0 1+3sin?z

dt
Then perform the substitution ¢t = tan z to get that dx = e

2
and sin?z = T3 SO

1 Y dt 1 U arctan?
I== —_— == tan(2t)| = =0.2 S
5 /0 a2 1 [are an( )] , 1 0.27679

Solution 2 by Prodromos Fotiadis, University of Crete, Greece
We have

I dx

w/4 1
/m (14 3sin*z)(2 + f(z))

/”/4 1 [ L S
o 1+4+3sin?z [2+ f(—2) 2+ f(x) -
Given f(x)f(—z) = 4, we have

1 N 1 A+ f(-x) + f(2)
2+ f(—x) 2+ flx) 2+ f(- ))( f(z))
44 f(—x)+ f(x) 1

.%‘
T At2f(z) +2f(—z)+4 2

This yields:

—_

1 [T/ 1 / 1
2 )y 143sin“z 4 ) 7/ 14 3sin“x
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Let z = €', then sinz = (2 — 27!) and dz = f—j. The integral becomes:

1 1 d ' 1
1= [t =5 [t
401_%(2_%) 1z 2 Je32% — 1024+ 3
N
3w? — 10w + 3

where C is the arc z = ' for x € [-7/4,7/4] and D = C2.

Im(w)
7
£
A
Re(w)
wo =
_i.. ..........
We now observe that .
3w? — 10w + 3 = 3 (w — 3) <w—3>

1
hence, g(w) has simple poles at w; = 3 and wy = 3" Using the Cauchy Residue Theorem:

/ g(w)dw = 2miRes (g,1/3) + / g(w)dw
D

&

We compute
1 1
R ,1/3) = 7‘
es(g,1/3) 3(w —3)
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and

! ’ 11 1
:/ _ Z. 1dx=/ [ e .}dac
—1 3(iz — 3)(iz — 3) 8Jale+3i x435
1 , .
:8[ln(1+3i)—ln(—1+3i)—ln(1+;)+ln(—1+;>
1
=3 {ln V10 + i arctan(3) — Inv10 — i(m — arctan(3))

V10 1 V10 1
—1In = 7 arctan (3) +1In e +1 (7‘(‘ — arctan <3>> }

1
=3 [z arctan(3) — ¢m + ¢ arctan(3) — 4 (g - arctan(?))) +im—1i (g - arctan(?))) }

m\
=
&
.
S

1
=3 {4 arctan(3) — 77}
It follows from (3) and (5) that

1 1 1 1 /3m 1
I= 5( — 1 + 3 {4 arctan(3) — 7TD =1 = 1 <4 = arctan(S)) =1 arctan(2). (7)

Also solved by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain; Anita Tufisi, Romania;
Dewis Alvarado, UNAH y UPNFM, Tegucigalpa, Honduras; G. C. Greubel, Newport News, VA, USA; Henry
Ricardo, Westchester Area Math Circle, New York, USA; Kousik Sett, India; Paolo Perfetti, Universita
degli studi di Tor Vergata Roma, Italy; Prakash Pant, The University of Vermont, Bardiya, Nepal; Sedn
M. Stewart, King Abdullah University of Science and Technology, Saudi Arabia; Sundaresh H. R., Shiva-
mogga, Karnataka, India; The Ring Lords, Baden-Wurttemberg, Germany; Theo Koupelis, Clark College,
Washington, USA; Benjamin Cha, Choate Rosemary Hall, Wallingford, CT, USA; Diar Gashi, University
of Primorska, Slovenia; Ervin Ramirez, Richland Center, Wisconsin, USA; Hoang-Bao Le, Dublin, Ireland;
Parth Andhare, AMMOC; Shilong Zhuang, California, USA; Teodor Cristian Petrescu, Romania; William
Han, Horace Mann School, Bronz, New York, USA.
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U729. Determine all natural numbers n > 2 for which the following statement holds:
For every A, B € M,(C) such that A™ = O,, and det(A + B) = det B = 0, it follows that BAB = O,,.

Proposed by Florin Stanescu, Gaesti, Romania

Solution 1 by the author

We claim that the only such natural number is n = 2.

First, let n = 2. Suppose that A, B € My(C) satisfy A? = Oy and det(A + B) = det B = 0.

Since A% = Oy, we have tr A = det A = 0. By the Cayley-Hamilton theorem applied to A + B, we get

(A+ B)? —tr(A+ B)(A+ B) + det(A + B)I, = Os.
Since det(A + B) = 0 and tr(A + B) = tr B, this becomes
(A+ B)? — tr(B)(A + B) = 0.
Expanding,
A? + AB+ BA + B> —tr(B)A — tr(B)B = Os.
Also, by Cayley-Hamilton applied to B, and using det B = 0, we have
B% —tr(B)B = Os.
Since A% = Oy, it follows that
AB + BA =tr(B)A. (1)
Multiplying (1) on the left by A, we obtain
AAB + ABA = tr(B) A%,
hence
ABA = Os. (2)
Now we use Frobenius’ rank inequality in the form
rank(XY) + rank(Y Z) < rank(Y') + rank(XY 7).
Taking X = A, Y = B, and Z = A, we get
rank(AB) + rank(BA) < rank(B) + rank(ABA).
Since det B = 0, we have rank(B) < 1, and by (2), rank(ABA) = 0. Therefore
rank(AB) + rank(BA) < 1.

Thus at least one of AB and BA is the zero matrix. If AB = Os, then BAB = B(AB) = Oy. If BA = Oq,
then BAB = (BA)B = O. Hence the statement is true for n = 2.
We now show that the statement is false for every n > 3. Let

A= FEip, B = E11 + Enp,

where E;; denotes the n x n matrix with 1 in the (4, j)-entry and O elsewhere. Since A? = O,,, we have
A" = Oy,. Also, rank(B) = 2 < n, so det B = 0. Moreover, rank(A + B) < 2 < n, hence det(4A + B) = 0.
However,

BAB = (E11 + Enn)E1n(E11 + Epp) = E1y = A# O,

Thus the implication fails for every n > 3.
Therefore, the only natural number n > 2 for which the statement holds is n = 2.

Solution 2 by Diar Gashi, University of Primorska, Slovenia

The only such n is n = 2.

Firstly, we claim that the statement is false for every n > 3.

We can take A = Eq 2 and B = Ej 1, where E; j denotes the matrix with 1 in the (i, j)-entry and 0 elsewhere.
Then, it easy to see that:
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o A2 =0, so A" = O, for all n > 3.

det B = 0 because B has rank 1 and n > 3.

For n > 3, the matrix A + B has at most two non-zero entries and at least one zero row, hence
det(A+ B) = 0.

o BAB=Fs1E12E1 = Ea2F21 = Ea1 # Op.

Therefore the conclusion BAB = O,, fails. Hence the statement is false for every n > 3.
Now, let A, B € M(C) satisfy A2 = Oy, det(A + B) = det B = 0. If A = O3, then BAB = O, trivially.
Otherwise, A is a non-zero nilpotent 2 x 2 matrix, hence similar to the Jordan block

01
J= (0 O).
Hence there exists an invertible matrix P such that P~'AP = J. Let’s define B’ = P~!BP. Thus,

A? =0y < 0y =(P'AP)* = J?,
0 = det(A + B) = det(P"'(A+ B)P) = det(J + B'),
det B=0=detB'.
The desired conclusion BAB = Oy is equivalent to
Oy = P"Y(BAB)P = (P7'BP)(P 'AP)(P~'BP) = B'JB'.

Thus, the statement holds for the original pair (A, B) if and only if it holds for (J, B"). Write
, _[(a b
5= (0 1)

a b+1
c d

The hypotheses give
ad — bc = det B’ = 0, det(J—i—B/):det( >:ad—c(b+1):(ad—bc)—c:—c:O.
Hence ¢ = 0, and then ad = 0. Now we see that:
) [a b 0 1 a b\ (a b\ (0 d\ (0 ad) _
B‘]B_<0 d><0 0)(0 a)=\o a)lo o)=\o 0)7%
Thus, the statement holds for n = 2.

Also solved by Prakash Pant, The University of Vermont, Bardiya, Nepal; The Ring Lords, Baden- Wirttemberg,
Germany.
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U730. Prove that 2 is the least value of the exponent k such that

a* + vt + 4 < (a3+b3+c3>k
3 - 3

for any nonnegative real numbers a, b, ¢ with at most one of them less that 1 and a + b+ ¢ = 3.

Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania

Solution by the author
Forb=1a=1++vtand ¢ = 1 —/t, where t € [0, 1], the constraints are satisfied and the inequality
becomes f(t) <0, where

3+ 12t +2t7

— (1 +2t).
3 (1+2t)

f(t)

We have
12+ 4

f(0) =0, f(t) —2k(1 426k £(0) =4 — 2k.

Since f(0) = 0, the condition f'(0) < 0 is necessary to have f(¢t) < 0 for ¢t € [0,1]. So, we get k > 2. To
show that 2 is the least value of k we need to prove the inequality F' > 0, where

F=(a®+b4c*? = 3(a* + " + ).
Assume that a > b > 1 > ¢. In addition, for fixed a, assume that ¢ and F' are functions of b. We have
¢ = —1 and
F'(b)
6
We will show that F’(b) > 0. This is true if

=02(a®+ b+ ) —20° + [2(a® + 03 + 3) — 23 = (b2 — 2)(a® +b° + ) — 2(63 — ).

(b+c)(a® + %+ ¢3) > 2(b% + be + 2),
which is equivalent to the homogeneous inequality
9(b+c)(a® + b+ ) > 2(b% + be + P)(a+ b+ c)?.
Since
9(a®+b* +c*) > (a+b+e),
it suffices to show that (b+¢)(a+ b+ c) > 2(b? + be + ¢?). Indeed, we have
(b+e)a+b+c)—20b* +bc+c?) > (b+e)(2b+c) —2(b* + be+ ¢?) = be — 2 > 0.

From F'(b) > 0, it follows that F(b) is increasing and has the minimum value when b is minimum, hence
when b = 1. So, it suffices to prove the required inequality for b = 1. We need to show that a+ ¢ = 2 implies
F >0, where

F=(@+3+1)2-30*+c+1).

Let x = ac, x < 1. Since
a4+ = (a+c)® — 3ac(a + ¢) = 8 — 6,

at 4+t = (a? + A)? — 2a%P = 4(2 — 2)? — 22 = 22% — 162 + 16,

we have
F = (9—62)* - 3(22> — 162 + 17) = 30(x — 1)? > 0.

For k = 2, the equality occurs for a =b=c¢ = 1.

Also solved by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo; Theo Koupelis,
Clark College, Washington, USA; Zon Zon, Kweilin, China; Parth Andhare, AMMOC.
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U731. Prove

1 .
arcsin x s 2
———dr = —log(9 +6Vv3) — =G.
/0 - (= g los(0+6V3) —3

Here G =), (2(;%):)2 is Catalan’s constant.

Proposed by Sedn M. Stewart, King Abdullah University of Science and Technology, Saudi Arabia

Solution 1 by Theo Koupelis, Clark College, Washington, USA
Using the substitution y = arcsinz we get

1 : /2 /2
arcsin x 1 Y . 1 Y .
A 1—a7 " 4A 2—mw>@m”+4é 2+ sin(y) (oY)

1

/2
=l sy [ ]

w/2
+ / In(2 — siny) dy
4 Jo

w/2

1
+ 1 [y - In(2 + siny)] .

1 w/2
- = / In(2 + siny) dy
4 Jo

T 1 w/2 1 w/2
=—In3+ / In(2 —siny)dy — — / In(2 +siny)dy. (1)
8 1/, 1),

Let f(0) = f0ﬂ/2 In(1 +sinf - sinx) dz, where 6 € (—7/2,7/2). Then

f’(@)—/ﬂp cosf -sinx da 1 /“/2 sin 6 sin x
0 0

1+sinf-sinz :tan9 1+sinfsinx

m 1 [m2 1
= — / y —— dx
2tanf tanf J; 1+sinfsinz

o 2 /”/2 dtan §
~ 2tan6  tanf J; (1 —sin6)tan?Z 4 (1 +sind)
w/2

T 2 1 ) 1 —sin@ ‘ T

= - . -arctan | 4/ ——— - tan —
2tanf tanf cosf 1+sind 2 o
7 2 " ; T 0 B 0 7Tt 0
T 2tanf  sng M\ T TS ) ) Tsme 2 My

Therefore, using the substitution 6 = 2¢ and integrating by parts we get

us 71'/6
A:—/2ln(2+sinx)da}—W1n2+f(7r>—W1n2+/ f'(0)do
0 0

2 6 2
rln?2 w/12 b w/12
= +4/0 Sin(20) dqb—Tr/O tan ¢ do
/12 m/12 m/12
= 7r12n2 — 2¢ In(cot gf))‘o/ + 2/ In(cot ¢) d¢ + mIn(cos qb)’o/
0
. In(2+v3) w2 4

where we used the lemma that foﬂ/u In(cot t) dt = 2G.
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[Proof of lemma: Using the identity tan(3z) = tan(z) tan ( + a:) tan (g — x) , We get

m/12 7r/12 /12 -
S:= /0 In(tan(3z)) /0 n(tanz)dz +/0 In <tan (g + 93)) dz

w/12 w/12 5m/12
+ / In (tan ( )) dz = / In(tan ) dz + / In(tan x) dz
0 w/3
w/3 w/12 5m/12
+ / In(tanx) dz = / In(tan z) dz + / In(tan z) dz
w/4 0 w/4

w/12 w/12 w/12
= / In(tanz) dz — / In (tan (E - t)) dt = / In(tan x) dz
0 w/4 2 0

w/12 w/12 w/4
+/ In(tanz) dz = 2/ In(tan z) dz —/ In(tan z) dz
w/4 0 0

m/12 /12 /12
= 2/ In(tan x) dz — 3/ In(tan(3z)) dx = 2/ In(tanz) dz — 3S.
0 0 0

Thus, S = foﬂ/ 21 (tan(z)) dz, and using the change in variable ¢t = 3z we get

w/12 9 w/4 2
/ In(cot x) dz = / In(cot t) dt = -G,
0 3 Jo 3

where we used the well-known expression G = [ / In(cot t) dt.]
Working similarly as above we get

/2 ) mln2 T In(2++3) wln2 4
B.:/O In(2 —sinz)de = 5 +f<—g):2ﬂ" 3 - —gG. (3)

From (1), (2), (3) we get the desired result.

Solution 2 by G. C. Greubel, Newport News, VA, USA
The integral can be evaluated by using an expansion, the hypergeometric function (2F} ), and a known series
value, which are

0o
2n
xT

1_1;2 Z

F(c) I'(c—a—0)
I'(c—a)T(c—b)

2 F1(a,byc;1) =

o0

8G «
Z o 1 () _?—gln(2+\/§).

Let

1
f(z) =2(n+ 1)z sin(z) — 2" 2, <2,n +1; n+ 2; :z2>

and note that f(0) =0, and
1
f()y=2(n+1)sin7'(1) — o/ (2,n—l—1; n+2; 1)

I'(3) I'(n+2)

=Mn+1)m— F(n—l—%)

_ 2n+1) T (3) T(n+1)

=+l - 2n+1 IQ‘(n—i—%)
£0) = (et r - A0t (‘;:).
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With this, then

1 & 1 1
R POT 2n+1)(2n+2) F(@)lo

1o fM)—f0)
T4 Z4n(2n+1)(2n+2)

n=0

T 1 1 1
-8 qn 2n+1) 4 nz:: (2n +1)2 (2")

This can be stated as

1 -1
sin™" (z) T 2
/0 2 dr =15 og(9+6V3) — G

Also solved by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Italy; Prakash Pant, The Uni-
versity of Vermont, Bardiya, Nepal; The Ring Lords, Baden-Wiirttemberg, Germany.
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U732. (a) Find all finite groups G having exactly 5 distinct subgroups Hi, He, H3, Hy, H5 < G of the same

5
order m > 2 such that H; N H; = {1} for all i # j and G = U H;.
i=1
(b) Find all finite groups G having exactly 6 distinct subgroups Hi, He, H3, Hy, Hs, Hs < G of the
6

same order m > 2 such that H; N H; = {1} for all i # j and G = U H;.

i=1

Proposed by Alessandro Ventullo, Milan, Italy

Solution by the author

(a) We will prove that there is no finite group satisfying the given properties. Because the subgroups
intersect only in {1}, their union is disjoint outside {1}. Hence

5
Gl =1+ (|Hi| - 1) =1+5(m—1) =5m — 4.
=1
[Hil - |Hj|

For any i # j we have |H;H;| = A =m?=, so
i J

m? <|G|=5m—4 = (m—1)(m—4) <0,

som € {2,3,4}.

If m = 2, then |G| = 6. The only groups of order 6 are Zg (one subgroup of order 2) and S3 (three
subgroups of order 2). In both cases we have no five subgroups of order 2.

If m = 3, then |G| = 11. So, G = Z1;, which has no subgroup of order 3.

If m =4, then |G| = 16. Thus, G is a 2-group. Since every finite 2-group has nontrivial center, Z(G)
is a nontrivial 2-group. Hence, by Cauchy’s theorem, Z(G) contains an element z of order 2. Since
G = U?Zl H;, the element z belongs to some H;. Relabeling if necessary, assume z € H;. Because
Hy N H; = {1} for every j # 1, we have z ¢ Hj, j = 2,3,4,5. Now take Hy. Since |Ha| = 4, the
subgroup Hy contains a nonidentity element u of order 2. Clearly u # z, since z ¢ Hy. Because z is
central and both z and u have order 2, the set K = (z,u) is a subgroup of G isomorphic to V4. In
particular, |K| = 4. But K # Hj, since u € K and u ¢ H;. Also, for every j # 1, we cannot have
K = Hj, because z € K N Hy while each H; with j # 1 intersects H; only in {1}.

Hence, K is a subgroup of G of order 4 different from H;, Ho, H3, Hy, H5. This contradicts the
assumption that G has exactly five subgroups of order 4.

Therefore, the case m = 4 is impossible.

(b) Because the subgroups intersect only in {1}, their union is disjoint outside {1}. Hence

6
G| =1+ ([Hi| —1) =1+ 6(m — 1) = 6m — 5.
i=1
Fi h HH|=——7— =
or any ¢ # j we have |H;Hj| 0 m®, so

m?<|G|=6m—-5 = (m—1)(m—>5) <0,

som € {2,3,4,5}.
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If m =2,3,4, we get |G| = 7,13, 19, respectively. Each is prime, so G would be cyclic of prime order
and has no subgroup of order 2, 3, or 4, contradiction.

So, m = 5 and |G| = 25. A group of order p?, where p is prime, is abelian. So G' = Zgs or G = Zs x Zs.

In Zsg there is a unique subgroup of order 5. In Zs x Zs the subgroups of order 5 are exactly the
2 _

1
1-dimensional subspaces of the 2-dimensional Fs-vector space. Their number is T = 6. Any two
distinct such subgroups intersect trivially and their union is all of Z5 x Zs.

So, the unique solution (up to isomorphism) is G = Z5 X Zs.
Remark

The results that we have proved (finite groups that admit a partition by subgroups all of the same order)
are part of a more general result. Indeed, the groups we have presented were classified by I. M. Isaacs in
his article Equally partitioned groups, Pacific J. Math. 49 (1973), 109-116. Isaacs proved that a finite group
can be partitioned by subgroups of equal order if and only if it is a p-group of exponent p. In particular
m = p and the number of parts is t = (|G| —1)/(p—1). This sits inside the broader “groups with partitions”
line of work initiated by Miller and developed/classified by Baer-Kegel-Suzuki (for general partitions, not
necessarily equal size). Good overviews include:

e Baer, R., Partitioner endlicher Gruppen, Math. Z. 75 (1960/1961), 333-372.

e Suzuki, M. On a finite group with a partition, Arch. Math. 12 (1961), 241-274.
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Olympiad problems

O727. Let a,b, c be positive real numbers. Prove that

a . b b n c c L a n 8abc > 9
b+c c+a)\c+ta a+b)\a+b b+ec (a+b)(b+c)(c+a) —

Proposed by An Zhenping, Xianyang Normal University, China

Solution 1 by Theo Koupelis, Clark College, Washington, USA
Let z = €. Then the desired inequality becomes

__b _
e Y= ot £ = atb
(24 y)(y + 2)(z + ) + 8ayz > 2.
We first note that zy + yz + zx + 2zxyz = 1. Indeed,

2+ uz + 25+ Qoyr = ab n be . ca n 2abc
vy Y27 brolta)  (ctra)atd)  (@atb)bte)  (atb)btc)cta)
ab(a +b) + be(b + ¢) + ca(c + a) + 2abe

(@a+b)(b+c)(c+a)

= 1

Denote
p=x+y—+=z, q=xy+yz+ zx, r=2Tyz.

Then g 4+ 2r = 1. Also,
(+y)(y+2)(z+2)=(x+y+2)(vy +yz+ 2x) —xyz = pg — 1.
Hence the desired inequality is equivalent to pqg — r 4+ 8r > 2, that is,
pq+Tr > 2. (1)

Since ¢ + 2r = 1, we have r = (1 — ¢)/2. Thus (1) is equivalent to pq + 7(1;q) > 2, or

q(7—2p) < 3. (2)

By Nesbitt’s inequality, p=x +y + z > %

Ifp> %, then 7 — 2p < 0, and (2) is immediate.

If2<p< %, then 0 < 7 — 2p < 3, while ¢ < 1, so again ¢(7 — 2p) < 3.

It remains to consider the case % <p<2.

For positive real numbers z,y, 2z, we have that the inequality (x —y)?(y — 2)?(z — 2)? > 0 can be written as

P2 — 4q® + 18pqr — 4p3r — 2712 > 0.
Substituting r = %, we get
(2p+q+3) [-16¢° + g(4p® — 4p + 21) — 4p® + 6p — 9] > 0.
Since 2p + g + 3 > 0, it follows that

16¢2 — q(4dp® — 4p + 21) + 4p* — 6p + 9 < 0. (3)
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The discriminant of this quadratic in ¢ is A = (2p — 3)3(2p + 5). Thus, from (3),
4p* —4p+21+/(2p — 3)3(2p + 5)
q=< 39 .
Therefore, it is enough to prove that
4p* —4p+ 21+ /(2p — 3)3(2p + 5) 3
32 —T7-2p

This is equivalent to

(7—2p)V/(2p = 3)°(2p +5) < (2p — 3)(4p” — 12p + 17).
Both sides are nonnegative for % < p < 2. Squaring, this reduces to
(2p — 3)%(4p* — 12p +17)% — (T —2p)*(2p — 3)*(2p + 5) > 0,
or
256(p — 2)%(2p — 3)> > 0,
which is true.
Hence (2) holds, and therefore pg + 7r > 2. Thus

(x+y)(y+2)(z +z) + 8zyz > 2.

Equality holds when z =y =2 = %, which corresponds to a = b = c.
If we were to allow that at most one of the variables a, b, ¢ were zero, then equality would also occur when
(p,q,7) =(2,1,0) or (a,b,c) = (t,t,0) and cyclic permutations, where ¢ is a positive real number.

Solution 2 by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo

Set v =31,y = z = ;%5 Then the left-hand side becomes
E=(x+y)(y+2)(z+z)+ 8zyz.

Also, zy + yz + zx + 2xyz = 1. Indeed,

b
ct+a’

Ty +yz + 2z + 2% z—ab(a+b)+bc(b+c)+ca(c+a)+2abc_1
Y V2= CEDIEDICED) =

Thus it remains to prove that
(z+y)(y+2)(z +z) + 8xyz > 2

for positive real numbers x,y, z satisfying xy + yz + zx + 2zyz = 1.
The inequality and the condition are both symmetric in x,y, z. Hence, by the standard uvw principle, it is
enough to consider the case y = z = t, © = s. Then the condition gives

2st + 2 + 2st? = 1.

Hence 1—+

Since s,t > 0, we have 0 <t < 1. Now
E = (s+t)(t+t)(t+s)+8st> = 2t(s + t)* + 8st>.

1=t e obtain

Substituting s = -7,
(1—1t)2%(2t — 1)2

E=2
+ 2t

> 2.

Therefore,
(x+y)(y+2)(z+ )+ 8zyz > 2.
Equality holds when t = s =1/2,ie. x =y =2 = %, which corresponds to a = b = c.
Also solved by Arkady Alt, San Jose, California, USA; Cao Minh Quang, Nguyen Binh Khiem high school
for the gifted, Vinh Long, Vietnam; G. C. Greubel, Newport News, VA, USA; The Ring Lords, Baden-

Whirttemberg, Germany; Aaditya Bhaumik Sahu, AMMOC, India; Hoang-Bao Le, Dublin, Ireland; Shilong
Zhuang, California, USA; Teodor Cristian Petrescu, Romania.

MATHEMATICAL REFLECTIONS 2 (2026) 44



0728. Find all positive integers n such that 1 + 2 + 22 4 --- 2" divides (14 2)(1 +22)--- (1 +2") — 1.

Proposed by Titu Andreescu, Dallas, USA and Gabriel Dospinescu, Lyon, France

Solution 1 by the authors

Clearly n = 1 is not a solution, so from now on we assume that n > 1. We will prove that n is a solution of
the problem if and only if n + 1 is a prime.

Let py, be the set of primitive nth roots of unity and let

o, (X) = [ (X —2).
ZEUG,
We have [[;,, ®»(X) = X" — 1, which easily implies (by strong induction) that ®,, has integer coefficients.
We claim that for any even positive integer n we have

P (X)) A+ X)(1+ X3 (1+X™") —1

in Z[X]. Since both polynomials are monic, with integer coefficients, and since ®,,41(X) has no multiple
roots, it suffices to check that (14 X)(1+ X?)---(1+ X") — 1 vanishes at all z € p% ;. This is equivalent
to [T, (1 —2%) = [T, (1 — 2%) and it is clear since n + 1 is odd, thus the remainders mod n + 1 of the
numbers 2,4, --- ,2n are a permutation of 1,2,--- ,n.

Coming back to the problem, suppose first that n+ 1 = p is a prime. Then ®,,41(2) | (14+2)(1+2%)---(1+
2") — 1 and it suffices to observe that ®,1(2) = 2" —1=1+2+ -+ 2" since ¢,(X) = 5= for any
prime p.

For the harder implication, suppose that 27! — 1 divides (1+2)(1+22)---(142") — 1. Clearly 2" — 1 is
not a multiple of 3, thus n must be even. Let p be the smallest prime factor of n + 1 and write n + 1 = kp.
We have

Dp(2) |2F -1 2" -1 | (1 +2)1+2%) - (142" —1=(1+2)(1+2%)---(1+2F71 — 1.

On the other hand ®4(2) | 2¥ — 1, thus (using that (1 +2)(1+ 22)--- (1 +2¥71) = 1 (mod ®4(2)), which
follows from our previous discussion)

(1+2)1+2%)---(1+22 ") =[14+2)1+22)--- (142 DHP2r-t =271 (mod ©4(2)).
Thus ®;(2) divides both 27~1 — 1 and 2"+ — 1, thus it divides 28¢d(»+1p=1) _ 1 = 1 the last equality being
a consequence of the choice of p. Thus |®x(2)| = 1 and so Hze% |2 —z| =1. But |2 —z2| > 1 for all z € pj,

thus we must have |2 — z| = 1 and then z = 1 for all z € pj. This forces k = 1 and shows that n + 1 is a
prime, finishing the proof.

Solution 2 by William Han, Horace Mann School, Bronz, New York, USA
We will show that this property holds if and only if n = p — 1, where p is an odd prime. Assume first that
n+ 1= p, with p an odd prime. Let Fy,(z) = Hi;}(l + %) — 1 and let w be a primitive p-th root of unity.

Then w,w?,...,wP™! are the nontrivial p-th roots of unity and
kY P —1
H(w w") = o
k=1

Substituting = = —1, and since p is odd, we get [[2_1(1 + w*) = 1.

It follows that F,(w*) = 0 for every 1 < k < p — 1, and therefore the cyclotomic polynomial ®,(z) =
1+ 2+ 22+ ...+ 2P~ divides Fy(x) in Z[z]. In particular, ®,(2) = 1+ 2+ 22 + ... + 2P~ divides
Fp(2) = (1 +2)(1+2%)...(14+2P71) — 1, as desired. This proves the direct implication.

For the converse, let m = n + 1, where m is composite, and write

m—1
Pn=J]0+2%.
k=1

We have two cases.
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(i) m =2m’. Then 3 =1+ 2, thus
Ppn—1=(1+2)(1+2%)---(1+2™ 1 ~1=-1 (mod 3),

while

’

1424224 42n=2"" _1=2" _1=4" —1=0 (mod 3).
So, in this case, the property is not satisfied.

(ii) m is odd composite. Let p be the smallest prime divisor of m, and write m = pt, where t > 1 is odd.
By Zsigmondy’s theorem, there exists a prime r | (2! — 1) such that the order of 2 modulo r is exactly

t.

Then the elements 1,2,22,...,2! are precisely the nonzero t-th roots of unity modulo r, so
t—1
H(l +28 =1 (mod r).
k=1

Now group the product:
t p=1l 1
P, = (H(l + 2’“)) [T +25.
k=1

Since 2 =1 (mod r), we have

t t—1
[Ta+2H=a+2)[Ja+2")=2-1=2 (modr).
k=1 k=1

Hence P, = 2°~! (mod r). Because the order of 2 modulo 7 is ¢, and p — 1 < ¢, we have 2P~! # 1
(mod 7). Thus P, Z 1 (mod r). Since r | (2 — 1) and ¢ | m, it follows that 7 | (2™ — 1). Therefore

2™ 1P, — 1.
Thus, for m > 2,
m—1
2" — 1| [J(1+2") — 1 <= m is prime.
k=1
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P |
0729. Find all prime numbers p such that ——— is a perfect power.
p

Proposed by Alessandro Ventullo, Milan, Italy

Solution 1 by Daniel Pascuas, Barcelona, Spain
Let p be a prime number such that (2°~* —1)/p = 1 is a perfect power. Since (2>~1 —1)/2 = 1/2 is not a
perfect power, p must be an odd prime number. Thus we write p = 2g + 1, where ¢ is a positive integer.
Then

Pl 1 =92% _1=(2041)(27-1).

Since the above two factors are consecutive odd integers, they are coprime, that is, they have no common
prime divisor. Therefore only one of them is divisible by p and the other one must be a perfect power.
Hence we only have the following two cases:

Case 1. 29+ 1 is a perfect power. In this case, there are integers x,a > 1 such that 29 +1 = z%. Then x
is odd and 2 is the only prime divisor of 2% — 1. Thus we may apply Zsigmondy’s theorem (see the article
Zsigmondy’s Theorem and its Applications by Sunaina Pati, published in Mathematical Reflections 2 (2025))
to get that a = 2,50 29 = 22 — 1 = (z — 1)(z + 1). Therefore z — 1 =2 and  + 1 = 2¢, where 0 < b < ¢
are integers. It follows that 2 = 2¢ — 20 =26(27% — 1), sob=1,2=3,and ¢ = 3. Hence p=2¢+1 =171,

which satisfies that
r-t—1 261 63
D T T
Case 2. 29 — 1 is a perfect power. In this case, there are integers x > 0 and a > 1 such that 29 — 1 = x°.
Then z is odd and 2 is the only prime divisor of 2% 4+ 1. By the sum version of Zsigmondy’s theorem (see

Theorem 7 on page 7 of the cited article), z =1, so ¢ = 1 and p = 2¢ + 1 = 3, which satisfies that

9 =32 is a perfect power.

-t -1 221 :
= =1 is a perfect power.
P 3

Summarizing, we have just shown that 3 and 7 are the only prime numbers p such that (2= —1)/p is a
perfect power.

Solution 2 by Mohammed Aassila, Strasbourg, France

Let )
2P~ —1
N,= —.
p
We seek all primes p for which N, is a perfect power. First check small cases.
22-1 3
For p =3, N3 = 3 —3= 1, which is a perfect power.
26-1 63 9 o
Forp =17, Ny = == 9 = 37, which is also a perfect power.

Now suppose p > 5 and that IV, is a perfect power. Then IV, = a™ for some integers a > 1 and m > 1. Let
q be a prime divisor of m. Then N, is also a ¢-th power: N, = b? for some integer b. Hence 2;;_]31_1 =01, so
Pl _pp? = 1.

Thus we obtain an equation of the form
2" — Dy =1,

where D = p is prime and ¢ > 2. A classical theorem of Ljunggren on generalized Ramanujan-Nagell
equations states that the only solution of 2" — Dy9 = 1 with D odd, ¢ > 2, and y > 1is 26 —7-3% = 1.
Therefore,
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Combining this with the earlier check p = 3, we conclude that the only primes satisfying the condition are
p=3andp=".

Solution 3 by Yeonwoo Amelia Tae, Northfield Mount Hermon School, Gill, Massachusetts, USA
—1
If p =2, then QPP% = %, which is not an integer. So, we can assume that p = 2m + 1 is an odd prime. If

m =1, then p = 3, and (2! — 1)/p = 1, which may be regarded as a perfect power.
In the sequel, consider m > 2, that is, p > 5. We have

2Pl 1 =122" 1 = (2™ —1)(2™ +1).
We distinguish two cases.

(i) p| 2™ —1. Then

= (2™ + 1),

and the two factors on the right are coprime.

Since their product is a perfect power, each one of these factors must be a perfect power. In particular,
2"+ 1 =9y"

for some integers y > 2, n > 2. But by Mihailescu’s Theorem (Catalan’s Conjecture), the equation
y" — 2™ = 1 has only one solution when y,n,m are all at least 2, and that solution is 3% — 23 = 1.
This implies m = 3, from which p = 7.

(i) p|2™ + 1. Then
2-t—1 2m41
p p
and the two factors on the right are coprime.

(2m - 1)7

Since their product is a perfect power, each one of these factors must be a perfect power. In particular,
om _ 1 — yn

for some integers y > 2, n > 2. Using Mihailescu’s Theorem again, the equation 2" — y™ = 1 has no
integer solutions with y,n,m > 2. Hence, we have no solutions in this case.

In conclusion, the only primes having the desired property are p =3 and p = 7.

Also solved by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo; Enes Hozha,
New York School of Science in Kosova, Prishtina, Kosovo; G. C. Greubel, Newport News, VA, USA;
The Ring Lords, Baden-Wiirttemberg, Germany; Theo Koupelis, Clark College, Washington, USA; Shilong
Zhuang, California, USA; William Han, Horace Mann School, Bronz, New York, USA.
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3
0730. Let f(z) = % + 2 and let a, b, ¢ be distinct real numbers such that abc = 1 and

1)+ (0-0)+7(=0) -
c a
Prove that
(o) -8y o) (0 () (-3)

Proposed by Titu Andreescu, Dallas, USA and Gabriel Dospinescu, Lyon, France

Solution by the authors

We have
1\? 1\? 1\? 1 1 1
a——-| +(b—-) +|lc——) +3la—=)+3|b——)+3|c——| =0,
b c a b c a

which, taking into account that abc = 1, is equivalent to

) () e D) ) b )

Ifa—lzb—lzc—l,then
b c a
b—c c—a a—2b
a—b=— e b—c=-— w =T
Multiplying the last three relations and dividing by (a — b)(b — ¢)(c — a) # 0 yields
L1
(abc)?’

which is impossible. But if u, v, w are real numbers, not all equal, u® + v3 + w? — 3uvw = 0 if and only if

u+v+w=0. Hence
1 1 1
b c a

I A S0 A G
N G O R I COICORE
;wiﬂfwieﬁw@»wzw@»

SO

It follows that

where we used again that abc = 1, and the conclusion follows.
There are triples (a, b, ¢) which satisfy the conditions in the problem, for example (2,1/2,1).

Also solved by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo; Cao Minh
Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam; Theo Koupelis, Clark Col-
lege, Washington, USA; Hoang-Bao Le, Dublin, Ireland; Shilong Zhuang, California, USA.
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O731. Let P(z) be a polynomial of degree d.
(a) Let ¢ be an integer such that for all integers ¢ < z < ¢+ d, P(x) is an integer. Prove that for all
integers n, P(n) is an integer.

(b) Prove that for each positive integer d, there is a polynomial P(z) of degree d for which there is
an integer ¢ such that for all integers ¢ < z < ¢+ d — 1, P(z) is an integer, but for any other
integer n, P(n) is irrational.

Proposed by Mohammadreza Ghelichkhani, Shahed University, Tehran, Iran

Solution by the author

(a) If d =1, let P(z) = ax +b. Since P(c) and P(c+ 1) are both integers, we have P(c+ 1) — P(c) = a,
which is also an integer. Therefore, a must be an integer, and since P(c) = ac + b is an integer, it
follows that b is an integer as well. Thus, P(x) € Z[z], completing the proof for this case.

Now, assume the statement is true for all positive integers 1 through d — 1. We will prove it for d.

We know that P(c), P(c+1),...,P(c+d) are all integers. Let ¢(x) = P(x + 1) — P(x). It is obvious
that deg(q) < d and that for all ¢ < x < c+d — 1, ¢(x) is an integer. Therefore, for all integers n,
g(n) is an integer. This implies that for all integers n, either P(n + 1) and P(n) are both integers or
neither is. Since P(c) is an integer, the proof is completed.

(b) Consider the polynomial P(z) = v2x(z —1)---(x —d + 1).

Also solved by Adela Llapashtica, Specialized Mathematical Gymnasium, Prishtine, Kosovo.
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0732. Let a, b, c be positive real numbers such that ¢ = min{a, b, c} and a?bc > 1, and let

1 3
Fla,b,c) = ) —
(a,b,¢) Y abe ab + bc+ ca

Fla,b,c) §F<1 ! 1).

a’'b ¢

Prove that

Proposed by Vasile Cirtoaje, Romania and Vasile Mircea Popa, Romania

Solution by the author

111
Since F(a,b,c) > 0 and F (, 7 > > 0, it suffices to prove the homogeneous inequality
a c

a’'b’ e

111
VaZbe - Fla,b,e) < F < ! )
for a = min{a, b, c}. Due to homogeneity, we may set a = 1, hence b,c > 1. Thus, we need to show that

x/%-F(a,b,nzF(l 1 1),

a’'b’

1 3 3 3bc
Vb ] < Vpo— ) —22C
c<3bc b+c+bc>_ ““Vitote

szb—;c, p = Vo,

with s > p > 1. For fixed p, the desired inequality is equivalent to F'(s) > 0, where

3 1 3
F(s) = ¥/p2 — - — )
(8) = VP* =P\ 5.7 p(3p2 \/28+p2>

, 1 1
Fls)=pV3 [(23 T132 (28 +p2)3/2] =0

Thus, F(s) is increasing and F'(s) > F(p). To end the proof, we need to show that F(p) > 0, which is
equivalent to

which is equivalent to

Denote

We have

1/3
3 > 3p .
2p+1 p+2

P32/

Denoting p = 22, where > 1, we need to show that

x — x? 3 >1-— 3z
V2x3+1~ V a3+ 2’

x(mﬂﬁ) VP2V

i.e.

223 + 1 — Vad g2
r(2z +1)(z — 1)2 S (x+2)(x —1)?

\/2x3+1<\/2x3+1+xﬁ> a \/x3+2<\/x3+2+\/35>'
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It is true if
x(2x 4+ 1) < x4+ 2

203 + 1+ 23223 4+1) 2342+ /Bx(23+2)

which is equivalent to f(z) + v/3zg(z) > 0, where

f)=22% -2t — 42 + 42’ + 2 —2=(z - 1) (22" + 2 - 322 + 2 +2) >0
and
g(x) = 2z +1) x(x3+2)—(g;+2)\/mZ(z+2)[ $($3+2)_m}
_ @+ -2+ 20 1) (2+2)(z+(z—1)°

Vao(zd +2) + V223 +1 B Va(zd +2) + V23 +1

The proof is completed. The equality occurs for a = b =c¢ > 1.

Remark. The inequality is true in the particular case a,b,c > 1 (which involves a?bc > 1).

Also solved by Theo Koupelis, Clark College, Washington, USA.
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