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Abstract. We will prove a general inequality from which we will obtain known and new inequalities.

Let us consider the real numbers a, b, and ¢, and their fundamental symmetric sums o1 = a+b+c,
o9 = ab+ bc + ca, o3 = abc, with the help of which we define

1
51 = 7 <—20% + 90109 — 2 (a% — 302)3> ,

1
S9 = 77 (—20% 4+ 90109 + 24/ (U% — 302)3) .

We will keep these notations throughout this paper.

Theorem 1. Let a,b,c be real numbers. Then the inequalities
51 < 03 < s9, (1)

hold, with equality if and only if (a — b)(b — ¢)(c — a) = 0, that is if and only if b= ¢, or ¢ = a, or
a =b. Moreover, when b = c we have

(i) if a < b, then s; = 03 < s2;

(ii) if a > b, then s1 < 03 = Sg;

(iii) if a = b, then s; = 03 = sg,
and similar conclusions can be drawn in the cases c = a or a = b.

Proof. The inequality (a — b)%(b— ¢)?(c —a)? > 0 holds for all a, b, c € R, with equality if and only
if (a — b)(b — ¢)(c¢ — a) = 0. After performing some calculations, the above inequality is equivalent
to

—2702% 4 (180109 — 40303 + 0205 — 403 > 0, (2)

with equality if and only if (@ — b)(b — ¢)(¢ —a) = 0. The discriminant of the quadratic trinomial
in o3 from (2) is A = 16(0? — 302)3 and it is nonnegative since

0l >302 (b—c)? +(c—a)*+(a—0)>>0

(with equality if and only if @ = b = ¢), so the (real) roots of the trinomial are s; and sg, with
s1 < s2. Now it is clear that the inequality from (2) is true if and only if o3 € [s1, s2], which is
equivalent to the inequalities (1). We have equality in (2) if and only if (a — b)(b —¢)(c —a) =0,
meaning that b = ¢, or ¢ = a, or a = b.
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Consider now that b = ¢; then we have o = a + 2b, 09 = 2ab + b?, 03 = ab® and, by replacing
these in s1 and so, we obtain

1= o (—2a® + 6a*b + 21ab® + 2b° — 2|a — b]?),
s2= o= (-2 + 60 + 21ab + 25" + 2)a — 0f°).
If @ < b then |a — b| = —a + b and we have

S1 = a62 =03,

1
S9 = 77 (74a3 +12a2b + 15ab® + 4b3) .

The inequality sy > o3 = ab? is equivalent to 4(b — a)® > 0, which is clearly true, thus we get that
s1 = 03 < sg, which represents (i). Similarly we obtain (ii). If a = b = ¢ it follows immediately that
51 = 03 = 59 = a®, that is, (iii). O

Corollary 1. Let a,b, c be real numbers. Then we have the inequality

2705 + 207 — 90102| < 24/ (07 — 302)3, (3)

with equality if and only if b=1c, orc=a, or a =b.
The proof of the above follows from (1). We solve some other applications using the above results.

Application 1. Let a and b be real numbers. Prove that

|(a+b) (2a® —5ab+2b2)‘ < 24/ (a? — ab + b2)*. (4)

(Ovidiu T. Pop and Marius Dragan)

Solution. The inequality (4) immediately follows by taking ¢ = 0 in (3). Equality holds if and
only if a = b, or a =0, or b= 0.

Application 2. Let a, b, ¢ be positive real numbers. Prove that

4la+b+c)? a3+b3+c37a2+b2+02214' 5)
a? + b2 + c2 abe ab+bc + ca

(Marius Dragan and Ovidiu T. Pop)
Solution. Inequality (5) may be written in the form

402 03 — 301092 + 303 0} — 209
5 — > 14.
o1 — 209 03 02

Due to homogeneity we may assume, without loss of generality, that 01 = a + b+ ¢ = 1. Thus we

have to prove
1 602 + 1
1- S P%TE )
( 302) (0’3 0’2(1 — 202)> 20, (6)
where we have (because (a + b+ c)? > 3(ab + bc + ca), for any a,b,c € R)

1
(o)) S 57 (7)
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with equality if and only if @ = b = c.According to (7) we still need to show that

1 6 1
_L>0’ (8)

;3 0'2(1—202) -

or (note that all numerators and denominators are positive)

0'2(1 — 20’2)
A2 9
78 = 602 + 1 ( )
where o9 € (O, %]
By using the right inequality from (1) it will be enough to prove that
1—-2
59 < 70-2( 02)
602 + 1
or
1 0'2(1 — 20’2)
(=24 900+ 20/(T—30y)%) < =2, 10
27( 002+ 2V(1=300)°) < =y (10)
or, finally, after performing some calculations,
(1 —302) ((602 4+ 1)v/1 — 302 — 1805 — 1) <0, (11)

where o9 € (O, %]
But this is true, since 1 — 309 > 0, and (602 + 1)y/1 — 302 < 602 + 1 < 1803 + 1. Equality holds if
and only if a = b =c.

Application 3. Let a,b, ¢ be real numbers. Then we have
(a® + % 4 ) (a® + b* + 2 — ab — be — ca) >
> (\/6 - 2) (a+b+c)(a®b+ b*c + c*a + ab® 4 bc? + ca® — 6abe). (12)
(Marius Drigan and Ovidiu T. Pop)

Solution. The inequality (12) can be expressed as
(0% — 209) (0% — 309) > (\/6 — 2) o1(o102 — 903).

Without loss of generality we consider o7 = 1, since the inequality is evidently true for a+b+c = 0,
while for a,b,c with a + b+ ¢ # 0 it can be obtained by applying the already proved case (when
a,b,c sum to 1) to the numbers

a b c
a+b+c a+b+c a+b+c’

and by multiplying with (a 4 b+ ¢)* > 0. Thus, we need prove

1 (1 —2032)(1 — 302)
0329<02— 76 —2 ) (13)

Due to (1) we have o3 > s1, so it would be enough to show that

o (-2 4+ 90, 2/ (T=30)%) > ¢ (Uz _a —2;26><12_302>>
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or

(1= 309) ((2 + x/é) (602 +2V6 — 7) + 4@) <0. (14)

Since o9 € (0, %], we still have to prove that
(2 n \/6) (602 +2V6 — 7) 441 =305 <0, (15)

for any o9 € (0, %}
In order to prove (15), we write it as

2(%—2)@57—2\/6—602.

Note that 7 — 2v/6 — 602 > 5 — 2¢/6 > 0, so, after squaring and performing some calculations, the
inequality to prove becomes

(602 _ 2\/6+3)2 >0,

which is definitely true.
The equality holds in (13) if and only if 03 = s; and we also have equality in (14), that is,

. 1 2V6-3
whenever we have either oy = -, or 09 = ———— (besides 03 = 7).

The first case leads to equality in (12) in the obvious situation a = b = c.

Because in the second case we still have o3 = s, it follows by Theorem 1 that two of the

numbers are equal. Assuming b = ¢, we must have (also by Theorem 1) b = ¢ > a. Thus we now

2v/6 — 3
get 2ab + b% = \[6 and a + 2b = 1, yielding
a—3_\/6 b—c—i ora = Vo1 b—c—4_\/6
- 3 ) - - \/67 - 3 ) - - 6 )
but the second triple does not verify the condition a < b. It remains that equality in (12) also
k(3 — 6 k k(3 —+6 k
holds for triples of one of the forms a = (7\[), =c=—orb= (7\[), c=a=——, or
3 V6 3 V6
k(3 —+/6 k
c= (7\0, a = b= —, for some real number k.
3 V6
Remark 1. Inequality (12) represents a refinement of the inequality
(a®> 4+ b* 4 ) (a® + b* + ¢? — ab — be — ca) >
7

> o1 (a®b + b*c 4 c*a + ab® + bc® + ca® — 6abc) (16)
from [3].
Application 4. Let z,y, z be real numbers such that x > 1,y > 1, z > 1, and

1 1 1 )
x—1+y—1+z—1_
Prove that
zyz +44 > 9(x + y + 2). (17)

(Marius Stanean, see [2])
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1 1 1 a+l  b+1

Proof. We denote a = , b= , C = , from which a,b,¢ > 0 and z = , Y = ,
r—1 y—1 z—1 a b
+1
z = follow. We have, by hypothesis, that 01 = a + b+ ¢ = 1. The inequality to prove (17)
c
reads
1 b+1 1 1 b+1 1
at+l b64+1 c+ L 44> 9 a—+ n =+ +c—|—
a b c a b c
or, after computations,
409 — 1
o3 > . (18)

1 1
If 09 < T then 409 — 1 < 0, so (18) is clearly true, therefore we can assume further that oy > T

1
Note again that o1 = 1 implies 09 < 3 Using Theorem 1, we have o3 > s1, hence it will be

sufficient to prove

40‘2—1

40‘2—1
81> 9 s

- 9

1
& (—2 905 — 2/(1 — 302)3> >

which is equivalent to
1 =309 —2+/(1—=302)3 >0,

or to

(1—302) (1 —2y1—302) > 0. (19)

But this follows from 1 — 309 > 0 and 1 — 2/1 — 3092 > 0 & 2y/1 — 309 <1< 1 — 409 <0, which

1
is true since o9 > T

For equality we must have o3 = s1, and either o9 = %, or g9 = %. If o9 = % we have

a=b=c= %, thus in (17) we get equality for z =y =z = 4. If 03 = 51 and 09 = %, by theorem
1, we must have (for instance) b = ¢ > a. We thus get b* + 2ab = % and 2b+ a = 1, yielding a = %
and b=c= %,oraanndb:c: % Since a > 0 we only remain with a = %, b=c= %,but this
triple does not verify a < b. Thus, finally, the only equality case in (17) is x =y = z = 4. O

Application 5. Let a, b, c be nonnegative real numbers such that
(a+b)(b+c)(c+a)=2.

Prove that
(a® + be)(D* + ca)(c? + ab) + 8a’b?c? < 1. (20)

(Marius Stanean, MR 2(2020), see [2])

Solution. We prove the general inequality

(a® + be) (b + ca)(c? + ab) + 8a*b?c? < ~(a + b)%(b + ¢)*(c + a)?

=

from which the desired inequality immediately follows. By expressing in terms of o1, 09,03, we

need to show that 63 . "
Z 032, + 0%03 - Z U%O’% — ? 0109203 + a;’ <0. (21)
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Without loss of generality we may consider o1 = 1, so we now have to prove the inequality
f(o3) = 6302 + (4 — 2209)03 + 405 — 05 < 0.
(where f(t) = 63t% + (4 — 2209)t + 403 — 03). We distinguish between two cases.

1
Case 1. When 03 < 1 Ve have f(0) = 403 — 03 < 0 and
8
f(s2) = g(l — 303) (1805 — 2109 + 4 + (1502 — 4)v/I — 302) < 0,

(without equality). Because o3 € [0, s2] (by Theorem 1), and f is a quadratic trinomial with a
positive leading coefficient, we get f(o3) < 0, too.

\J

| s
\\ \:./
f(03)

1 1
Case 2. Consider now that oo > 1 (and, of course, we have anyway oo < §) In this case

o3 € [s1, s2] (by Theorem 1), and we have

f(s1) = é(1 — 309) (1805 — 210 + 4 — (1509 — 4)v/1T — 303) <0

81
and f(s2) < 0. It follows that f(o3) < 0, too, since o3 € [s1,$2]. The equality case holds for
1 1
f(s1) =0 or f(s2) = 0. The equation f(s;) = 0 leads to o2 = g Oroz=, while f(s2) = 0 gives
1
g9 — §
A
\ ! ! ’
\ : : ]
\\ I ] ll
. | [
\ ! L
\51 :?03 /'S2 N
(COTE 7
. I
1 . . o
From o9 = 3 we clearly get a =b=c= 3 If o9 = T in the same way as in Application 4, we
2 1 1
obtaina:(),b:c:i,ora:g,b:c:éwitha<b:c. Itremainsthata:b:c:g, or
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1
a=0,b=c= 7 So the equality case in (21) holds either for a = b = ¢, or for a = 0 and b = ¢.
By replacing in the condition (a + b)(b+ ¢)(c+ a) = 2, we see that equality holds in (20) if either
1
a=b=c= %, ora=0,b=1,c=1 (and all the permutations of the last triple).
Application 6. Find the greatest constant A such that the inequality
a b c 3 a?+bv+c2 1
—— > A — - = 22
b+c+c+a+a+b 2~ <(a+b+c)2 3) (22)

holds for all positive real numbers a, b, and c.
(Nguyen Viet Hung, see [1])

Solution. The inequality is clearly an equality for a = b = ¢ (and any \), so we can assume
that a, b, ¢ are not all equal. It is equivalent to

0%—20102+303_§>)\ 0%—202 1
0109 — 03 2 .

Without loss of generality we suppose o1 = 1. Then the inequality to prove rewrites successively

1—202—1—303_22)\(

02 — 03

1-2 3 3 2
09 — 03 2 3

2 — 409 + 603 — 302 + 303 > 2)\(1 — 302)

2(0‘2 — 0‘3) B 3
3 2 —To9 + 903
= )\ < - = 03),
=4 (1-=303)(02 — 03) J(o3)
where 5 - o
— To9 +
=" .
J®) 4 (1—302)(02 —1t)
Note that

1
1—302:Uf—302:5((a—b)2+(b—c)2+(c—a)2)>0

since a, b, ¢ are positive and not all equal. Moreover, 09 — 03 = 6109 —03 = (a+b)(b+¢)(c+a) > 0,
so 03 < 0g. We further have

(o2 +1)
(1 —302)(0g —t)?

£ =3

for all t # o9, so f is strictly increasing for ¢ < o9 (and for ¢t > o9, too, but this is not important
here). Also, we have o3 € [s1, s2] by theorem 1 (thus, actually, o3 € [s1,02)) and o3 = s1 can be
achieved when two of the numbers are equal, therefore we must also have

27

A< _
S F6) = B i =50
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1
for all o9 € (0, 3). So the best constant would be
)\0 = inf g(t)
0<t<%

if we denote
27

1
t) = for t < —.
90 = v <3

1
The above infimum (actually the minimum) is easily seen to be 3, achieved for ¢ = T and it indeed

represents the best constant for which the inequality holds, because we have

3 < g(o2) = f(s1) < f(o3)

since f is increasing for t < 09, and s1 < 03 < 039.
For A\g = 3 we obtain the inequality

a b c 3 A +b2+2 1
+ + 523 a3 @

b+c c+a a+bd (a+b+c)? 3

a N b N c 3(a2+b2+c2)+1
-~ —=.
b+c c+a a+b~ (a+b+c)? 2

We invite the reader to see if (for A = 3) any other case of equality (except for a = b = ¢) exists.

Application 7. Find the greatest real number A such that the inequality

a b c 3 8 (a+b)(b+c)c+a)
25 (2
brc cta atb 2° (27 (a+b+c)3

(23)

holds for all positive real numbers a, b, c.

Solution. The inequality becomes an equality for a = b = ¢ (and any \), so we can assume that
not all of a,b, ¢ are equal. Now, (23) is equivalent to

U%—20102+303_§>>\ 8 0102 — 03
0109 — 03 2 .

7 o

Without loss of generality we can consider o1 = 1, so we have to show that

1—209+303 3 8
e = R S N (N
09 — 03 2 <27 02+03)7
o 27 2~ 70y +9
— (09 g3
A< —- = .
- 2 (02—03)(8—2702+2703) f(o-d)
with

27 2—"To9+ 9t
DR .
2 (09 —1t)(8 2709 + 271)
(Note that 8 — 2709 + 2703 > 0 for positive a, b, ¢ not all equal. We also have o2 > 03.) Now, since
the derivative of f is

f,(t):27<(02+1 243(1 — 309) >’

8 09 —t)Q (8—270'2 +27t)2
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hence it is positive, we have that f is increasing for ¢ < o2. By Theorem 1, we also have s; < o3
(thus s1 < 03 < 03), therefore any \ must satisfy

243
VI—302+1) +12(vT1 302 —4) 02 9(02),

)\Sf(sl):8(

where
o - 243
M S(Vi—st+1) +12(VI—si—4)t’

The required best constant would be

27
o= inf g(t)= 2 (13\/3— 35) ~ 10.017

o<t<i
- : . 8v13 — 20 . . .
(the minimum being achieved at ¢ = T) And, indeed, this is the best constant, as it
verifies Ao < g(02) = f(s1) < f(03).
81
Remark 2. For A = 6 we obtain
a b c 81 (a+b)(b+c)(c+a)
> > 3. 24
b—l—c+c+a+a+b 16 (a+b+c) - (24)

(Nguyen Viet Hung, see [1])
81 27 27 _
Since we have %<3 (13v/13 — 35), the inequality from (23) for A = 5 (1313 —35) is a
refinement of the inequality from (24).

We invite the interested reader to find more applications of Theorem 1 in the study of inequalities
depending on three variables. For example, just to begin, one could ask if this result is useful in
proving the inequalities between the means of three positive real numbers.
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