Junior problems

J739. Solve in real numbers the system of equations

Sy = B,
o422 = 2841,
P Y+ 1.

Proposed by Alessandro Ventullo, Milan, Italy

Solution 1 by the author
Adding all the three equations side by side, we get

(@ -2 -2+ )+ (P -y =+ )+ (P -2 -2+ 1) =0,
B (28— 1)(@® — 1)+ (4 — D(e? — 1) + (=5~ 1)(= ~ 1) = 0.

So,
(@2 =1 + 22+ D)+ P - D+ P+ D)+ (2 - 12T+ 22 4+ 1) =0

Since (2 —1)%(t* + 2 +1) > 0 for all t € R, then
(2~ DR+ a? 1) = (i~ D2+ P 4 1) = (- DR 4 22 4 1) =0

2

ie. 22 =19y%=2%2=1. So,

(r,y,2) € {(1,1,1),(1,1,-1),(1,-1,1),(—=1,1,1),
(-1,-1,1),(-1,1,-1),(1,-1,-1),(—-1,—-1,—1)}.

An easy check shows that all these triples are solutions to the given system of equations.

Solution 2 by Adam John Frederickson, Utah Valley University, UT, USA
Set (a,b,c) = (22,52, 2%). Then a,b,c > 0, and the system becomes

aAd+b=c*"+1,
b+ ec=a*+1,
S+a=0b"+1.

We claim that a = b = ¢. Suppose otherwise. By cyclic symmetry, we may assume that ¢ = max{a, b, c}.
Then a < ¢ and b < ¢, with at least one of these inequalities being strict. Hence

A+l=add+b<E+e,

which gives

A-B—ctri1<o.

But
A-S—ctl=(c-1)(AE-1)=(c-1)*F+c+1)>0,

a contradiction. Therefore a = b = c. Let a = b = c =t. Then any equation of the system gives

Brt=t"4+1 = t-1*t*+t+1)=0
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Since t2 +t+ 1 > 0, we must have t = 1. Thus a = b = ¢ = 1, and consequently

=yt =22=1.

Hence z,y,z € {—1,1}.

Conversely, every independent choice of signs satisfies the original system. Therefore the system has exactly
eight real solutions (z,y,2) € {—1,1}3.

Editor’s Comment. Mihaly Bencze generalized the problem and proved that the system of equations

arb +by? =c2¥+a+b—c,
by +cz?2 =ax® +b+c—a,
2% +ar? =by¥ +c+a—0b,

where a, b, c > 0, has eight solutions in real numbers, that is, (z,y,2) € {—=1,1}3. For a =b=c =1 we get
the original problem and the solution is exactly the same.

Also solved by Amanda Goodwin, SUNY Brockport, NY, USA; Angel Plaza, Universidad de Las Palmas
de Gran Canaria, Spain; Arkady Alt, San Jose, California, USA; Braden Mauerman, SUNY Brockport,
NY, USA; Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam; Cort-
land Greindl, SUNY Brockport, NY, USA; Dow Lee, St. George’s School, Vancouver, Canada; loan Viorel
Codreanu, Satulung, Maramures, Romania; Jayden Choi, Bergen Catholic High School in Oradell, New
Jersey, USA; Jinu Kong, Marriotts Ridge High School in Ellicott City, MD, USA; José Luis Diaz-Barrero,
Barcelona, Spain; Kousik Sett, India; Mihdly Bencze, Brasov, Romania; Mikhail Balepin, California, USA;
Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania; Sundaresh H. R., Shivamogga, Kar-
nataka, India; The Ring Lords, Baden- Wirttemberg, Germany; Theo Koupelis, Clark College, Washington,
USA; Kristine Lee, Mount Juliet High School, TN, USA; Murad Safarli, Physics Mathematics and Informat-
ics Lyceum, Baku, Azerbaijan; Turan Musayev, Shaki City Lyceum with Chemistry and Biology Specialisa-
tion, Shaki, Azerbaijan; Nguyen Tuan Minh; Polyahedra, Polk State College, FL, USA; Saarang Agarwal,
AMMOC; Teodor Cristian Petrescu, Romania; Vidyut Sundar, Dhirubhai Ambani International School,
Mumbai, India; Yeonwoo Amelia Tae, Northfield Mount Hermon School, Gill, Massachusetts, USA.
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J740. Let a,b, ¢ be positive real numbers such that a® + b + ¢ > 3. Prove that

\/ 2ab +\/ 2bc +\/ 2ca <atb+
a c.
a? + b2 b? + 2 2 +a2 "~

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Solution 1 by the author
The Cauchy-Schwarz inequality and the inequality
obviously true), gives us

2ab 2ab+c?
a2+b2 — g2 +b2 +CQ

(which is equivalent to ¢%(a — b)2 > 0,

2ab 2ab
Z\/CLQ—’—I)QS 3Za2+b2

cyc cyc

IA
o
N
Q
S
+
9
[N}

3(a+b+c)?
a? + b2 + ¢2
<a+b+ec

The last inequality is true because a? 4+ b? + ¢ > 3. The proof is completed.

Solution 2 by PolyagLedm, Polk State College, FL, USA

. 2ab
Since aQibz <1l=g3,

2ab < 2ab + c? 2ab + c?
a’?+b " a2+ 4+ 3
Therefore, by the concavity of /= (or the Cauchy-Schwarz inequality),

2ab 2be 2ca 1 [ 2ab+ c2? + 2bc + a2 + 2ca + b2
—— < 34/ = = b .
\/a2+b2+\/b2+62+\/c2+a2_ \/3< 3 atbhte

Solution 3 by Murad Safarli, Physics Mathematics and Informatics Lyceum, Baku, Azerbaijan and Turan
Musayev, Shaki City Lyceum with Chemistry and Biology Specialisation, Shaki, Azerbaijan
Write ¢ = a® + b% + ¢? and s = a + b + ¢. Since a? + b? < ¢, and similarly for the other pairs,

2ab n 2be n 2ca (a—b)? (b-¢)? (c—a)?
a2+ b2+c 2+a? a’?+b b2+ A+a?
AV 2 2
<3 (a—=b)*+(b—c)*+(c—a)
q
.
Consequently, the Cauchy—Schwarz inequality and ¢ > 3 give

\/ 2ab N \/ 2bc n \/ 2ca < 352 <
—_— — <s.
a’ + b? b2 + 2 24+a?2 "\ ¢ —

Because all three variables are positive, equality in the first estimate forces a = b = ¢; equality in the last
estimate also requires ¢ = 3. Thus equality holds if and only if a = b=c = 1.

Also solved by Arkady Alt, San Jose, California, USA; Brenna Meagher, SUNY Brockport, NY, USA;
Arkan Manva, IIT Bombay, Mumbai, India; Cao Minh Quang, Nguyen Binh Khiem high school for the
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gifted, Vinh Long, Vietnam; Daniel Vicaru, National Economic College, Pitesti, Romania; Dow Lee, St.
George’s School, Vancouver, Canada; Jayden Choi, Bergen Catholic High School in Oradell, New Jersey,
USA; José Luis Diaz-Barrero, Barcelona, Spain; Marin Chirciu, Colegiul National Zinca Golescu Pitesti,
Romania; Mihdly Bencze, Brasov, Romania; Ngo Quang Minh, NVIDIA Vietnam, Hanoi, Vietnam; Nicusor
Zlota, “Traian Vuia” Technical College, Focsani, Romania; The Ring Lords, Baden- Wiirttemberg, Germany;
Theo Koupelis, Clark College, Washington, USA; Daniel Pascuas, Barcelona, Spain; Nguyen Tuan Minh;
Shilong Zhuang, California, USA; Teodor Cristian Petrescu, Romania; Vidyut Sundar, Dhirubhai Ambani
International School, Mumbai, India.

MATHEMATICAL REFLECTIONS 4 (2026) 4



J741. Solve in nonzero complex numbers the system of equations

Ty 6

z z

2yz 3
y+Z_L = ORI

T x

dzx 9
T+ — = ——.

Y Y

Proposed by Adrian Andreescu, Dallas, USA

Solution 1 by Yeonwoo Amelia Tae, Northfield Mount Hermon School, Gill, Massachusetts, USA
Multiplying the three equations by 22, 22, y?, respectively, gives

x2? +yz* + ayz = 6, (1)
2y + 2%z — 22yz = 3, (2)
vz + xy? + dwyz = —9. (3)

Adding these three equations, we obtain
(x+y+2)(xy +yz+ zz) =0.
On the other hand, equation (1) can be written as
2(zy +yz + zx) = 6.
Since z # 0, it follows that xy + yz + zz # 0, and therefore x + y + 2 = 0. Set » = 7. Then

y:—l—r.
z

Substituting # = rz and y = —(1 + r)z into (1) and (2), respectively, gives
—23(r2 +r4+1)=6

and
23(—r3 4+ 2r% +2r) = 3.

Eliminating 23, we get

2% —5r? —5r —1=0 < (2r+1)(r*=3r—1)=0.

Hence
1 34+ev13
r=— or 7*27—1_6 , ee{-11}.
2 2
Ifr:—%,then
1 1
3
_ Z_-11)=
#(im3+1)-o
so 23 = —8. Thus, writing w3 =1,
z = —2w, T=Y=uw,

and we obtain
(x,y,2) = w(l,1,-2), w3 =1.

Now let r = 73“2‘/@

, where ¢ = £1. Since 72 = 3r + 1, we have

rP4r+1=4r+2=2(4+¢V13),
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and therefore

6 3
3 _ — — \/>_
AR = =eV13 4.
r2+r+1 4+¢ey13
Moreover,
T _3+ev13 Y ~5+eVI3

L 1 —y=
z " 2 z " 2

Hence the remaining solutions are

3+ev13 5H5+ev13
(I’,y,Z):t s 71 )

2 2

where

3 =eV13 — 4, e =+1.

Conversely, each of the triples obtained above satisfies the original system. Since each of the three nonzero
values of ¢ has exactly three complex cube roots, the system has exactly nine solutions.
Thus the complete solution set is (r,y, z) = w(1, 1, —2), w® = 1, together with

1 V1
(x,y,z)—t<3+;ﬁ,—5+§ 3,1), 3 =eV13 -4, c=+1.

Solution 2 by Corneliu Manescu-Avram, Ploiesti, Romania
Set
p=x+y—+=z, q=2xy+yz+ zx, r=2Tyz.

After clearing denominators, the three equations can be written as

2q = 6,

x(q — 3yz) =3,

y(q + 3zx) = —9.
Adding them gives

pq = 0.
But the first equation yields
q=— 7& 07
z

so necessarily
p=x+y+z=0.

From zq = 6 and =z + y = —z, we obtain

6 = 2 = 2oy + yz + 20) = ayz + Az +y) =7 — 2

Hence
r=2%+6.

We now express x and y in terms of z. From the second equation,

xq — 3r = 3,
SO
_3r+3
.
Similarly, from the third equation,
yq + 3r = -9,
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hence

_ 3r+9
.
Using
6
q:—’ T:Z3+6,
z
we get
2B +T) 222 +9)
2 B 2

Let

Then . 9
ufu+ Zi(u-i— ):u—i—ﬁ,

or equivalently
u(u+T7)(u+9)+4(u+6) =0.

Thus
ud + 16u® 4+ 67u + 24 = 0,

and this factors as
(u+ 8)(u* + 8u+3) = 0.

Therefore

uw=23¢c{-8 —4+V13, -4 —V13}.
If 23 = —8, then

z z
T=—= =——.
2 YT 3
Thus one family of solutions is
(—E _Z z) =8
27 9y 9
If 22 = —4 4+ /13, then
34+ V13 5+ V13
T = =——7z
2 ’ 2 ’
so we obtain
val V1
3+ 32,—5+ 3z,z , 22 = —4+/13.
2 2
Finally, if 23 = —4 — /13, then
~3—+13 5 —V13
T = 5 z, Yy = 5 z,
giving
3—+13 5—1+/13
( 5 zZ,— 5 z,z) , 23 =—4-13.

Each of the three nonzero values of 2% has exactly three complex cube roots. Therefore the system has
exactly 9 solutions.
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Also solved by Dow Lee, St. George’s School, Vancouwver, Canada; Jayden Choi, Bergen Catholic High

School in Oradell, New Jersey, USA; José Luis Diaz-Barrero, Barcelona, Spain; Nicusor Zlota, “Traian
Vuia” Technical College, Focsani, Romania; Rovsen Pirguliyev, Sumqayit, Azerbaijan; The Ring Lords,
Baden-Wiirttemberg, Germany; Theo Koupelis, Clark College, Washington, USA; Adam John Frederickson,

Utah Valley University, UT, USA; Nguyen Tuan Minh; Polyahedra, Polk State College, FL, USA; Vidyut
Sundar, Dhirubhai Ambani International School, Mumbai, India.
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J742. Let a and b be two odd natural numbers. If (a,b) is the greatest common divisor of the numbers a
and b, show that
min {(a,b+2), (a+2,b)} <—-1++Va+b+3.

Proposed by Mihaela Berindeanu, Bucharest, Romania

Solution 1 by Polyahedra, Polk State College, FL, USA
The inequality is clearly true for a = b = 1. Now suppose a+b > 4 and we establish in this case the stronger
upper bound of M = —1+ /%2 4+ 2. Let ¢ = (a,b+2) and d = (a + 2,b). We may assume ¢ > d. Ife|c

and e | d, then e | a and e | (a + 2), so e | 2. Since both ¢ and d are odd, then e is odd, so e = 1, which
means that (¢,d) = 1. If c=d, then d =1 < M. Consider ¢ > d. Then ¢ > d+ 2. Since both ¢ and d divide
the even number a + b+ 2,

a+b+2>2cd>2(d+2)d=2(d+1)> -2,
thus d < M.

Solution 2 by Shilong Zhuang, California, USA

Let p = (a,b+2) and ¢ = (a + 2,b). Since p | a, p | b+2, q | a+2, ¢ | b, we have pg | ab and
pq| (a+2)(b+2) =ab+2(a+b)+ 4. It follows that pg | 2(a + b) + 4. Notice that p and ¢ must be odd
numbers because a and b are odd numbers. Hence, (pq,2) =1 and pq | a + b+ 2.

If p=gq, we have p | a and p | a+ 2, it follows that p | 2, then p = ¢ = 1. It is clear that the inequality holds
because
min{(a,b + 2), (a +2,b)} = min{p, ¢} =1 < -1+ V5 < —1++Va+b+3.

If p # ¢, without loss of generality, we may assume p > q. Then p > ¢+ 2. Clearly, a+b+2 > pq. It follows
that

min{(a,b+2),(a+2,0)} =¢=-1++(q+2)g+1<-14++/pg+1<-1+Va+b+3.

Also solved by Arkan Manva, IIT Bombay, Mumbai, India; Cao Minh Quang, Nguyen Binh Khiem high
school for the gifted, Vinh Long, Vietnam; Corneliv Manescu-Avram, Ploiesti, Romania; José Luis Diaz-
Barrero, Barcelona, Spain; Theo Koupelis, Clark College, Washington, USA; Vidyut Sundar, Dhirubhai
Ambani International School, Mumbai, India.
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J743. Let ABCD be a trirectangular tetrahedron with apex D, that is, the edges AD, BD, and CD are
pairwise perpendicular. Let h be the length of the altitude from D to the face ABC'. Prove that

1 1 1 1

(AD2|BC D))’ i (BD*[CAD))” i (CD2[ABD))*  (h2[ABC))*’

where [XY Z] denotes the area of triangle XY Z.

Proposed by Titu Andreescu, Dallas, USA

Solution 1 by Polyahedra, Polk State College, FL, USA
Let a = AD, b= BD, ¢c=CD and let V denote the volume of the tetrahedron ABCD.
Since AD, BD,CD are pairwise perpendicular, the three faces meeting at D are right triangles. Hence

(BCD] = % caD] =%, [4BD] = %b

By de Gua’s theorem for a trirectangular tetrahedron,
[ABC)? = [BCD)? + [CAD)? + [ABD]?.
Using the expressions above for the three right-triangle areas,

5 b2 Pa®  a?h? a?b? + b2 + Pa?

AB =
ABCE = ==+ = 7 4
Therefore
1 . 1 . 1 _ 44
(AD2[BCD)])? = (BD2%[CAD)])? = (CD2[ABD])?  a*?c?  a2bic?2 = a2b2ct
4(a®b? + b*c? + c*a?)
- a*btct
16[ABC)?
T adpid

It remains to express abc in terms of h and [ABC]. Since the three edges AD, BD,CD are mutually

perpendicular,

abe
V=—.
6

On the other hand, taking ABC' as the base and h as the corresponding altitude,

v _ MABC]
3

Therefore ) WABC

% _hl . | abe = 2h[ABC] = atbict — 1604 [ABC]
Consequently,

16[ABC]*  16[ABC]* 1
atbtct  16h4[ABC)*  hA[ABC)*
Therefore
1 N 1 N 1 B 1
(AD2[BCD])?2 ' (BD%[CAD)])?2 ' (CD2[ABD])2  (h2[ABC])?’

as required.

Solution 2 by Vidyut Sundar, Dhirubhai Ambani International School, Mumbai, India
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B C

Place D at the origin with A = (p,0,0), B = (0,¢,0), C = (0,0,7), so AD =p, BD =¢q, CD =r.
Face areas. [BCD] = &, [CAD] = 2, [ABD] = L. Also AB x AC = (qr, pr,pq), so

[ABC] = %\/P2q2 +¢2r2 +r2p?2 = VY, Y= pPd® + ¢*r? + r?pP.

Altitude. Plane ABC: grx + pry + pq z = pqr, so the distance from the origin is h = %
Two identities.
pgr VY pgr 5 9 o ) ) 1 ) 1 1 1
he[ABC) =P XY= _PIT — R%[ABC I
| ] VY 2 2 T [ ’ TR g gt

Computation.
1 1 4

(AD2[BCD))? - (- %)2 Rk

and cyclically. Summing,

3 1 4 (11 1y 41 1 1
@ADYBCD)? ~ P\ T T 2) T 2R W T aABCR T (p2[aBc))’

Solution 8 by Theo Koupelis, Clark College, Washington, USA
Let DA =a, DB = b, and DC = c. The triangles ABD, BCD, CAD are right triangles, and thus [ABD] =
ab/2, [BCD] = bc/2, [CAD] = ac/2, AB = Va?+b?:= 2z, BC =Vb?>+c? =y, and CA = Va?+ 2 := z.

Using the above and Heron’s formula we get

1 1
[ABC| = Z\/Q(aﬂyQ +y222 + 2202) —xt —yt — 2t = 3 Va2b? + b2 + 2a?.
Evaluating the volume V of the tetrahedron in two different ways we get

[ABD?] -CD _ [ABg’] h . HABC) = %bc . (R2[ABC))? — 1 (abc)?

V= 6[ABC]Z’

Using the above we get

1 1 1 4 1 1 1
(AD?[BCD])? ' (BD?[CAD|Z ' (CD?[ABD]? _ (abo)? <(12 et c2>
_A>@*? + b2+ Pa?)  16[ABCP? 1

(abe)t ~ (abc)*  (R2[ABCI)?’

Also solved by Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam; José
Luis Diaz-Barrero, Barcelona, Spain; Kousik Sett, India; Miquel Amengual Covas, Cala Figuera, Mallorca,
Spain; Telemachus Baltsavias, Kerameies Junior High School, Kefalonia, Greece; Kristine Lee, Mount Juliet
High School, TN, USA; Yeonwoo Amelia Tae, Northfield Mount Hermon School, Gill, Massachusetts, USA.
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J744. Let I, I be two circles with centers O1,Os, tangent at £. On the line perpendicular to O104 that
passes through F let B and D be points above and below point E, respectively. The tangents from
B and D to I} are BN and DP respectively, and the tangents from B and D to I are BM and
DQ respectively. If Hy, Hy are the orthocenters of triangles M NQ and NQP, respectively, show that
/PMH, = /PH>H;.

Proposed by Mihaela Berindeanu, Bucharest, Romania

Solution 1 by Polyahedra, Polk State College, FL, USA

Since BE and BN are tangent segments from B to the first circle, while BE and BM are tangent segments
from B to the second circle, we have BM = BE = BN. Thus ABMN is isosceles, and hence

/BMN = /BN M.
Likewise, DP = DE = DQ, so ADPQ is isosceles and
/DPQ = /DQP.

Using also the tangent-chord theorem at M, N, P, (), and the angle notation w, x, y, z indicated in the figure,
we obtain

INMQ+ /ZNPQ =360°—w—x—y—2=/ MNP+ ZMQP.

The two expressions are the sums of the two pairs of opposite angles of quadrilateral M N PQ. Since the
sum of its four angles is 360°, each of the above sums is 180°. Therefore

/NMQ + /NPQ = 180°,

and hence M, N, P, () are concyclic.
Let O be the center of their common circumcircle, and let C' be the midpoint of N@Q. We shall use the
following elementary fact.

If X,N,Q lie on a circle with center O, C' is the midpoint of NQ, and H is the orthocenter of AXNQ,
then
XH | oC and  XH =20C.

Indeed, let X’ be the point antipodal to X on the circumcircle. Since X X’ is a diameter,
NX' 1 NX, QX' 1L QX.
On the other hand, since H is the orthocenter of AXNQ@,

QH L NX, NHLQX.
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Consequently,
QH | NX, NH || QX'

so NHQX' is a parallelogram. Its diagonals N@Q and HX' bisect each other. Since C' is the midpoint of
NQ, it follows that C is also the midpoint of HX"'.

Furthermore, O is the midpoint of X X’. Thus, in triangle X H X', the segment OC' joins the midpoints of
X X' and HX'. By the midpoint theorem,

OC | XH  and OC:%XH7

which proves the claim.
We now apply this fact to the two triangles M NQ and PN(Q, which have the same circumcircle and the
same side NQ. Since H; and H, are their respective orthocenters, we obtain

MH, | OC,  MH, =20C,

and
PH, || OC, PHy =20C.

Hence
MH1 H PH2 and MH1 = PHQ.

Therefore PM H1H> is a parallelogram. Its opposite angles are equal, so /ZPMH; = /ZPH->H.

Solution 2 by Kousik Sett, India

Let ¢ be the line passing through E perpendicular to the line of centers O10,. Since I'; and I'y are tangent
at E, the line ¢ is the common internal tangent (and the radical axis) of I'; and I's.

Because B and D lie on ¢, both B and D have equal power with respect to both circles. So BM? = BN?
and DP? = DQ?, that is, BM = BN and DP = DQ.

Let A= BNNDP and C = BM N DQ. Then AN = AP and CM = C(Q. In quadrilateral ABCD,
let /DAB = 2a, ZABC = 28, /BCD = 2v, and ZCDA = 26. So, 2a + 25 + 2v + 26 = 360°, that is,
a+[+v+4d6=180°.

Since AN = AP, we have ZANP = /ZAPN = 90° — «. Similarly, /BNM = /BMN = 90° — 33,
/CMQ =2CQM = 90° — v, and ZDQP = ZDPQ = 90° — 6.

Hence it follows that

/PNM + ZPQM = 180° — ZANP — Z/BNM + 180° — ZCQM — ZDQP
= 360° — (90° — a) — (90° — B) — (90° — ~) — (90° — §)
=a+ [ +v+0=180°
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— —
Therefore, four points M, N, P, @Q lie on a single circle, and let its center be O. Let H; and Hy be the
position vector (with respect to O) of the orthocenter of AMNQ@ and ANQP, respectively. Then

e —
H-M+N+Q and Hy=N+0+P.
Subtracting these two vector equations yields

H-H =(N+O+B) - (M+N+Q)=PB -1l

Therefore, we have
HHy,=M ﬁ

which implies
H1H2 H MP and HlHQZMP

Consequently, the quadrilateral M Hi Ho P is a parallelogram and therefore, /PMH, = /PH>H;.
Also solved by José Luis Diaz-Barrero, Barcelona, Spain; Theo Koupelis, Clark College, Washington, USA;

Tiberiu Popa, San Francisco, CA, USA; Vidyut Sundar, Dhirubhai Ambani International School, Mumbas,
India.
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Senior problems

S739. Solve in real numbers the equation
B{z} =z +2[z]+3(x),

where |z is the integer part of x, {x} is the fractional part of x and (x) is the closest integer to x
(half-integers are always rounded to even numbers).

Proposed by Nicusor Zlota, Traian Vuia Technical College, Focsani, Romania

Solution 1 by Theo Koupelis, Clark College, Washington, USA

Let x = n + r, where n is an integer and 0 < r < 1.

(i) Let r = 1/2. If n is even, then the given equation becomes X = n + 1 +2n 4+ 3n = n = 1, which
contradicts the assumption. If n is odd, then the given equation becomes % = n+%+2n+3(n+ )= n= %,
which is not possible.

(ii) Let 4 < r < 1. The given equation becomes 13r = n+r+2n+3(n+1) = 4r = 2n+1. But 2 < 4r < 4,
and thus 2n 4+ 1 = 3. Therefore n =1 and r = %. The solution x = 7/4 is an acceptable solution.

(i) Let 0 < r < % The given equation becomes 13r =n+r+2n+3n = 2r =n. But 0 < 2r < 1, and
thus we must have n = r = 0. The solution x = 0 is an acceptable solution.

Solution 2 by Yeonwoo Amelia Tae, Northfield Mount Hermon School, Gill, Massachusetts, USA
Let |z] =n and {z} = f, where n € Z and 0 < f < 1. Then x = n + f. Also write (x) = n + e, where

e € {0,1}. More precisely,
_Jo, f<3,
R PR
1

while for f = 5, the value of e is determined by the rule that half-integers are rounded to the nearest even
integer.
The given equation becomes

Bf=Mm+f)+2n+3(n+e) < 12f =6n+3e < 4f =2n+e.

Since 2n + e is an integer, 4f is an integer. As 0 < f < 1, we must have
11
€ Oa FERY .

n+e=4f>0

e~ w

Moreover, since

and e € {0,1}, we necessarily have n > 0.
We now consider the four possible values of f.

Case 1: f=0.
Then 2n 4+ e =0. Thus n =0 and e = 0, and therefore x = n + f = 0. This is indeed a solution.
Case 2: f= i.

Then 2n + e = 1. Hence n = 0 and e = 1. This would give x = %. However, (%) =0,s0e=(x) —n=0,
contradicting e = 1. Thus there is no solution in this case.

Case 3: f= %
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Then 2n + e = 2. The only possibility is » = 1 and e = 0. Thus z = 3. But, by the convention that

2
half-integers are rounded to the even integer, (%) = 2. Hence

e=(x)—n=2-1=1,

contradicting e = 0. Therefore there is no solution in this case.

Case 4: f = %.

Then 2n+e =3,so0n =1 and e = 1. Therefore z =1+ % = %. Since (%) = 2, this case is valid.
Hence the equation has exactly two real solutions: x =0 or = = E.

Also solved by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain; Cortland Greindl, SUNY
Brockport, NY, USA; José Luis Diaz-Barrero, Barcelona, Spain; Mohammed Aassila, Strasbourg, France;
Rovsen Pirguliyev, Sumqayit, Azerbaijan; Shrivathsan Krishnan, AMMOC; Sundaresh H. R., Shivamogga,
Karnataka, India; The Ring Lords, Baden-Wiirttemberg, Germany; Adam John Frederickson, Utah Valley
University, UT, USA; Nguyen Tuan Minh; Saarang Agarwal, AMMOC; Teodor Cristian Petrescu, Romania;
Vidyut Sundar, Dhirubhai Ambani International School, Mumbai, India.
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S740. If n and k are positive integers such that n? +k2?(8k +3) is prime, prove that n+ 3k +1 is not a perfect
cube.

Proposed by Alessandro Ventullo, Milan, Italy

Solution 1 by Murad Safarli, Physics Mathematics and Informatics Lyceum, Baku, Azerbaijan and Turan
Musayev, Shaki City Lyceum with Chemistry and Biology Specialisation, Shaki, Azerbaijan
Suppose, to the contrary, that

n+3k+1=1¢

for some positive integer t. Since n, k > 1, we have ¢t > 2. Substituting n = > — 3k — 1, we obtain
n? + 28k +3) = (13 — 3k — 1)2 + k*(8k + 3)
=6 — (6k +2)t3 + (2k +1)®
=P+ 3+ (2k+1)3 =32 -t (2k + 1).
By the identity
u? 4+ 03 +w? — 3uvw = (u+ v+ w)(u? +o* +w? —uw —vw — wu),

it follows that
n? + k*8k+3) = (t* +t +2k+1)B,

where
B=t*+t>+(2k+1)2 =3 —t(2k +1) —t?(2k + 1)

(2 —1)2 4+ (t—2k —1)2 + (2k + 1 — t?)?
5 .

Both factors are integers. Moreover,

2 1\2
(Gl

P+t+2k+1>1, B> 5 > 2,

because t > 2. Thus n? + k?(8k + 3) is composite, a contradiction.

Solution 2 by Theo Koupelis, Clark College, Washington, USA
Let p = n? 4+ k2(8k + 3) be a prime number. We proceed by contradiction, assuming that n + 3k + 1 = m3,
where m is an integer. Substituting n = m3 — 3k — 1 into the expression for p we get

p=(m®—3k—1)*+k*8k + 3)
= (m?+m+1+2k)4k* —2k(m* +m —2) +m* —m> —m +1]. ()
The discriminant of the quadratic in & in the expression in brackets in (%) above is A = —12m?(m —1)2 < 0.
(i) If m = 0, then p = (2k + 1)3, which is not a prime for any value of k.
(ii) If m = 1, then p = 4k?(2k + 3), which is not a prime for any value of k.

(iii) If m(m—1) # 0, then A < 0. The minimum value of the expression in brackets in (x) is 3m2(m—1)%/4 >
3; thus, for p to be a prime we must have m? +m + 1 + 2k = 1, and therefore, k = —m(m + 1)/2 < 0,
n=m3—1+3m(m+1)/2, and p = 3m*+3m3 —3m+ 1. Thus, for positive integers k the problem statement
holds.

Note: If k can take negative integer values, then p = n? + k%(8k + 3) = 3m* +3m3 — 3m + 1 is a prime for
many values of m, while the quantity n +3k+ 1 = m? is a perfect cube. For example, for m = 2, 6,10, 14 we
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get the corresponding values k = —3,—21,—55, —105, n = 16,278,1164, 3058, p = 67,4519, 32971, 123439,
and n + 3k + 1 = 23,63,102, 143. While it seems that the sequence m = 2 + 4\ might produce a prime for
any nonnegative integer value of A, for the next value in the sequence, namely A = 4, we get p = 332371 =
13- 37 - 691, which is not a prime.

Editor’s Comment. If k = 1, we get Probem S393 of Mathematical Reflections 6/2016, proposed by Titu
Andreescu.

Also solved by Adam Deli; Arkan Manva, IIT Bombay, Mumbai, India; Cao Minh Quang, Nguyen Binh
Khiem high school for the gifted, Vinh Long, Vietnam; Corneliv Manescu-Avram, Ploiesti, Romania; Cort-
land Greindl, SUNY Brockport, NY, USA; José Luis Diaz-Barrero, Barcelona, Spain; Mihdly Bencze,
Brasov, Romania; Mohammed Aassila, Strasbourg, France; Rovsen Pirguliyev, Sumqayit, Azerbaijan; The
Ring Lords, Baden-Wiirttemberg, Germany; Anderson Torres, Sao Paulo, Brazil; Nguyen Tuan Minh;
Vidyut Sundar, Dhirubhai Ambani International School, Mumbai, India.
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S741. Let a, b, ¢ be positive real numbers. Prove that

b at bt
a + + c +b+c cta a+b
b+c c+a a+b— a3+ b3+ ¢3

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Solution 1 by Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam
Set S = a3 + 1% + 3. The desired inequality is equivalent to

S a 1 < a4
E:b+c —E:b+d
cyc cyc

Moving all terms to one side, it remains to prove

4
@ a5 g5y,
b+c
cyc
Now
at —aS=a*—a(@®+ 03+ ) = —a®® + ).
Hence

a* —aS a(b® + %) 9 9
bte = bio = —a(b” — bc+ ).

Therefore it is enough to prove

a3+b3+c3—2a(b2—bc+02) > 0.

cyc

Expanding, this becomes
ad + b2+ 8 —|—3abc—ZaQb >0,

sym

that is,
a4+ b + & + 3abe > a®b + a’c + b2a + b2 e + Pa + Pb.

But this is exactly Schur’s inequality of degree 3:
ala—0b)(a—c)+bb—c)(b—a)+c(c—a)(c—b) > 0.
Thus the required inequality follows. Equality holds if and only if a = b = c.

Solution 2 by Tiberiu Popa, San Francisco, CA, USA

We will prove the chain of inequalities:
3 4
chc a chc b(}kc

a

I e (RE L L
= 2 = 3

p= b+c Yeye @ (b +0) D ey @

First, we establish the right inequality. This follows directly from the Cauchy-Schwarz inequality:

()~ (e o) = (55 (£

cyc cyc cyc

Next, we prove the left inequality, which can be rearranged as:

3
Z a 1< chca .
b+c Y eve @2 (b+¢)

cyc cyc
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We simplify the left-hand side. Using the polynomial identities

H(a +b) = 2abc + ZaQ(b +c)

cyc cyc

and
Za(a +b)(a+c) = Za?’ + ZaQ(b—l— ¢) + 3abe,
cyc cyc cyc

we obtain:

> eye a?® + abe
a?(b+ c) + 2abc’

2 ity

cyc cyc

Thus, the left inequality is equivalent to

3 3
> cye O + abc < > cye @
2 = 2 :
D eye @2(b+c) +2abe — 37 a*(b+c)

Cross-multiplying, which preserves the inequality since all variables are strictly positive, gives:
(Z a® + abc) <Z a*(b+ c)) < (Z a3> <2abc + Z a?(b+ c)> .
cyc cyc cyc cyc

Expanding both sides:

achaQ(b +c¢) < 2acha3.

cyc cyc

Dividing by abc > 0, we get

ZaQ(b—i—c) < 22@3 = Z(2a3—a26—azc) >0

cyc cyc cyc
— Z(a?’ —a*b—ab® +b%) >0
cyc
= ) (a+b)(a—b)*>=>0
cyc

Because a, b, ¢ > 0, this final inequality is clearly true. Thus, the original inequality holds, with equality if
3

and only if @ = b = ¢ (both sides are 3).

Also solved by Arkady Alt, San Jose, California, USA; Arkan Manva, IIT Bombay, Mumbai, India; Ioan
Viorel Codreanu, Satulung, Maramures, Romania; Marin Chirciu, Colegiul National Zinca Golescu Pitesti,
Romania; Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania; Rovsen Pirguliyev, Sumqayit,
Azerbaijan; The Ring Lords, Baden-Wiirttemberg, Germany; Theo Koupelis, Clark College, Washington,
USA; Anderson Torres, Sao Paulo, Brazil; Daniel Pascuas, Barcelona, Spain; Etisha Sharma and Toyesh
Prakash Sharma, Agra College, Agra, India; Nguyen Tuan Minh; Shilong Zhuang, California, USA; Teodor
Cristian Petrescu, Romania; Vidyut Sundar, Dhirubhai Ambani International School, Mumbai, India; Yeon-
woo Amelia Tae, Northfield Mount Hermon School, Gill, Massachusetts, USA.
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S742. Let ABC be a non-right triangle with AB # AC and let H be its orthocenter, O be its circumcenter.
Let M, be the midpoint of BC and let D be the midpoint of AM,. Let E,F be the feet of the
perpendiculars drawn from A, M, respectively to the line OH. Knowing that HDF M, is a cyclic
quadrilateral, prove that EDOM, is a cyclic quadrilateral too.

Proposed by Todor Zaharinov, Sofia, Bulgaria

Solution 1 by the author
Let denote with § the circle (HDF M,) with center J. Since ZHF M, = 90° hence HM, is a diameter of §.

A

Figure 1:

In the triangle AHM,, DJ is a midsegment, so D.J || AH or DJ L BC and DJ = AH. But OM, 1 BC
and OM, = %AH = DJ. Since J is center of 6, DJ = JM,, hence DOM,.J is a rhombus and ZDM,0O =
ZDM,J.

Since AE | EF, M,F 1 EF, AD = DM,, hence D lies on the perpendicular bisector of EF' and DE = DF.
So from ADEF, /DEF = /DFE.

DOM, (%)

/DM,0 Y ypm,g=sDMHY /DFH = /DFE “2Y" /DEF = /DEO
It follows that the points D, O, M,, E are concyclic.

Solution 2 by Theo Koupelis, Clark College, Washington, USA

Let K be the intersection of the lines AH and BC, and let L be the intersection point of the lines AE and
BC. The points H, K, M,, I' are concyclic because /ZHK M, = Z/HF M, = 90°. Similarly, the points F, L,
K, H are concyclic because /LFH = /LK H = 90°, and thus AH - AK = AFE - AL. Finally, the points F,
L, M,, O are concyclic because ZLEO = ZLM,0 = 90°. Thus, if D is on the circle (HFM,) = (HKFM,)
then we must have AD - AM, = AH - AK = AE - AL, and therefore D is on the circle (ELM,) = (EOM,).

Note: If D is to be on the circle (HF M,), then for a non-right, non-isosceles triangle, the angle A must be
acute. Indeed, if A > 90°, then H is on the line AK but outside the triangle, and the segment AM, will be
inside the circle (HK M,). In such a case, D is inside the circle (HF M,,).

Let BC = a, AC = b, and AB = ¢. We have AH = bcos A/sin B, and AK = csin B. Thus, AH - AK =
becos A = (b2 + ¢? —a?)/2. Also, AD - AM, = AM?2/2 = [2(b? + ¢?) — a?]/8. Therefore, when D is on the
circle (HFM,) we must have 3a? = 2(b% + ¢?).
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Solution 3 by Kousik Sett, India

Let G be the centroid of AABC'. Since G lies on AM, and the Euler line HO, G = AM, N HO. Moreover,
AG:GM,=2:1=HG : GO. Thus, GO = %HG.

Since ZAEG = /M,FG = 90°, ZAGE = /M,GF, we infer that NAAEG ~ AM,FG. Therefore, EG :
GF = AG: GM, =2:1. Thus, EG = 2GF.

Since the four points H, D, F, M, are concyclic, by the Power of a Point Theorem, we obtain
DG-GM, = HG - GF.
Now, Using the above condition, we obtain
1
EG-GOzQGF-§HG:GF-HG:DG-GMG.

Hence, by the Converse of the Power of a Point Theorem, the four points E, D, O, M, are concyclic. There-
fore, EDOM, is a cyclic quadrilateral.

Also solved by Tiberiu Popa, San Francisco, CA, USA; Vidyut Sundar, Dhirubhai Ambani International
School, Mumbai, India.

MATHEMATICAL REFLECTIONS 4 (2026) 22



S743. Let a >1> b > ¢ > 0 such that a + b + ¢ = 3. Prove that

1 n 1 n 1 n abe >11
a+b b+c c+a ab+bct+ca” 6

Proposed by Marius Stanean, Zalau, Romania

Solution by the author
If we denote ¢ = ab+ bc + ca € (0,3] and r = abc € [0,1] the inequality becomes

a? +b? + ¢® + 3(ab + be + ca) abe S 11
(a+b)(b+c)(c+a) ab+bc+ca = 6’

or

9+4¢ 11

r
+->—,
3g—r q~ 6

or after clearing denominators
—612 + 29¢r 4+ 27q(2 — ¢q) > 0.

Denotea=14z,b=1—y,c=1—z. It follows that t =y + 2, and 1 > z > y > 0. We have

g=1+2)1-y)+(1-y)(1-2)+1-2)(1+z)
=(1+y+2)2-y—2)+(1-y)(1l-2)
=3+yz—(y+2)°,

r=14+z)(1—-y)(1—2)
=1+y+2)(1—-y—2+yz)
=1+yz—(y+2)° +yz(y + 2),

which means
r>q-—2.

Returning to the proposed inequality, we have two cases:
1. If 2 — g > 0 the inequality is clearly true because by the AM-GM Inequality

(a+ b+ c)(ab+ be + ca) > 9abe

which means ¢ > 37 so 29qr — 6r2 > 87r2 — 6r2 = 81r2 > 0.

2. If 2 — ¢ < 0 denote the left-hand side by f(r), so that we want to prove f(r) > 0. Since f quadratic
function of r and % > 1, we see that f(r) is an increasing function of r for r > ¢ — 2. Hence it suffices to
prove f(q —2) > 0, that is

—6(g — 2)> +29¢(q — 2) + 27¢(2 — q) > 0,

or

4(g—2)83—q) =0,

obviously true.
The equality holds when ¢ = 3 which means a = b = ¢ = 1 or when ¢ = 2 which means r = 0 so a = 2,
b=1,c=0.

Also solved by Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam;
Corneliv Manescu-Avram, Ploiesti, Romania; Nicusor Zlota, “Traian Vuia” Technical College, Focsani,
Romania; The Ring Lords, Baden-Wiirttemberg, Germany; Theo Koupelis, Clark College, Washington,
USA; Tiberiu Popa, San Francisco, CA, USA; Shilong Zhuang, California, USA; Teodor Cristian Petrescu,
Romania; Vidyut Sundar, Dhirubhai Ambani International School, Mumbai, India.
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4
S744. Prove that 3 is the largest positive value of k such that

1 1 1 3
>
(a+b)2+l<;Jr (b+c)2+kJr (c+a)?+k ~ 4+k

for any nonnegative real numbers a, b, ¢ with at most one of them larger than 1 and ab + bc + ca = 3.

Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania
Solution 1 by the author

For b=1, a + c =2z and ac = 3 — 2z, where = € [1,3/2], the constraints are satisfied and the inequality
becomes as follows: ) )

N 1 3
(a+1)2+k

>
(c+1)2+k+(a+c)2+k_4+k’
42% — 2ac + 4z + 2k + 2 n 1 S 3
(ac+2x+1)2 + k(42?2 —2ac+4x +2) + k2 4a2+k — 4+ K
42% + 87 + 2k — 4 - 1202 + 2k — 4
16 + k(422 + 8z —4) + k2 — (k+4)(422 + k)’
222 + 4z +k —2 622 +k — 2
4kx? + 8kx + k* — 4k +16 — (k+4)(4a2 + k)’
42— Kzt +8(2 —k)a® — (4 — k)8 — k)a? + k(8 — k)x + 2(2 — k)? > 0,
(—1)f(z) =0,
The inequality holds for x

f(x) =42 — k)z® +12(2 — k)z? — (8 + k%)z — 2(2 — k)*.

1,3/2] if and only if f(z) > 0 for z € (1,3/2]. For the necessary condition

€
4
lim,_,; f(x) > 0, we get k < 3 To show that 3 is the largest value of k, we need to prove that £ > 0 for
k= 3’ where
B 1 n 1 n 1 - 3
S (a+b)?2+k (b+e)2+k (ct+a)2+k A+k

Assume ¢ > 1> b > ¢ and denote

X=(a+b?+k,  Y=(a+e)?+k  Z=(b+c) +k

For fixed a, assume that ¢ and E are functions of b. By differentiating the equality constraint, we get
(a+b)d +a+c=0. Therefore

E'(b) a+b b+c_[a+c b+c],

2~ X2 22 vz Tz
a+b b4+c [at+c btcla+tc a+b (a+c)? (b—c)(b+c)
~Txr Tzt vt T T

a+b X2 ' (a+bY2  (a+Db)Z2
We will show that E’(b) < 0, that is

(b—c)(b+c) . (a+c)? (a+b)?

(b—c)(b+c) _ AB
72 Y2 X2 72 Z Xy
where
A=(a+c)X — (a+ b)Y, B=(a+c¢)X + (a+D)Y.
Since

A=(a+b)(a+c)b—c)—kb—c)=(b—c)a®*+3—k),
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B=(a+b(a+c)2a+b+c)+k(2a+b+c)=(2a+b+c)(a®+3+k),

and
XY > [(a+b)(a+c)+2 = (a® +3+ k),

it suffices to show that
b+c S (2a+b+c)(a®+3—k)

zZ2 - (a2 +3+k)3 ’
which is equivalent to
T a®+3—k
> M
(a4 x)(42? + k)2 = (a®+ 3+ k)3
b 2 2 1
where ¢ = % < 1. From 3 = 2ax + bc < 2ax +$2, we get a < a( a3+ 7) < o a3+ ) Since
T
r 1 S 1 B 3
a+r a/r+1" al2a+1)/34+1 2a2+a+3
1
and > it suffices to show that

(422 + k)2 = (4z + k)%’

3 a?+3—k
(2a° 4+ a+3)(4x + k)2 — (a®>+3+ k)3

2
From (b—1)(c—1) > 0, we get bc > 2z — 1, and from 3 = 2az + bc > 2ax + 2z — 1, we get = < pany hence
a

8 ka + 8+ k
lrtkh< O yporatsth
a+1 a+1
So, it suffices to show that
3(a+1)? - a>+3—k

(22 +a+3)(ka+8+k)2 ~ (a®>+3+k)3
i.e.
3(a+ 1)%(3a% + 13)3 > 16(a + 7)%(3a® + 5)(2a% + a + 3).

We can get this inequality by multiplying the inequalities

(3a® +13)% > 32(3a% + 5)

and

6(a+1)*(3a® +13) > (a+7)%*(2a® + a + 3).
We have

(3a% 4+ 13)? — 32(3a® + 5) = 9(a*> — 1)? > 0,
and

6(a + 1)%(3a% 4 13) — (a + 7)*(2d® + a + 3) = 16a* + 7a® — 194> + 65a — 69
= (a —1)(16a> + 23a* 4 4a + 69) > 0.

From FE’'(b) <0, it follows that E(b) is decreasing and has the minimum value when b is maximum (or ¢ is
minimum), hence when b =1 or ¢ = 0. So, it suffices to consider these cases.

Case 1: b =1. As shown at the beginning, it suffices to show that f(z) > 0 for > 1, where
f(z) =42 —k)z® +12(2 — k)22 — 8+ k) z — 2(2 — k)%,
Indeed,

fa) = 8(3z3 + 9:1:29— o —1) 8z — 1)(33:; + 122 + 1) > 0.
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Case 2: ¢ = 0. We need to show that ab = 3 implies

1 N 1 N 1.3
(a+b2+k a?+k V2 +k 44k

Let x = a+b. From (a —1)(b—1) <0, we get z > ab+ 1 = 4. Write the in equality as follows:

1 N a? +b% + 2k .3
(a+b)2+k a2+ k(a2 +0b?)+k2 ~ 4+ K’

1 % — 6+ 2k 3
PRy ML B N s Sy SR
1 322 — 10 3
32214 12224255 16°
Let ¢t = 322, t > 48. We need to show that

1, t=10 3
t+4  4t+25 7 16’

i.e.
4¢% — 155t — 540 > 0.

Indeed,
4% — 155t — 540 > 4(t? — 42t — 135) = 4(t — 45)(t + 3) > 0.

4
The proof is completed. For k = 3’ the equality occurs when a =b=c=1.

Solution 2 by Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam
We prove that the largest possible value is 2

g-
First, we show that the inequality holds for k& = %. In this case, it is enough to prove
1 3
> s
3la+b)2+4 7~ 16
cyc
Set s =a-+ b+ cand r = abc. Since ab + bc + ca = 3, we have
s2 > 3(ab+bc+ca)=9 < s>3.
Moreover, since at most one of a, b, ¢ is larger than 1,
(a—1)(b—1)(c—1)>0.
Expanding and using ab + bc + ca = 3, we obtain

abc+a+b+c—1—(ab+ bc+ ca) >0,

that is,
r+s>4.
Also, by AM-GM,
3/2
r— abe < <ab+1§+0a> _1

Thus
0<r<1, s> 3, r—+s>4.

Now putu=a+b,v=b+c, w=c+ a. Then

U+ v+ w=2s,
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and
uv 4+ vw + wu = a® + b* + ¢ + 3(ab + be + ca) = s° + 3.

Furthermore,
uwow = (a+b)(b+c)(c+a) = (a+ b+ c)(ab+ bc+ ca) — abc = 3s — 7.
Hence
u? + 0%+ w? = (u+ v+ w)? = 2(uv + vw + wu) = 25% — 6,
and

u*v? + v*w? + wiu? = (uwv + vw + wu)? — 2uvw(u + v + w)
= (s> +3)? —45(35s — 1)
= 51— 65% + 457 + 9.

DT
3u2+4 16

cyc

We now compute

Putting everything over the common denominator gives

Z 13 F(s,r)
3u2+4 16 16(3u2 +4)(3v2 +4)(3w? + 4)’

cyc

where

F(s,r) = 365" — 4655% 4 63051 — 8172 — 540.

Indeed,
16 ) (307 +4)(3w? + 4) — 3(3u® + 4)(3v” + 4)(3w® + 4)

cyc
= 36(u?v? + v?w? + w?u?) + 240(u® 4 v? + w?) + 576 — 81uv w?,

and therefore, using the identities above,

F(s,r) = 36(s* — 65> + 4sr + 9) 4+ 240(2s> — 6) + 576 — 81(3s — r)?
= 365 — 4655 + 630sr — 8172 — 540.

Since the denominator is positive, it remains to prove
F(s,r) > 0.
For fixed s > 3, the function F'(s,r) is increasing in 7 on 0 < r < 1. Indeed, if r9 > 7, then
F(s,r3) — F(s,r1) = (r — r1)(630s — 81(r1 +12)) > 0,

because
630s — 81(r; +1r2) >630-3—-81-2 > 0.

We distinguish two cases.
If3<s<4,thenr+s>4givesr >4 —s. Hence

F(s,r) > F(s,4 —s).
A direct simplification gives
F(s,4—5) =12(s — 3)*(3s* + 185 — 17) > 0.

If s > 4, then r > 0, so
F(s,7) > F(s,0) = 36s* — 4655% — 540 > 0.
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Thus

3 3
3(a+b)2+4 = 16’
cyc

and therefore the required inequality holds for & = %.

It remains to prove that no larger value of k£ works.

Letb:c:tanda:%,whereo<t<1. Then

ab + bc + ca = 2at + % = 3,

and b= c < 1 < a, so the hypotheses are satisfied.

Set
3

1
A= - :
Z(a+b)2+k 4+k

cyc

Substituting the above values of a, b, ¢, we obtain

6(t — 1)2(t + 1)?(3kt* + 2t> — 6)
(k+4)(k + 4t2) (4kt? + t* + 6t2 + 9)

Ifk > %, then for ¢ < 1 sufficiently close to 1,
3kt? + 2% — 6 > 0.

Since the denominator is positive, this gives A < 0, so the inequality fails.

Therefore no k > % is admissible. Hence the largest possible value is %.

Also solved by Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania; The Ring Lords, Baden-
Whirttemberg, Germany; Theo Koupelis, Clark College, Washington, USA; Tiberiu Popa, San Francisco,
CA, USA; Shilong Zhuang, California, USA; Teodor Cristian Petrescu, Romania; Vidyut Sundar, Dhirubhai
Ambani International School, Mumbai, India.
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Undergraduate problems

U739. Evaluate

/tan T
5 dr.
cos? x
Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Solution 1 by Murad Safarli, Physics Mathematics and Informatics Lyceum, Baku, Azerbaijan and Turan
Musayev, Shaki Clity Lyceum with Chemistry and Biology Specialisation, Shaki, Azerbaijan
Put t = tanz, so that dt = dx/cos® x. The tangent multiple-angle formula gives

t° —10t3 + 5t

tan5y = — v 1ot
AT = B 102 + 1

Consequently, setting u = t? and then v = u — 1, we obtain

t 51083
/ an5xdx:/t 0t° + 5t &t
cos? z 5t — 10t2 + 1

1/ w2 —10u+5
= | ————— " du
2] 5u2 —10u+1

- / <110 - 5(024—04/5) - 25(1;28— 4/5)) dv

2
%—flog\v —4/5| — \glog v

/ dv 11
Y
v2—a? 2a

Substituting v = tan? z — 1 and combining logarithms gives

+2/V5 i

Here we used
v—a

5 v+a

+C (a>0).

T =
cos? x 10
2v/5
B ]
<5+ 25 ) 8
2 25 |
5 o5 | B

The formula holds on each interval where cosx cos5z # 0. Although the substitution u = ¢? need not be
one-to-one through ¢t = 0, the resulting expression differentiates to the integrand there as well.

/ tan bz tan? x

tan x—l—‘

tan x—1+‘—|—0

Solution 2 by Mohammed Aassila, Strasbourg, France
We first rewrite the integrand as

I= /tan(5x) sec? z d.

Since
(tanz) = sec® z,

dx
the substitution
t =tanx, dt = sec® z dx
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gives
I= /tan(5 arctant) dt.

Now use the quintuple-angle identity

5u — 10u® + ud
tan(59) = m, u = tan 9

Hence

5 — 1083 + 5t
I:/+ﬁ
5td — 10t2 + 1

We perform polynomial division:
106 +5¢ 1, . —8t3 + 2t
5t4—102+1 5 5t4— 1062+ 1°

Next, factor the denominator:
5t2 — 1062 +1 = 5(t* — a)(t? — b),

where
2 2
a=14258 0 o2
5 5
A partial-fraction decomposition yields
-85+ %t At . Bt
52 —a)(t2—b) t2—a t2-0b
where
4 4 4 4
A= Ao W5 g 4 A
5 25 5 25
Therefore,
1 t t 1 A B
I = —t+ A B dt = —t*+ = In|t? - —1In|t* — b+ C.
/<5+ 2 t2—b> 10 —1—211\ a!+2n] |+ C

Substituting back ¢ = tan x, we obtain

tan(5x) 1, 10 +2v/5 5 2v/5
/ 00821' d:L’:Etan Tr — (25 In [tan x—l—?
10— 2v/5 2
— (25\[> In tan2x—1+\5/g +C.

Also solved by Arkady Alt, San Jose, California, USA; Corneliv Manescu-Avram, Ploiesti, Romania; Cort-
land Greindl, SUNY Brockport, NY, USA; José Luis Diaz-Barrero, Barcelona, Spain; Mihdly Bencze,
Brasov, Romania; Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania; Sedn M. Stewart,
King Abdullah University of Science and Technology, Saudi Arabia; Sundaresh H. R., Shivamogga, Kar-
nataka, India; The Ring Lords, Baden-Wirttemberg, Germany; Theo Koupelis, Clark College, Washington,
USA; Daniel Pascuas, Barcelona, Spain; Etisha Sharma and Toyesh Prakash Sharma, Agra College, Agra,
India; Teodor Cristian Petrescu, Romania.
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U740. Let A, B € M3(R) be two matrices with the properties det(A — B) = 0 and A%2 + BA + B? = AB.
Determine A2026 4 32026,

Proposed by Mihaela Berindeanu, Bucharest, Romania

Solution 1 by Theo Koupelis, Clark College, Washington, USA
The following identities are well-known for any matrices X, Y € M3(R) :

det(X +Y) +det(X —Y) =2det X +2det?, (1)
det X? = (det X)?, (2)
det(2XY) =4det X - det Y, (3)
tr(XY) = tr(Y X), (4)
tr(X?) = (trX)? — 2 - det X, (5)
X% — (trX) - X + (det X)I = O (Cayley-Hamilton theorem). (6)
Using (1) and the given condition det(A — B) = 0 we get
det(A + B) = 2(det A + det B). (7)
Using (2) and (7) we get
det(A + B)? = (det(A + B))? = 4(det A + det B)*. (8)
Using the given condition A% + BA + B? = AB we get
(A+ B)? = A2+ AB+ BA+ B? = 2AB,

and thus, from (3) and (8) we get 4(det A+ det B)? = det(2AB) = 4det A det B; expanding and simplifying
we get (det A)2+ (det A)(det B) + (det B)? = 0, which is possible for the real numbers det A and det B only
if

det A=det B=0. 9)

Using (4) and the given condition A% + B? = AB — BA we get
tr(A? + B?) = tr(AB — BA) = tr(AB) — tr(BA) = 0; (10)

using (5) and (9) we now get tr(A42%) = (trA)?2 — 2det A = (trA4)2, and similarly tr(B?) = (trB)2. Thus,
substituting the above into (10) we get

tr(A% + B?) = (trA)* + (trB)* = 0 = trA = trB = 0. (11)
Using (6), (9), and (11), we get A% = B? = O, and therefore A2Y26 + B2026 = O where O is the zero matrix.

Solution 2 by Teodor Cristian Petrescu, Romania
We want to prove that det(A) 4 det(B) = 0.
The second relation in the hypothesis is equivalent to:
A%+ BA=AB — B?,
(A+ B)A = (A—- B)B,
det[(A + B)A|] = det[(A — B)B],
det(A + B) det(A) = det(A — B)det(B) =0,
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so det(A) =0 or det(A + B) = 0.
A

If det(A + B) = 0, knowing that det(A + B) + det(A — B) = 2(det(A) + det(B)), we would have that
det(A) + det(B) = 0.
If det(A) = 0, we go to the 2nd relation in the hypothesis yet again and we have

BA+ B? = AB — A2,

B(A+ B) = A(B - A),
det[B(A + B)] = det[A(B — A4)],
det(B) det(A+ B) = det(A)det(B—A) =0

So, det(B) = 0 or det(A + B) = 0. If det(B) = 0, we indeed get that det(A) + det(B) =0+ 0 = 0 and if
det(A + B) = 0, we already presented above that we would obtain det(A) 4 det(B) = 0. So, in the end, we
indeed get our desired outcome, that det(A) 4 det(B) = 0, det(A) = — det(B)
We go back to the second relation in the hypothesis yet again and we obtain

A’ + B® = AB — BA

Tr(A? + B%) = Tr(AB — BA) =

Tr(A?) 4 Tr(B?) = 0.

Knowing that Tr(A42) = Tr?(A) — 2det(A), Tr(B?) = Tr?(B) — 2det(B), we have

Tr?(A) + Tr*(B) — 2det(A) — 2det(B) = 0,
Tr?(A) + Tr*(B) = 0,
and since A, B € M3(R), we would get that the traces of those two matrices are real numbers and using
the hypothesis above we get Tr(A) = Tr(B) = 0.
Using the Hamilton-Cayley theorem we obtain:
A% — Tr(A)A + det(A) Iz = 0,
B? —Tr(A)B + det(B)I, = 0

,SO
A% = —det(A)I; and B%2 = —det(B)I>. Since det(A) = —det(B), we get that A> = —B2. Raising to the
1013th power we obtain 42026 = —B2026 4o 42026 4 2026 _

Solution 8 by Mihdly Bencze, Brasov, Romania
Set
C=A-B and t=trC.

Rearranging the second hypothesis and using the definition of C' gives
0=A?+BA+ B*> - AB
= (A* - AB- BA+ B?) +2BA
= (A— B)*+2BA.

Thus
C? +2BA =0. (1)

Since C'is a 2 x 2 matrix, the Cayley—Hamilton theorem says

C? — (trO)C + (det O)I = 0.
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The hypothesis det C' = 0 therefore yields

C? =tC. (2)
Combining (1) and (2), we obtain
BA:—%C:—%(A—B). (3)

We first prove that ¢ = 0. Taking determinants in (3) and using det C' = 0, we get
t
det A det B = det(BA) = det (—20> =0.

Hence at least one of A and B is singular.
Suppose, for a contradiction, that ¢ # 0. Equation (3) can be written in each of the following two forms:

t t
B+-Ib)A==-B 4
(B+40) 4= 35, ()

B (A - ;12) _ —%A. (5)

If det A = 0, taking determinants in (4) gives

¢ 2
0= (2> detB,

so det B = 0. If instead det B = 0, taking determinants in (5) similarly gives det A = 0. Consequently,
under the assumption ¢ # 0, both matrices are singular:

det A = det B = 0. (6)
Now take traces in the original matrix equation. Since tr(BA) = tr(AB), the mixed terms cancel, and hence
tr(A?) + tr(B?) = 0. (7)

For every 2 x 2 matrix X,
tr(X?) = (tr X)? — 2det X.

Using (6) in (7), we find
(tr A)? + (tr B)* = 0.

Both traces are real, so they must both be zero. This would give
t=tr(A—B)=trA—trB =0,

contrary to t # 0. Therefore
t=0. (8)

Equations (2), (3), and (8) now show that
C?=0 and BA=0. (9)

We next show that both A and B are singular. If A were invertible, then BA = 0 would imply B = 0.
Thus C = A, and C? = 0 would imply A% = 0, which is impossible for an invertible matrix. Therefore A is
singular. Likewise, if B were invertible, then BA = 0 would imply A = 0; hence C = —B and C? = B%2 =0,
again a contradiction. Thus

det A = det B = 0. (10)

Applying (7) once more and using (10), we get

(tr A)? + (tr B)* = 0.
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Therefore
trA=trB=0.

The characteristic polynomials of both A and B are consequently z2. By the Cayley-Hamilton theorem,
A2 =0 and B%*=0.

In particular, every power of either matrix with exponent at least 2 vanishes. Since 2026 > 2, the required
value is

A2026 + B2026 — 02><2 )

Generalization and complete characterization

The preceding argument gives considerably more than the value of the single power appearing in the problem.
Generalized theorem. For A, B € M>(R), the following statements are equivalent:

1.
det(A—B)=0 and A?+ BA+ B?>= AB:;

2. there exist a,b € R and a matrix N € Mo (R) satisfying N? = 0 such that
A=aN, B=bN.
Consequently,
A" + B™ = 09x2 for every integer n > 2. (11)

Thus the exponent 2026 can be replaced by any integer at least 2.
Proof of the characterization. We have already proved from statement 1 that

A*=DB*=DBA=0.
Substitution into the original equation also gives
AB =0. (12)

If one of A, B is zero, the desired representation is immediate: use the other matrix as N. We may therefore
suppose that both are nonzero.
A nonzero square-zero endomorphism of the two-dimensional space R? has rank 1. Moreover,

imA CkerA
because A? = 0. Both spaces have dimension 1, so
im A = ker A.

Similarly,
im B = ker B.

On the other hand, (12) and BA = 0 imply
imB C ker A, im A C ker B.

Since all four spaces are one-dimensional, they are the same line; denote it by L. Thus both A and B vanish
on L and map R? into L.
The vector space of all linear maps

R?/L — L
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is one-dimensional. It follows that A and B are linearly dependent. Hence B = AA for some A € R. Taking
N =A,a=1, and b = X proves statement 2.

Conversely, suppose A = aN and B = bN, where N? = 0. Then every quadratic product involving A and
B is zero, and

det(A — B) = det((a — b)N) = 0.

Thus statement 1 holds. This proves the equivalence and also proves (11).
There is an accompanying polynomial version. If p € R[z], then A% = B2 = 0 gives

p(A) =p(0) 2 +p'(0)A,  p(B) =p(0)I> +p'(0)B.
Therefore every pair satisfying the hypotheses obeys
p(A) + p(B) =2p(0)I> + p'(0)(A + B). (13)

Taking p(z) = 2™ in (13) recovers (11).
Remark on the dimension. The complete characterization above is special to 2 x 2 matrices. For example,

let
(0 -1 ~ (J 0 ~ (I, 0
o N S A T ) POV

Here the displayed block matrices have block sizes 2 + 1. Since J? = —I, direct calculation gives
det(A—B)=0 and A4+ BA+ 5= AB.

Nevertheless, neither A? nor B? is zero. Thus one cannot extend the square-zero conclusion to arbitrary
matrix sizes without adding further assumptions.

Also solved by Adam Deli; Arkan Manva, IIT Bombay, Mumbai, India; Bogdan Lataianu, Canada; Daniel
Vacaru, National Economic College, Pitesti, Romania; José Luis Diaz-Barrero, Barcelona, Spain; Mo-
hammed Aassila, Strasbourg, France; Rovsen Pirguliyev, Sumqayit, Azerbaijan; Sedn M. Stewart, King Ab-
dullah University of Science and Technology, Saudi Arabia; Tiberiu Popa, San Francisco, CA, USA; Adam
John Frederickson, Utah Valley University, UT, USA.
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U741. Let {an}n>1 be a sequence such that |an+1| < clay,|, ¢ > 0. If

oo
Z |an (cos(3nxg) + 7 cos(nzg) — 2 cos(2nzp) — 2)| < +00.

n=1
o0
for some x € [0,27), prove that Z lan| < +o0.
n=1

Proposed by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Italy

Solution by Mohammed Aassila, Strasbourg, France
Define, fort € R, f(t) := cos(3t)+7 cos(t)—2cos(2t)—2. Let z = cost. Using the identities cos(3t) = 423 -3z
and cos(2t) = 222 — 1, we get

ft) = (42° =32) + T2 -2 (222 —1) -2 = 42° — 42’ + 42 = 4o (a* — 2 +1).
. 3 9
Slncezgm — x4+ 1 <3, we deduce that

3lcost| < |f(t)] < 12|cost| for all t € R. (1)

(o9}
By the lower bound in (1), the hypothesis Z lan| | f(nzo)| < co implies

n=1

o0

Z]an] |cos(nzp)| < oo. (2)

n=1
Thus it suffices to prove the following statement.

If {an}, >, satisfies |ant1| < clan| for some fived ¢ > 0 and for allm > 1, and (2) holds, then

o0

Z lan| < oo.

n=1

Lemma 1. For every n > 1 and every integer r > 0,
|ansr| < ¢ an].
Consequently, for any two indices n < m,
lam| < ™7 ay| < max(1,¢)™ " |ay].
Proof. Immediate by induction on r, applying |ag+1| < c|ax| repeatedly:
lan+r| < clansr—1] < 62’an+r72| <o < Cagl
The final inequality ¢" < max(1,¢)" is trivial since max(1,¢) > ¢ and r > 0. O
Claim. There exist an integer N > 1 and a constant 6 > 0, depending only on xg, such that for every

integer m > 0,

j > 0.
oax feos((m + j)ao)| > 3)
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Proof. Case 1: sinzg = 0. Then zo € {0,7} and |cos(nzg)| = 1 for every n. Take N =1, § = 1.
Case 2: sinzg # 0. For any integer m and any N > 1, using the geometric sum formula,

N-1

N-1 2iNxo :
. ; ” e -1 | sin(Nxo)| 1
) = |R 2imag 2ijx0 i _ )
ZCOS( (m + j)o) “le Ze e?iwo — 1 ' [sinzo| 7 [sin ol
7=0 7=0
. 9 1
Using cos®* a = 5(1 + cos 2a),
N—1 N-1
N 1 N 1
2 . .
= 4= 2 >
cos” ((m + j)wo) 5 T3 cos(2(m + j)zo) > 2~ stz
Jj=0 7=0
2 1 N
Choose N = - . Then — < —, s0
| sin | |sinzg| — 2
N 1 < N N N
2 2lsinmg] T 2 4 4
Hence N
— N
cos?((m + j)xo) > R
§=0
Since this is an average bound over N terms, at least one index j € {0,..., N — 1} satisfies
2 . 1 . . 1
cos” ((m + j)zo) > 7 ie. |cos((m + j)xo)| > 7
This proves (3) with 6 = 1/2 (and N as chosen, which depends only on xg, not on m). O
Fix N and § as in the Claim above, and set K := max(1,¢)?¥~1, a finite constant depending only on ¢ and

N (hence, ultimately, only on ¢ and z). Partition {1,2,3,...} into consecutive blocks of length N:
Bpi={kN+1,kN+2,...,(k+ )N}, k=0,1,2,...

By the Claim applied with m = kN + 1 (which starts the block By), each block By contains an index
ng € By such that
|cos(ngxo)| > 9. (4)

Now fix kK > 1 and let m € By, so m > kN + 1. Since n_1 € Bx_1 ={(k—1)N +1,...,kN}, we have
ng—1 < kN <m < (k+1)N,

so that
1<m-np_y < (k+1)N—((k—1)N+1) = 2N — 1.
By Lemma 1 applied with n =ng_1 and r =m —ng_1 € {1,...,2N — 1},
|am’ < maX(Lc)m_Nk_l ‘ankfl‘ < maX(17C) ANt ‘a”kfl‘ =K ‘a”kfll : (5)

Summing (5) over the N elements of By, and using (4) for the index nj_1:

NK

> laml < NK [an, | < —5— lany| leos (ng—1zo)]. (6)
meBy
Since the blocks By, B, Ba, ... are pairwise disjoint, the chosen indices ng,ni,no,... (with ny € By) are
pairwise distinct. Summing (6) over k =1,2,3,...:
(o) o0 (o]
NK NK
DY Jam| < TZ’%H’ |cos (np_1x0)| < TZW lcos(nxg)| < oo,
k=1meBy, k=1 n=1
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where the last inequality is exactly (2), and the middle inequality holds because the nj_; are distinct positive
integers, so the sum over k is a sub-series of the full series ), -, |an|| cos(nzg)| (all terms of which are non-
negative). B

Since > Br = {N +1,N +2,N +3,...}, this shows

oo
Z lan| < oo.
n=N+1
Finally, the finitely many remaining terms |a1|, |ag|,...,|an| contribute a finite sum, so
0o N )
S ol =3 lanl+ 3 loul <0
n=1 n=1 n=N+1

Including the (irrelevant, finite) term |ag| if present, we conclude

o
Z lan| < oo,
n=0

as required.

Also solved by Theo Koupelis, Clark College, Washington, USA.
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UT742. Let f € C3(]0,1)) satisfy f/(0) = f/(1) = 0 and f”(x) > 0 for all x € (0,1). Prove that there exists
exactly one point ¢ € (0,1) such that f(c) — f(0) = ¢f’(¢) and f"(c) > 0.

Proposed by Alessandro Ventullo, Milan, Italy

Solution 1 by Daniel Pascuas, Barcelona, Spain

Since f' € C2([0,1]) satisfies that f/(0) = f’(1) = 0, Rolle’s theorem shows that there is zg € (0,1) such
that f”(z¢) = 0. The hypothesis f”(z) > 0 for all z € (0,1) implies that f” is increasing on (0,1). It
follows that f”(x) < f"(xz¢) = 0, for all z € (0,z0), and f"(z) > f"(xo) = 0, for all z € (x¢,1). Therefore
/" is decreasing on [0, zo] and increasing on [z, 1] (recall that f’ is continuous on [0, 1] and differentiable on
(0,1)), so f'(x) < f'(0) =0, for all z € [0,z), and f'(z) < f'(1) =0, for all x € [xg, 1), that is, f'(z) <0,
for all z € (0,1).

Now consider the function g(z) = f(z) — f(0) — zf'(x), z € [0,1]. We want to show that there is a unique
point ¢ € (0,1) such that g(¢) = 0 and f”(c) > 0, that is, there is a unique point ¢ € (x0,1) such that
g(c) =0.

Since f € C3([0,1]), it is clear that g € C?([0,1]). Moreover, ¢'(z) = —zf"(x), for all x € (0,1), and
therefore ¢'(z) > 0, for all x € (0,z), and ¢'(x) < 0, for all z € (z9,1). As a consequence, g is increasing
on [0, z0] and decreasing on [zg,1], so 0 = g(0) < g(zo) and ¢ is injective on [x,1]. On the other hand,
Lagrange’s mean value theorem shows that there is a point £ € (0,1) such that

and so g(1) < 0. By Bolzano’s theorem, there is a point ¢ € (9, 1) such that g(c) = 0. The injectivity of g
on (zp, 1) implies that this point ¢ is unique. And we are done.

Solution 2 by Mihdly Bencze, Brasov, Romania

The particular interval [0, 1], the value 0 of the endpoint derivatives, and even the existence of f” are not
essential. The following stronger result contains the original problem as a special case.

Generalized theorem. Let a < 3, and let f € C?([a, ]). Suppose that
flle) = f'(8)
and that f” is strictly increasing on [a, §]. Then there exists exactly one ¢ € (a, 8) such that

Je) = fl@)=(c=a)f() and  f(c)>0.

Proof. Set

By the fundamental theorem of calculus,

B
| @de= 1)~ @) =0,
(0%
Because f” is continuous and strictly increasing, this identity implies

(@) <0< f"(B).

Therefore there is a unique a € («, 3) such that
f//(a) — 0’

with f” <0 on [a,a) and f” > 0 on (a, (]
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We next show that
() <m (a <z <p).

Fix such an . The mean value theorem, applied to f’ on [, z] and [z, (], gives £ € (a,z) and 1 € (z, )

such that () ()
x)—m " m— f'(z) .,
ﬁ:f(g)u W—f(n)-
Since £ < 1 and f” is strictly increasing,
f@)-m _m— )

r—« 8—x

Multiplying by the positive number (z — a)(5 — ) and simplifying yields

(B —a)(f'(x) —m) <0,

which proves f'(z) < m.
Now define

Then
V(z) = —(z — o) f"(z).

Thus ¥ is strictly increasing on [«, a] and strictly decreasing on [a, 3]. Since ¥(«) = 0, it follows that

At the other endpoint,

because f’(x) < m throughout («, 3).
The intermediate value theorem now gives a zero ¢ € (a,3) of ¥. Its uniqueness follows from the strict

decrease of ¥ on [a, 3]; moreover, ¥ > 0 on (a,al, so there are no earlier zeros. Finally, ¢ > a implies
f"(c) > 0. Hence

fle) = fla)=(c=a)f'(c),  f"(c)>0]|

The original problem follows by taking « = 0, 8 = 1, and m = 0. Its assumption f”/(x) > 0 guarantees
precisely the strict increase of f” used in the generalized theorem.

Also solved by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain; Corneliv Manescu-Avram,
Ploiesti, Romania; José Luis Diaz-Barrero, Barcelona, Spain; Mohammed Aassila, Strasbourg, France;
Rovsen Pirguliyev, Sumqayit, Azerbaijan; Theo Koupelis, Clark College, Washington, USA; Tiberiu Popa,
San Francisco, CA, USA; Teodor Cristian Petrescu, Romania.
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U743. Let n >3 and 1 <k <n—1. If a1, ao,...,a, are positive real numbers such that
ap>az>-2ap 21 >ap > > ap

and aias - --a, = 1, prove that

1 N 1 T 1 . .n
ka1 +1  kay+1 ka,+1 ~ k+1

Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania

Solution by the author

Let z = (ajaz - - - az)"/*. Since the function
1
flu) = kev 41
is convex for u > 0, by Jensen’s inequality
1 1 1 k

e > ]
k:al+1+k:a2—i-1jL Jrkak—l—l_l’cz—l—l
So, it suffices to show that

k n 1 L n 1 S _n
kz+1  kagy+1 ka, +1 ~ k+1’

Let bgy1,-..,b, be defined by
abf =1, i=k+1,...,n.

Since . )
zk:alag---ak:—zfzb]fw
Ap4+-1Qf42 " - Qn Qn
we have
1<bpy1 <bga<---<by <2z
By Lemma below, we have
1
>1— — i =k+1,...,n.
ka+1= Bl TR Them

By adding these inequalities, we get

L s >n—k—k SR
—_— oo n —_ —_— —_— .. .
kak+1 +1 kan +1 = kbk+1 +1 k’bn +1

So, it suffices to show that

k n P 1 1 S
kz+1 lbei1 + 1 kbn+1) =kt 1
which is equivalent to
1 +n—k—1> 1 n n 1
kz+1 k+1 = kbgy1+1 kb, +1°

Let z=e¢*and b; =c¢“ fori=k+1,k+2,...,n. From
abf =1 (i=k+1,...,n)

and
k 1
Z'=a1a2---ap = ——,
Ak +10k42 " Qn
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we obtain

(b 1brya - - bn)* = 2",
and hence
bry1bry2 by = 2.
Therefore
T =Cht1t Cht2 0+ Cne
Moreover,

Thus the inequality becomes

@)+ (n—k—=1)f(0) = fleer) + fler2) + -+ + flen).

Since f is convex on [0,00) and
(x,0,...,0)

majorizes

(Cn7 Cn—1y.-- 7ck+1)7
the desired inequality follows from Karamata’s inequality.
Thus, the proof is finished.
If £ > 2, equality holds if and only if a1 =as =--- =a, = 1.
If k£ = 1, equality holds precisely for (aj,as,...,a,) = (t, 1,...,1, %), where t > 1.
Lemma. Let k > 1 be an integer numbers. If a and b are positive numbers such that ab® = 1, then

1 k

> 1.
batl ki1

Proof. For k = 1, the inequality is an identity, and for £ > 2 we have

Lok bk Lok k(M —kb+k—1)
ka+1 kb+1 S+ ko kb+1 W+ k) (kb+1)
Furthermore,
W —kb+k—1=0-1[O" =)+ @2 1)+ + (b-1)],
and hence
1 N k _1_k(b—l)[(bk—l—1)+(bk—2—1)+---+(b—1)]>0
ka+1 kb+1 B (b + k)(kb+ 1) -

Remark. Note that & is the least positive value of m such that
1 1 1 n
+ + -+ >
mai+1 mas+1 ma, + 1 m—+ 1

forany ay > as > --->ap >12>agr1 > -+ > ayn >0 with ajas---a, = 1.

Fora; =ay =--- = ap := a and ag41 = agys = -+ = an—1 = 1, the constraint becomes afa, = 1 with
a > 1, and the inequality can be written as follows:
k n 1 S k+1 7
ma+1 ma,+1 " m+1
k
k a S k+1

ma+1+ak+m_m+1'

1
For a — oo, we get 1 > 1,hencemZk.

Also solved by Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania; Theo Koupelis, Clark
College, Washington, USA; Tiberiu Popa, San Francisco, CA, USA.
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U744. Let z > 0. Evaluate

() 2 33 43 N (2n+1)*- (51)
x z4+1 T +2 z+3 et z+2n '

Proposed by Paolo Perfetti, Universita degli studi di Tor Vergata Roma, Italy

Solution 1 by Murad Safarli, Physics Mathematics and Informatics Lyceum, Baku, Azerbaijan and Turan
Musayev, Shaki Clity Lyceum with Chemistry and Biology Specialisation, Shaki, Azerbaijan
Put m = 2n > 2. Polynomial division gives

4+ 1)2 —1)2
T+ T+

The binomial theorem implies

Sev)0 S (p-n ()

<
o
.
<
Il
o

It follows that

We now use the partial-fraction identity

x(x +1) (x4 m) Z :L"+j

Indeed, the coefficient of 1/(x + j) on the left is

Therefore

(2n)!(x — 1)2
x(x+1) - (x+2n)

If n = 0 is allowed, the original sum is simply 1/x; the displayed formula is for n > 1.

Solution 2 by Tiberiu Popa, San Francisco, CA, USA

Set
2n k 2/2n 2n
(Dt +1)°(5) _ pul2) .
fa(z) = = v alz) =] (= +14),
! e~ x+k Gn () ! g
where
2n m,
pole) =04k 17(%) T @
k=0 0<i<2n
ik
Clearly, degp, < 2n. For j =0,1,...,2n, substituting z = —j annihilates every term in the last sum except

the one with k£ = j. Hence

pol=d) = 1G22 () TT G-3)
0%;%271
— (- D<J+1>(?ﬁ(«ayﬂ@n—jm

— (j+ 1*(2n)! = 2n))(—j - D>
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Thus the polynomials p,(x) and (2n)!(x — 1), both of degree at most 2n, agree at the 2n + 1 distinct points
0,—1,...,—2n. Therefore

(DR + D) (2n)l( — 1)?

kz—:o r+k o= 2n '

= [ +)
=0

Generalization. The same argument gives, for every polynomial P with deg P < 2n,

2n 2n
(=D P(k) _ (2n)!P(—x)
kzo a:fk‘ ED '
= [ +4)
i=0

For an arbitrary function f(k), the same formula holds after replacing P on the right by the unique poly-
nomial of degree at most 2n which agrees with f at 0,1,...,2n.

Also solved by Adam Deli; Devis Alvarado, UNAH and UPNFM, Tegucigalpa, Honduras; Kousik Sett, India;
Mihaly Bencze, Brasov, Romania; Mohammed Aassila, Strasbourg, France; Nicusor Zlota, “Traian Vuia”
Technical College, Focsani, Romania; Sedn M. Stewart, King Abdullah University of Science and Technology,

Saudi Arabia; The Ring Lords, Baden-Wiirttemberg, Germany; Theo Koupelis, Clark College, Washington,
USA; Etisha Sharma and Toyesh Prakash Sharma, Agra College, Agra, India.
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Olympiad problems

1
0739. Let (ap)nen be a sequence defined recursively as follows: a; = 1 and ap+1 = a, + {, /G, + 2J. Find

n € N for which both solutions of the equation 22 + 2z — a,, = 0 are integers.

Proposed by Mihaela Berindeanu, Bucharest, Romania

Solution 1 by Mohammed Aassila, Strasbourg, France
The roots of the quadratic equation are —14++/1 + a,,. Hence both roots are integers if and only if 14a,, = m?
for some integer m > 1, that is,

a, = m? — 1.

It therefore suffices to determine all terms of the sequence of the form m? — 1.
For each integer k > 1, define

Iy = {aeN:K —k+1<a<k’+k}.

It is immediate that )
{\/a—i— 2J =k if and only if a € I.

We prove by induction on k that, for every integer k > 1
— 1.2 _ 1.2
agk—1 = k°—k+1, asr = k°+ 1.

Base case. For k =1, I} = {1,2}. Since a; = 1, we obtain az = a; + 1 = 2, so the assertion holds.
Inductive step. Assume that ag,_1 = k> —k+1, ag, = k*>+1 for some integer k > 1. Since k41 < k? +k,
we have

asr = k2+1 e I.

Therefore,
agki1 = agp+k = B +k+1 = (k+1)*—(k+1)+1,

which is precisely the first element of I ;. Hence asr+1 € Ix41, and the next increment equals £+ 1. Thus
Qoo = Gopy1 +(k+1) = K2 +2k+2 = (k+1)?+1.

This completes the induction.
Case 1. Even indices. Let n = 2k. Then a, + 1 = k? 4+ 2. Suppose that k? + 2 = m2. Then m? — k? = 2,
so (m — k)(m + k) = 2. The only positive factorization of 2 is 1 -2, which yields m —k =1, m+ k = 2, and

hence m = 3 a contradiction. Therefore no even index satisfies the required condition.

Case 2. Odd indices. Let n = 2k — 1. Then a,, + 1 = k%2 — k + 2.

For k = 1, we obtain 2, which is not a perfect square.

Fork=2k>—k+2=4=2% son=3Iis a solution.

Now assume that k > 3. Since k2 —k+2—(k—1)2=k+1> 0, and k? — (k2 —k+2) = k—2 > 0, it follows
that (k —1)% < k? —k + 2 < k%, Hence k? — k + 2 lies strictly between two consecutive perfect squares and
therefore cannot itself be a perfect square.

Consequently, the only natural number n satisfying the required condition is n = 3.

Solution 2 by Theo Koupelis, Clark College, Washington, USA
From the given conditions we get that the sequence (ay,)nen is composed of positive and increasing integers.
The first few terms of the sequence are ag = 2, a3 = 3, a4 = 5, a5 = 7, ag = 10, ay = 13, and ag = 17.
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There seems to be a pattern between the odd and even terms of the sequence; namely, as,, = m? + 1, and

aom—1 = m? —m + 1 for integers m > 1. We show this by induction. We have

1 1
a2m = aom—1 + \‘\/a2m1+2J :mQ—m‘Fl‘F\‘ mQ—m+1+2J

:m2—m—|—1+m:m2—|—l,

because m — % <vm?—m+1<m for any m > 1. Also,

1 1
a2m+1 = A2m + \‘\/a2m+2J :m2+1+ Lm+ QJ
=m’ +m+1=(m+1)7—(m+1)+1,

because m < vm?2 + 1 <m+% for any m > 1.

The solutions of the equation 2242z —a, =0 are 12 = —1 + /a, + 1; for both solutions to be integers,
we must have a, = k? — 1, where k > 2 is a positive integer, for some positive integer n. Thus, if n = 2m,
we are looking for a value m such that

—1l=m’+l<=(k—m)(k+m)=2<=k—m=1 and k+m=2
which is not possible on the integers. If n = 2m — 1, we are looking for a value m such that
2 —1=m?>—m+1<=4k>—7=4m?> —4m+1= (2m — 1)
— 2k-2m+1)2k+2m—-1)=7
—2k-2m+1=1 and 2k+4+2m—-1=T7.

Therefore, (k,m) = (2,2) is the only solution. Thus, only for n = 3, and the term ag = 3, we get that both
solutions of the equation 22 + 2x — 3 = 0 <= (v — 1)(z + 3) = 0 are integers.

Also solved by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain; Corneliu Manescu-Avram,
Ploiesti, Romania; José Luis Diaz-Barrero, Barcelona, Spain; Nicusor Zlota, “Traian Vuia” Technical Col-
lege, Focsani, Romania; Rovsen Pirguliyev, Sumqayit, Azerbaijan; The Ring Lords, Baden-Wiirttemberg,
Germany; Anderson Torres, Sao Paulo, Brazil; Saarang Agarwal, AMMOC; Teodor Cristian Petrescu, Ro-
mania.
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0740. Find all pairs of positive integers (m,n) satisfying

3m—-1=2"-m.

Proposed by Alessandro Ventullo, Milan, Italy

Solution 1 by the author
Take 2-adic valuations of both sides:

v2(3™ — 1) = v2(2" - m) = n + vo(m).
By the Lifting the Exponent Lemma

1 if m is odd,
’U2(3m - 1) =

2 +wva(m) if m is even.
(i) If m is odd, then 1 =n + v2(m) = n, so n = 1. The equation becomes
3" —1="2m.
Clearly, m = 1 is a solution. For m > 3, by Bernoulli’s Inequality we have
" —1=(1+2"-1>142m—1=2m,
so no further solutions. Thus (m,n) = (1,1) is the only solution with m odd.

(ii) If m is even, then
2+ va(m) = v2(3™ — 1) = n 4 va(m),

so n = 2. Plugging back, the equation becomes
3" —1=4m.

Clearly, m = 2 is a solution. For m > 4, by Bernoulli’s Inequality we have
UG

3m—1:(3%—1)(3?+1)>(1+2- :

) 4 = 4m,
so no further solutions.

Combining both cases, the only solutions are (m,n) € {(1,1),(2,2)}.

Solution 2 by Mihdly Bencze, Brasov, Romania
The same method completely solves the equation when the base 3 is replaced by an arbitrary integer greater
than 1.

Theorem 1. Let a > 1, m, and n be positive integers. Then
a®”—1=2"m

if and only if

‘(a,m,n) =2"+1,1,n) (n> 1)‘

or

‘ (a,m,n) = (3,2,2) ‘
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Proof. If a is even, then a™ — 1 is odd, whereas 2™m is even. Therefore a must be odd.
For odd a, the same factorization argument used in the lemma gives the more general valuation formula

. B U2(CL_1)7 modd,

Indeed, when m is odd, the quotient

am —1

=l+a+---+a™!
a—1

is a sum of an odd number of odd terms and is therefore odd. When m = 2%¢ with s > 1 and ¢ odd, the
quotient (a™ —1)/(a®" — 1) is again odd. Starting with a® — 1, each subsequent factorization
@ —1=0"" -1 +1), j>2

adds exactly one to the valuation, because a? ' +1 =2 (mod 8). This proves (1).
Suppose first that m is odd. Set ¢t = va(a — 1) and write

a—1=2%,

where u is odd. Comparing the valuations of the two sides by (1) gives n = t. After factoring and cancelling
2!, the original equation becomes

u(l+a+a+ - +a" ) =m. (2)
If m > 1, the sum in parentheses consists of m positive terms and is strictly greater than m, since a > 1.
This contradicts (2). Thus m = 1, and (2) then gives u = 1. Consequently
a—1=2",
so this case gives precisely
(a,m,n) = (2" +1,1,n), n > 1.
Now suppose that m is even, and write m = 2r. Put
w = vy(a® — 1), a’? — 1= 2%,
where u is odd. Formula (1) and the original equation give
w + va(m) — 1 = n + va(m),
so n = w — 1. Factoring a®” — 1 and cancelling 2% now gives
u(1+a2+a4+---+a2(’"_1)) =r. (3)
If » > 1, the sum in parentheses is strictly greater than r, which contradicts (3). Hence r = 1, so m = 2,
and (3) gives u = 1. It follows that
a?—1=(a—1)(a+1)
is a power of 2. Thus both a —1 and a + 1 are powers of 2. They differ by 2, and the only two positive
powers of 2 with this difference are 2 and 4. Therefore @ = 3. Finally, a> — 1 = 8 gives w = 3, and hence
n =w — 1 = 2. This produces the single even-m solution

(a,m,n) = (3,2,2).

Conversely, direct substitution shows that every listed triple satisfies the equation. This completes the
classification. 0

Also solved by Amanda Goodwin, SUNY Brockport, NY, USA; Arkan Manva, IIT Bombay, Mumbai, India;
Cao Minh Quang, Nguyen Binh Khiem high school for the gifted, Vinh Long, Vietnam; Jamal Dine Chergui,
Ecole Normal Supérieure, Tétouan, Morocco; José Luis Diaz-Barrero, Barcelona, Spain; Kousik Sett, India;
Mohammed Aassila, Strasbourg, France; The Ring Lords, Baden-Wiirttemberg, Germany; Theo Koupelis,
Clark College, Washington, USA; Anderson Torres, Sao Paulo, Brazil; Saarang Agarwal, AMMOC; Shilong
Zhuang, California, USA; Teodor Cristian Petrescu, Romania; Yeonwoo Amelia Tae, Northfield Mount
Hermon School, Gill, Massachusetts, USA.
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O741. Let aq,...,a, be pairwise relatively prime nonzero integers, and let ¢ be an integer. For every 1 < i < mn,
let b; be the product of all the a; with j € {1,...,n}\ {i}. Prove that

Flo,. .. an) = ﬁJ*ﬂiJ

is constant for all the n-tuples (z1,...,x,) of integers satisfying the equation

bix1 + -+ byxy, = c.

Proposed by Titu Andreescu, USA and Marian Tetiva, Romania

Solution by the authors

Note first that bja; = a1 - - - a,, and ged(b;,a;) =1 for all ¢ € {1,...,n} by the very definition of the numbers
bi, and due to the fact that any two among a1, ..., a, are relatively prime. Let (x1,...,2,) and (y1,...,Yn)
be two arbitrary solutions of the equation, so we have

biz1 + -+ bz, =c and byy1 + - + by, = ¢,

hence
biz1 + -+ bpzy, = b1y1 + -+ - + bpyn.

Because each b; is divisible by a; for 7 # j the above equality implies
biz; = bjy; mod a;, Vi€ {l,...,n},

and since ged(b;, a;) = 1 this yields

x; =y;mod a;, Vie{l,...,n}.
Thus, for all ¢ there exists some t; € Z such that

Yi = i + ait;.
Replacing in the above equality, we get
bixy + - 4+ bpxy = bi(x1 + arty) + - - + bp(zn + anty),

that is
b1a1t1+---+bnantn:O<:>a1---an(t1+---—|—tn):O@t1+---+tn:0,

since b;a; = ay - - - an # 0 for all 4. Thus we have

-2 -

n
i=1 =1

_équ +ti> :zn: B”J +i§:;tz-—f(x1,---,wn),

i=1
as the sum of all the ¢; is 0. Since this equality holds for any n-tuples (z1,...,z,) and (y1,...,yn) of integers
satisfying biz1 + - -+ + bz, = c and byy1 + - - - + by, = ¢ the required conclusion follows.

Also solved by Corneliv Manescu-Avram, Ploiesti, Romania; Mohammed Aassila, Strasbourg, France; Ayaan
Alam, IIT Delhi.
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0742. Let ABC be a non-right triangle with AB # AC and let H be its orthocenter, I be its incenter and
M be the midpoint of BC'. Let D be the reflection of I in the line BC' and let E be the reflection of
A in H. Knowing that Al is parallel to DE, prove that the points H, I, M are collinear.

Proposed by Todor Zaharinov, Sofia, Bulgaria
Solution 1 by the author

Let BC = a,CA = b, AB = c are the side lengths of the triangle ABC. Denote with R the circumradius
and with r - the inradius of the triangle ABC' and s = %b”. Let S be the area of the AABC.

abc
S:rs:E:\/s(s—a)(s—b)(s—c)

Figure 2:

Let F=1IDNBC so IF = FD =r; ID = 2r. Let O be the circumcenter of AABC, 20M = AH. Let
H,, Hy, H. be feet of the perpendiculars at H to BC,CA, AB.

Without loss of generality we may assume that b > ¢; /B > ZC and M is between C' and the points H,, F'.
Since ID 1 BC and AE 1 BC, that is ID || AE, and Al || DE, hence AEDI is a parallelogram and
AE =1D. But AEF =2AH = 40M = 4Rcos A and ID = 2r, so r = 2R cos A.

The points H, F' are the midpoints of AE,ID, so AHFI is a parallelogram and HF || AI. Point I is an
interior of trlangle ABC, therefore point H is also interior. Then AABC is acute-angled.

Since AI? = Srﬁ = be(s—a)

S )

6
AI?. BI? . CI? " -
sin2§-sin2§-sm2%
_ a2b202(s—a)3s —b)(s—c) L6R2A
s
B C
or r:4Rsin§-sin§-sin—
Now
A B C B+C B+C
L 4sinZ -sin = - sin = = 2sin [ 90° — + cos 2 =
R 2 2 2 2
B+ C B+C’ B+ C
= 2cos 5 - COS — 2cos 5 - COS 5 =

:cosA+cosB+cosC— 1=2cosA
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So
cosB+cosC —cosA—1=0

From the Law of Cosines that is:

a2—§+w?+a?+§—c2 —a?+ b2+ 2

- —1=0
2ac 2ab 2bc
So, the condition Al || DE is equivalent to
a® 4 a®b — ab® — b + a*c — 2abc + b*c — ac® + b2 — 3 =0 (1)
2 b2 2 b2 2
H M = H,C — MC = beosC — & =@ Fr =@ c
2 2a 2 2a

a+b—c a b-—c
FM=FC—-MC=——1———-=
2 2 2
HM  b+c
FM — a
It is well known that AH,H,C ~ NABC, /ZH,H,C = Z/B. The angle /HH,C = /HH,C = 90° and
HH,CH, is a cyclic quadrilateral. So /HCH, = /ZHHyH, = 90° — /H,H,C = 90° — /B.

HH,=CH -sin /HCH, = 2R - cosC -sin(90° — B) = 2R - cos C - cos B
IF =r=2Rcos A
HH, cosB-cosC _ (a®—b*+c?)(a® +b* — ¢?)

IF cosA 2a%(—a? + b% + ?)

The points H, I, M are collinear, if and only if AMHH, ~ AMIF that is

HH, H,M — (@ =+ ) (a®+b*—c*)  b+ec
IF  FM 2a2(—a? + b2 + c?) o«

Now

(a? —b? + c2)(a® + b> — ) _bte
2a%(—a® + b2 + ?) a
(a® —b? + 2)(a® + b2 — %) — 2a(b + ¢)(—a® + b + ¢?)

2a2(—a? + b2 + ¢2)
25(a® + a?b — ab® — b® + a’c — 2abc + b%c — ac® + bc® — 3) (1)

- 2a2(—a? + b% + ¢2) =0

and the points H,I, M are collinear.

Solution 2 by Kousik Sett, India
Let N be the foot of the altitude from A to BC, and let T be the point where the incircle touches BC. Let
BC =a, CA=0b, AB = c where b # c.
Since D is the reflection of I in BC, we have ID 1 BC. Since F is the reflection of A in H, and A, H
lie on the altitude from A, we infer that AE 1| BC. Hence ID || AE. Tt is given that AI || DE. Therefore,
quadrilateral AIDF is a parallelogram. Consequently, AE = ID.
Now H is the midpoint of AFE, while ID = 2r, where r is the inradius of triangle ABC. Hence AE =
2AH = 2r, that is, AH = r.
Let s be the semi-perimeter of triangle ABC'. Since T is the touch-point of the incircle, we have BT = s —b,
CT = s — c. Since M is the midpoint of BC', we get

e — bl

MT:BT—q: .
2 2
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H
I
B N \T M ¢
D
Also,
2 2 _ 2
BN = ABcosB =21 ="
2a
Therefore,

2 —b*]  Je—b|(b+c)

20 2a ’
Let AN = h. Since [ABC] = rs = Lah, we have h = 2,
Since 2s = a + b+ ¢, we have

MN:}BN—%‘:

Since AH = r, we obtain
NH = AN — AH = h—y = &
a

Since Both IT and HN are perpendicular to BC, with IT = r, we have

MT  |c—b
T 2r
On the other hand, we get
|c —bl(b+c¢)
MN _ 9y _ e
NH (b+o)r 2r
a
Thus,
MT MN
IT  NH’

and since ZMTI = ZMNH = 90°, the right triangles MTI and M NH are similar.

Moreover, M, T, N lie on the same side of M. Therefore, the corresponding angles at M are equal, that
is, ZTMI = /NMH. But MT and M N are the same ray from M. Hence the rays M1 and M H coincide.
Therefore, H, I, and M are collinear.

Also solved by Andrea Fanchini, Cantu, Italy; Arkan Manva, IIT Bombay, Mumbai, India; The Ring Lords,
Baden-Wiirttemberg, Germany; Theo Koupelis, Clark College, Washington, USA; Tiberiu Popa, San Fran-
cisco, CA, USA.
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0743. Let x1,xs,...,x, be positive real numbers such that 1 + xo + -+ + x, = n, n > 3. Prove that

11 1 - 27(n — 1)2

3, .3 3
“ e - Jr “ e — .
1 T2 T ~(2n?2+n—1)2 (351 Ty ot o n)

Proposed by Marius Stanean, Zalau, Romania

Solution 1 by the author
Setting

> = 71(712_1)(1 —t%), t € [0,1),

1<i<j<n

then for any 7 € {1,2,...,n} we have that
l—-(n—-1t<z; <1+ (n-1)t

Indeed, applying the Cauchy-Schwarz Inequality, we have

(n — 1‘1)2

n—1

To+ w3+ ...+ x,)?
n—1

:x%—i— s

n
n—l—n(n—l)tz:Zx?ZQJ%—i—(
i=1

or, equivalently,
3 -2z +1—(n—1>22 <0,

which implies
l—(n—=1t<z <14 (n-—1)4.

Analogously, we get
1—(n—1t<z9,x3,...,2p <14+ (n—1)t.

By the Cauchy-Schwarz Inequality,

LSS SO S n +z": 1 1
r1 xy w14+ (n—1)t — \ = 1+ (n—1)t
n

n 1+(n—1)t—z;
Y ( ) i

1+ (=1t = zi[l+(n—1)]

(iu (- 1)t — zi]>2

=1

> i +
T 14+ (n-1t &

)

1+ (n—1)t—a)x[l+ (n—1)
1

B n n?(n —1)%t2
S P VA ey o VTG R | R o b7
n[l+ (n — 2)t]

(1-=t)[1+(n—1)t]

Also, by the Cauchy-Schwarz Inequality, we have

ixf [—zi+ 14 (n— 1)t]i[—a}i+ 1+ (n—1)¢
i=1

=1

n 2
> (Zazi 2 +1+ (n— 1)t]) ,

=1
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n(l+n -1t 1+ (n-1)] - Zn:a:? > n(n —1)t(1 —t)?%,
=1

z”:$§ <n[l+3(n- D’ 4+ (n—1)(n — 2)t3] .
i=1

Therefore, it suffices to prove that

n(n — 1)t . 27(n —1)% - n [3(n — 1)t + (n — 1)(n — 2)?]
(1-t)[1+(n-1)t — (2n2 +n—1)? ’

or after clearing denominators and factoring

n(n — 1)t [3(n — 1)t — 2(n — 2)]° [3(n — 1)(n — 2)t + n? + 5n — 5]
(n+1)2(2n — 121 —t)[1 + (n — 1){]

which is clearly true.

2n —
The equality holds when ¢t = 0 which means 1 = 20 = ... =z, = l or t = 3En ) which means
n —
2n—1 n+1 dit I tati
T = 9 =2x3=...=1x, = ——— and its cyclic permutations.
1 3 2 3 " 3m_1) yclc p
Solution 2 by Theo Koupelis, Clark College, Washington, USA
27(n — 1)? 27(n — 1)2 1 3 ,
Let a = G2t n_ 1) = nE1)2@n 1) > 0, and f(x) = — —az, where z > 0. Then f'(z) =
1 1
5 3ax?, and f"(x) = poc i 6ax. Thus, f’(z) =0 <=z = GBa)i/i” Therefore, f(x) has one inflection

n
point; by the (n—1)-equal value principle, the expression Z f(z;) achieves a maximal or minimal value when

i=1
n—1 of the z; variables are equal. Clearly, lim,_,o+ f(z) = 400. Let 1 =z and xe =23 = ... =z, = n- alc’
n [R—
where 0 < x < n. Thus,
n
1—az* (n—1*—a(n—2x)*
D= i)—n(l—a)= —n(l-—
o(o) =3 ) ~nl1 =) = P 19
_n(z—1)22n —1—3z)?[(n+ 1)? + 3z(n — 2)] -0
B z(n —z)(n+1)%(2n — 1)2 -
Therefore, the desired inequality holds, with equality when 1 = 29 = ... =z, = 1, or 1 = % and
To=23=...=Tp = 3(’?_11) and cyclic permutations.
Solution 8 by Kevin Xiong, of Canyon Crest Academy, California, USA
Set
U = _— = D — .
Z z n, |4 Z T; —n
i=1 1=1
Ifz;=---=2, =1, then U =V = 0 and there is nothing to prove. Hence assume that the variables are
not all equal to 1. Since their arithmetic mean is 1, strict AM-HM gives U > 0.
Let M = max{z1,...,x,}, and, after relabeling, suppose that x; = M. Because the average of the z; is 1
and the variables are not all equal, M > 1; moreover M < n since xo,...,x, > 0. Put
n—M
b= .
n—1
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Then
0<b<1, M+ (n—1)b=n,

and b is the arithmetic mean of zs, ..., x,.
For the comparison tuple (M,b,...,b), define
1 n—1

U 7t 2 n, Vo +(n—1b"—n

Using M + (n — 1)b = n, we obtain

%:(M—xgﬁw% Vo= (M—1)(M—b)(M+b+1).

Thus, with
L=MbM+b+1),

we have
Vo = LU,.
We now compare (z1,...,zy,) with (M,b,...,b). Since

n

Z((I}Z — b) = 0,

=2

the identities
1 1 (LL’Z — b)2 Ty — b

Z; g N b2ﬂfi B b2
and
x5 — b3 = (z; — b)?(z; + 2b) + 3b*(z; — b)
give
= (z; — b)*
U-Uy= —_—
0 zz; b21‘i
and

n

V—Vo=> (2 —b)*(x +2b).
i=2
For every ¢ > 2, since z; < M,
b2xi(z; 4+ 2b) < b2M (M + 2b).
Also,
L—b*M(M +2b) = Mb(M +b+1—b(M +2b))
=Mb(1—-b)(M+2b+1)>0.
Consequently,
2 (; —b)?

and therefore
V —Vo < L(U —Up).

Together with Vo = LUy, this yields

Since U > 0,
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It remains to bound the last numerator. Consider the three positive quantities
(n+1)M, (2n—1)(n — M), (n—2)M +2n— 1.
Their sum is
m+1)M+2n—1)(n—M)+(n—2)M+2n—1=(2n—1)(n+1).

Hence AM-GM gives
(n+1)(2n—1)M(n— M)((n —2)M +2n — 1)

- <(2n— 1)( +1)>3

3

Therefore
(2n —1)%(n +1)?

M(n—M)((n—2)M+2n—1) <
Combining this with (1), and using

(2n—1)(n+1)=2n%4n—1,

we obtain
14 < (2n? +n —1)2
U~ 27(n—1)2
Equivalently,
7(n —1)2
Equality. The constant is sharp. Besides z1 = --- = x,, = 1, there is a nonconstant equality case. Indeed,
because

b*M(M +2b) < L
equality in the comparison V' < LU can hold only if
To=--=x, =0
Equality in the final AM—GM step then requires
m+1)M=02n—-1)(n—M)=(n—2)M+2n—1,
which gives

2n —1 n+1

M=—- b= —.
3 7 3(n—1)

Thus, up to permutation, equality holds at

2n—1 n+1 n+1
3 "3(n—-1)""""3(n-1)
Hence the coefficient
27(n —1)?
(2n% +n —1)?

cannot be increased.

Also solved by Mihdly Bencze, Brasov, Romania; Nicusor Zlota, “Traian Vuia” Technical College, Focsani,
Romania; Tiberiu Popa, San Francisco, CA, USA.
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O744. Let a,b,c,d be positive real numbers such that a >b>1>c¢ > d and abed = 1. Prove that

1 1 1 1 4
> —,
a2+a+1+b2+b+1+02+c+1+d2+d+1 —3

Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti, Romania

Solution 1 by the author
Let z=vab>1,y=cd <1and z = c+d. From (¢ —1)(d — 1) > 0, we get

y+12>z.

We will first show that

1 1 2
> )
a2+a+1+b2+b+1 T 2441

By the Cauchy-Schwarz inequality, we have

1 1 (b+a)? (a+b)?
+ > = .
a2+a+1 24+b+1 7" ¥ (a®+a+1)+a?(b?+b+1) 22%+ (a+b)2x?+ (a+b)? — 222

So, it suffice to show that
(a+b)%(x* +z+1) >4z +2(a + b)x? + 2(a + b)? — 422,
that is
(% = D[(a +b)? — 22% + (a + b)x(a + b — 2x) > 0,
(22 = 1)(a — b)> + (a + b)z(va — Vb)? > 0.
By (*), we only need to prove that

2 1 1
x2+x+1+02+c+1+d2—|—d+1

4 kk
>3 (**)

for z > 1> ¢>d > 0 such that z2¢d = 1.

1
Case 1: 3 <y < 1. Since
2 B 4 S 4 B 4 4y _% 4
224+ 2+1 22242042 2224 (224+1)+2  3(@2+1) 3(y+1) 3 3y+1)

it suffices to show that
1 1 4

> .
Zrerl  @rdr1 310
By the Cauchy-Schwarz inequality, we have

1 N 1 - (d+c)? _ 22
Atc+l d4+d+1 7 (R +c+1)+c2(d2+d+1) 22 +yz+22 -2y

So, we only need to show that
22 4
>
202 +yz+22—-2y — 3(y+1)

which is equivalent to
(3y — 1)2% — 4yz — 8y + 8y > 0.

Indeed, since z < y + 1, we have

(By —1)22 —dyz — 82 +8y > By — 1)22 —dy(y+1) — 8> + 8y = (3y — 1)(22 —4y) = By — 1)(c — d)? > 0.
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1
Case 2: y < 3 We will first show that

1 1 1 1

>
Zierl @rdrl _y2+y—|—1+3

()

Write this inequality as follows:

224z —2y+2 S v 4+y+4
224+ (y+1)z+y2—y+1 - 3u2+y+1)

—1-2y—2y")2 - (1+2y—y* +¢*) 2+ 1 +y)2+y—5y°—y°) >0,
(I+y—2)2+y—5y° —y*>+ (1 -2y —2y%)z] > 0.

It is true since 1 +y — 2z = (1 —c¢)(1—d) >0, 24+y—5y2 —9> >2—-9y2 — 93 > 1 -9 > 0 and
1—2y—2y%>>1-2/3-2/9>0. By (**) and (***), it suffices to prove that

2 1
>1
x2+w+1+y2+y+1_

for 2%y = 1. Indeed,

2 .1 - 2 z? - 2 z? +1
2+rx+1 yYR+y+1 x4+l ozt 24 x4+1 at4a241

2 2?41 B (x— 1) -0
Stz +l (@24 z+D@2-24+1) (24 +D)@Z-2z+1) T

The proof is completed. The equality occurs fora=b=c=d = 1.

Remark. Since a?4a > 2a%/2, b2 +b > 20%/2 and 2 4¢ > 2¢3/2, we get the following result (Vasile Cirtoage,
Crux Mathematicorum, 5, 2025):

e Ifa>b>12>c>d>0 such that abed = 1, then

1 n 1 n 1 n 1
2a+1  2b+1 2c+1 2d+1

4
> —.
-3

Solution 2 by Theo Koupelis, Clark College, Washington, USA
1 . 1
Let f(a,b,c,d) = ZC: Pratl Keeping ¢, d fixed, we get b = -
1 b
a we get b/ = — 5 = ——, and thus
cda a

1
- —; taking the derivative with respect to
a

2a + 1 b(2b+ 1)

/—_
Ja= (a2 +a+1)2 a(bQ+b+1)2>’

because

b(2b + 1)(a® + a+1)? > a(2a + 1)(B* + b+ 1)? <= (a — b)[2a*b*(a + b) + 4(a®b* — 1)
+ ab(a® + ab + b?) + (ab—1)(2a +2b — 1) + 2] > 0,

1
which is obvious. Thus, it suffices to show that f(b,b,c,d) > 4/3 under the condition b* = e Let p=c+d

and r? = ed, where 0 < r < 1, 0 < p < 2, and p > 2r. Substituting into f(b,b,c,d) we gect the equivalent
expression
22 p? —2r2 +p+42
r2+r+1 * r+r2p+p?—r2+p+1

4
> —.
-3
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Clearing denominators we get
G5r2—r—Dp*+ @2t =43+ —r—Dp+2(r° =2 —6rt =P +3r2 4+ 1) > 0.

But 2rt 413472 —r—1 = 2r3(r—2)+r(r—1)—1 < —1, and from 0 < (1—¢)(1—d) = 1+cd—(c+d) = 1+r2—p
we get p < 14 2. Thus, it suffices to show that

(Gr?—r—1p*+ @' =4+ —r = A+ + 205 — 20" —6r' — P + 32 41+ 1) > 0,
or, after simplifying,

(572 —r = )p? +4r8 =85 —9rt — 73 1 612 7+ 12> 0.

When 512 —r —1 >0, or BETEE < r <1, it suffices to show that
4r2(5r% —r — 1)+ 410 —8° — 9t — T3 1 62 4 r + 12> 0 <= (r — 1?4t + 72 +3r +1) >0,
14+ +v21
which is obvious. When 572 —r — 1 < 0,or0<r< —:70, it suffices to show that

(L4+72)25r2 =7 = 1) + 45 = 8" —r? — 773 4 6r% + 7+ 1> 0 <= 9r’(r — 1)*(r* +7+1) >0,
which is obvious. Equality occurs when » = 1, and thus when a =b=c=d = 1.

Also solved by Nicusor Zlota, “Traian Vuia” Technical College, Focsani, Romania; Tiberiu Popa, San Fran-
cisco, CA, USA; Shilong Zhuang, California, USA; Teodor Cristian Petrescu, Romania.
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