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Junior Problems 3

1.1 Junior Problems

J577. Let a and b be positive real numbers such that a+ b = 1. Prove thatÅ
1

a2
− b− 1

ãÅ
1

b2
− a− 1

ã
≥ 25

4
.

Proposed by An Zhenping, Xianyang Normal University, China

J578. Let a be a positive real number and let f(x) = ax +
1

ax
.

Given that f

Å
2

3

ã
= 1 + 2

√
2, find f

Å
3

2

ã
.

Proposed by Adrian Andreescu, University of Texas at Dallas, USA

J579. Find all pairs (x, y) of integers such that

3x2 + 10x+ 5 = 9 · 2y.

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

J580. Solve in real numbers the equation

3
√
x2 + 4 =

√
x3 − 4.

Proposed by Alessandro Ventullo, Milan, Italy



4 Problems

J581. Let a, b, c, d be real numbers such that

ab+ ac+ ad+ bd+ cd− abcd = 11.

Prove that
(a2 + 1)(b2 + 1)(c2 + 1)(d1 + 1) ≥ 100.

Proposed by An Zhenping, Xianyang Normal University, China

J582. Let ABCD be a quadrilateral inscribed in a circle Γ with center O. Lines
AC and BD intersect at X and Γ1 is the circumcircle of triangle XAB.
Lines AD and BC intersect Γ1 at N and M , respectively. We know
that the area of the concave polygon ONDXCM is DC ·AB. Find the
measure of ∠AXB.

Proposed by Mihaela Berindeanu, Bucharest, Romania

J583. Let m and n be positive integers. Prove that

N = 272m+n+1 + 27m+2n+1 − 27m+n+1 + 1

has a factor greater than 6 · 27min(m,n) and smaller than
√
N .

Proposed by Adrian Andreescu, University of Texas at Dallas, USA

J584. Let x, y, z be rational numbers such that

3x2 + 2022yz − 2016zx, 3y2 + 2022xz − 2016xy, 672yz − z2 − 674xy

are all squares of rational numbers. Prove that x = y = z = 0.

Proposed by Navid Safaei, Sharif University of Technology,
Tehran, Iran

J585. Let a, b, c > 1 be real numbers such that

1

a− 1
+

1

b− 1
+

1

c− 1
= 1.

Prove that
abc+ 44 ≥ 9(a+ b+ c).

Proposed by Marius Stănean, Zalău, Romania
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J586. Let ABC be a triangle with AC = BC and altitudes AD, BE, CF .
The circle with diameter BD cuts AB in M and BE in N . Line MN
cuts AC in Q and CF in P . Let S denote the midpoint of segment DC.
Show that SQP is an isosceles triangle.

Proposed by Mihaela Berindeanu, Bucharest, Romania

J587. Let a, b, c be nonnegative real numbers, no two of which are zero.

Prove that

a2

a2 + bc
+

b2

b2 + ca
+

c2

c2 + ab
+

a3 + b3 + c3 + 9abc

(a+ b)(b+ a)(c+ a)
≥ 3.

When does the equality occur?

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

J588. Find all nonnegative integers x, y, z such that

4x + 3y = z2.

Proposed by Mihaela Berindeanu, Bucharest, Romania

J589. Let a, b, c ∈ [0, 1] such that a+ b+ c = 2. Prove that

a3 + b3 + c3 + 2abc ≤ 2.

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

J590. Let p be a positive integer. Evaluate

Sp =
p∑

m=1

m∑
n=1

n∑
k=1

k2

2k2 − 2nk + n2
.

Proposed by Florică Anastase, Lehliu-Gară, Romania

J591. Let DA, DB, DC be disks in the plane with centers OA, OB, OC , re-
spectively. Consider points A ∈ DA, B ∈ DB, C ∈ DC such that the
area of triangle ABC is maximal. Prove that lines AOA, BOB, COC
are concurrent.

Proposed by Josef Tkadlec, Czech Republic



6 Problems

J592. Let M be a point inside triangle ABC. Let D,E, F be the orthogonal
projections of M onto sides BC, CA, AB, respectively. Prove that

MA sin
A

2
+MB sin

B

2
+MC sin

C

2
≥MD +ME +MF.

When does equality hold?

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

J593. Let a, b, c be positive real numbers. Prove that

1

(1 + 2a)3
+

1

(1 + 2b)3
+

1

(1 + 2c)3
≥ 1

3(1 + 2abc)
.

Proposed by An Zhenping, Xianyang Normal University, China

J594. Let a be a positive real number other than 1 and let c, d be real numbers
such that

ac + ad = (a+ 1)a
c+d−1

2 .

Prove that for all positive real numbers b 6= 1,

bc + bd = (b+ a)b
c+d−1

2 .

Proposed by Titu Andreescu, University of Texas at Dallas, USA

J595. Solve the equation

3
»

(x− 1)2 − 3
»

2(x− 5)2 + 3
»

(x− 7)2 =
3
√

4x.

Proposed by Titu Andreescu, University of Texas at Dallas, USA

J596. Let x and y be positive real numbers. Prove that

1

2x+ y
+

x

y + 2
+

y

x+ y + 1
≥ 1.

Proposed by An Zhenping, Xianyang Normal University, China


